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ABSTRACT. In this paper, we consider a singular Kirchhoff double phase prob-
lem with a right-hand side that consists of a singular and superlinear reaction
term. Moreover, we allow critical growth on the nonlinear Neumann boundary
condition. Using an equivalent norm in our function space and very general
assumptions on the data, we prove the existence of two weak solutions whereby
the first solution turns out to have negative energy sign while for the second
one it is positive. Our proofs are based on variational methods and mini-
mization of the associated energy functional over certain subsets of the Nehari
manifold which are characterized by the corresponding fibering function.

1. INTRODUCTION

For a given bounded domain 2 C RY, N > 2, with Lipschitz boundary 052, we
are interested in the multiplicity of weak solutions to singular Kirchhoff equations
with nonlinear Neumann boundary condition of the form

—m(®(u)) (V- L(u) — a(@)u?™ ") = ™7 +u" ! in Q,
u>0 in €, (K))
m(®(u))L(u) - v = —B(z)uP " on 09,
where V - L is the double phase operator with
L(u) = |VulP2Vu + p(z)|Vu|T2Vu, ue WHH(Q),

and
O (u) = Py (Vu) —l—/Qoz(x)%Mp dz and Py(u) = /Q <;|up —l—,u(x);|u|q) dz.

Here, A > 0 is a parameter to be specified and v(x) is the outer unit normal of Q
at x € 0N). Moreover, we suppose the following hypotheses:
(H) () 1<p<N,p<qg<p =L and 0< pu() € L=(Q);
(i) 0 <y <1,
(iii) ¥ > 1, px <r < p* and max{2,9}q < r, where p, = %;
(iv) ag > 0, by > 0 and m is a function given by

m: [0,00) = [0,00), &> ag+bot’ L

(v) e L*(Q)\ {0} with a > 0 a.e.in €;
(vi) B € L>®(0Q) with 8 > 0 a.e.on .
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A function v € W1 (Q) is said to be a weak solution of problem (K) if u > 0
a.e.in Q, u V¢ € L'(Q) and if

m(P(u)) </Q L(u) - V<pdx—|—/ﬁa(m)up1tpdx) + - B(x)ultpdo

:)\/u_7<pdx+/ur_1cpdx,
Q Q

is satisfied for all test functions ¢ € Wh*(Q), where W7 () denotes an appro-
priate Musielak—Orlicz Sobolev space, see Section 2 for more details.
Our main result is the following one.

(1.1)

Theorem 1.1. Let hypotheses (H) be satisfied. Then there exists A > 0 such that
for all X € (0,A) problem (K)) has at least two weak solutions uy, vy € WHH(Q)
with opposite energy sign.

The proof of Theorem 1.1 relies on an appropriate usage of the fibering function
together with the associated Nehari manifold corresponding to problem (K)). To
be more precise, the idea is the splitting of the Nehari manifold into three disjoint
subsets and then we minimize the associated energy functional over two of them
to get the claimed solutions whereby the first solution turns out to have negative
energy sign while for the second one it is positive. We also make use of an equivalent
norm in W (Q) given by

e {00 [ (T st (2 oo () ar 1), 0

which has been recently proved by Amoroso—Crespo-Blanco—Pucci-Winkert [3]. It
should be noted that the fibering method is a very powerful tool, not only appli-
cable for singular problems but also for superlinear right-hand sides with subcrit-
ical and critical growth. As a starting point, the works of Drabek—Pohozaev [20]
and Sun-Wu-Long [18] should be mentioned and later, this technique has been
applied to different problems of singular and nonsingular type. We refer to the pa-
pers by Alves—Santos—Silva [2], Arora—Fiscella-Mukherjee—~Winkert [5], Chen—-Kuo—
Wu [11], Crespo-Blanco—Papageorgiou—Winkert [17], Fiscella-Mishra [24], Kumar—

Ré&dulescu—Sreenadh [34], Liu-Dai-Papageorgiou-Winkert [36], Papageorgiou—Re-
povs—Vetro [12], Tang-Chen [19], Wang-Zhao—Zhao [50], see also the references
therein.

We point out that problem (K,) combines several interesting phenomena. First
the appearing differential operator in (X)) is the so-called double phase operator
defined by

V- (VulP2Vu + p(z)|Vu|T*Vu),

whose energy functional is given by

1
MH/ <|vcu|p+“(@|vw|q) da. (1.3)
o \P q
We emphasize that functionals of the shape (1.3) first appeared in the works of Mar-
cellini [38, 39] concerning general (p, ¢)-growth. It is used to characterize models for

strongly anisotropic materials in the context of homogenization and elasticity, and it
also appears in duality theory and in the study of the Lavrentiev gap phenomenon,
see the works of Zhikov [55, 56, 57]. First mathematical treatments of functionals
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given in (1.3) have been done in a remarkable series of papers about the regularity
of local minimizers of such functionals, see the works by Baroni—Colombo-Mingione
[7, 8] and Colombo—Mingione [13, 14].

A second fascinating phenomenon arises due to the appearance of the nonlocal
Kirchhoff term in (K) which is given by the function m(t) = ag + bt”~! for
ag > 0, bg > 0 and ¥ > 1. The issues associated with this type of problem can
be traced back to a model initially proposed by Kirchhoff [33] in 1883 which is a
generalization of the D’Alembert equation and has the form

0%u po  E [T|ou > 0%u

P or o
It is noteworthy that problem (K ,) is a generalization of several models that de-
scribe intriguing phenomena studied in the field of mathematical physics. Note
that in our setting, the constant ag in the definition of the Kirchhoff function m
may be zero which makes problem (K,) degenerate and which leads to the most
intriguing models in practical applications. There is also a long list of references
dealing with different types of Kirchhoff problems, we refer, for example, to the

papers by Alves—Corréa—Ma [1], Autuori-Pucci-Salvatori [6], D’Ancona—Spagnolo
[19], Figueiredo [22], Fiscella—Valdinoci [26], He—Zou [31], Lions [35], Mao—Zhang
[37], Mingqi-Radulescu-Zhang [40], Perera-Zhang [46], Pucci-Xiang—Zhang [47],

and Xiang-Zhang-Radulescu [51].

In contrast, there are only a few works dealing with Kirchhoff problems of double
phase type. As far as we know the first work in this direction has been published by
Fiscella—Pinamonti [25] who obtained a mountain-pass type solution of Kirchhoff
problems given by

—m [/Q <|v;|p +/,L(a:)|v;|q> da:] V- L(u) = f(z,u) inQ, ulsga=0,

supposing the Ambrosetti-Rabinowitz condition and a subcritical growth on the
nonlinearity f: QxR — R. We also refer to the work by Arora—Fiscella-Mukherjee—
Winkert [5] (see also [4] by the same authors in the critical case) who studied a
singular double phase problem with Kirchhoff function given by

P q
-m [/ <|v;| + p(x) |V;| ) dﬂ?} V-Lu)=M""+u"" inQ ulg=0,
Q

whereby the existence of two solutions has been shown. Further results for Kirch-
hoff double phase problems have been obtained in the papers by Cen—Vetro-Zeng
[10], Cheng—Bai [12], Crespo-Blanco—Gasiiski-Winkert [16], Ho-Winkert [32], and
Yang-Liu-Meng [52].

A further noteworthy aspect of problem (K,) is the presence of a nonlinear
Neumann boundary condition which renders the treatment of problem (K) more
complex. The first work for a Kirchhoff double phase problem with a nonlinear
Neumann boundary condition has been published by Fiscella—Marino—Pinamonti—
Verzellesi [23] who proved various existence results based on variational tools and
a version of the fountain theorem of the problem given by

M UQ ('V;j'p + W)v:q) dx} VL) = hi(z,u) in Q,
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M [/Q ('V;p + “(x)qu> dx] L(u) v =hy(z,u) indQ,

where h; and hy fulfill different structure conditions. Recently, Borer—Pimenta—
Winkert [9] proved the existence of a least energy sign-changing solution based on
variational tools in combination with the quantitative deformation lemma and the
Poincaré-Miranda existence theorem to the degenerate Kirchhoff problem

—p(E(w) (V- L(u) — [ulP~?u) = f(z,u) in Q,
P(EW)L(u) - v =g(x,u) on 09,

where f: 2 Xx R — R and ¢g: 92 x R — R are Carathéodory functions that grow
superlinearly and subcritically. Existence results for double phase problems with
nonlinear Neumann boundary condition but without a nonlocal Kirchhoff term
can be found in the papers by Cui-Sun [18], El Manouni-Marino-Winkert [21],
Gasinski-Winkert [28], Guarnotta—Livrea—Winkert [29], Papageorgiou-R&dulescu—
Repovs [41], Papageorgiou—Vetro—Vetro [43], Papageorgiou—Zhang [45], and Zeng—
Rédulescu—Winkert [53, 54].

The paper is organized as follows. In Section 2 we introduce Musielak—Orlicz
Sobolev spaces and its properties as well as a new equivalent norm as given in (1.2).
Section 3 gives a detailed analysis of the fibering map and presents several results
about suitable subsets of the Nehari manifold. Finally, Section 4 is devoted to the
proof of Theorem 1.1 which is made by several lemmas and propositions.

2. PRELIMINARIES

In this section we will present all the necessary tools that will be needed for
the proof of our main result stated in Theorem 1.1. To this end, for s € [1,00]
we denote by L*(2) and L*(Q;RY) the standard Lebesgue spaces and by L*(9€2)
the boundary Lebesgue spaces equipped with their usual norms | - ||s and || - ||s,00,
respectively. Denoting by M (Q2) and M (99) the sets of all measurable functions
Q — R and 9Q — R, respectively, and suppose from now on hypotheses (H), we
introduce the following seminormed Lebesgue spaces

12 = {ue a@): [ a@hrds<oof, ulln=( [ a<x>|u|pdx);,

1% (00) = {u € M(99): /{m B(a)[uf do < oo} ,

1
o0 ( | st do) ,
oN

2@ = {we @ [ polufar<oob = ([ i)

where o is the (N —1)-dimensional Hausdorff surface measure. Further, for 1 < p <
oo we denote by W1P(Q) the usual Sobolev space and equip it with the equivalent
norm

[

=

lullip = (IVulp + lullfq)” -
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In addition, due to the continuous embedding WP(Q) < LP" (Q), we denote the
best embedding constant by S, i.e.,
lullf,,

S = in -
uew - (\{0} [ull}-

This implies
o < S77|ully, for allu € WHP(Q).

Next, we introduce the needed Musielak—-Orlicz Sobolev space based on the
monographs by Harjulehto-H&st6 [30] and Papageorgiou—Winkert [44] as well as the

paper by Crespo-Blanco—Gasiniski-Harjulehto-Winkert [15]. Under the assumption
(H), we introduce the nonlinear map

H: Q2 x[0,00) = [0,00), (x,t)+— P+ p(x)t?

[[u

and py(+) is given by

ot = [ Haful)de = [ (u? + e do =l + [l

The Musielak-Orlicz Lebesgue space is defined as

LH(Q) = {u € M(): p(u) < oo}
endowed with the Luxemburg norm given by

Julln = inf{r >0: py (g) < 1} .
The corresponding Musielak-Orlicz Sobolev space W1 #(Q) is then given by

WEH(Q) = {u e L*(Q): |Vu| € L*(Q)}
and equipped with the norm
lulli e = IVl + llulla,

where ||[Vully = || |Vul|l3%. We know that both spaces L™(2) and W17 (Q) are
reflexive Banach spaces.

Using Proposition 3.1 by Amoroso—Crespo-Blanco—Pucci-Winkert [3], we can
equip the space W (Q) with the equivalent norm

pt=ine {00 [ () 00 () ot (2 a1}

and the related modular p to || - || is given by

pw) = [ (Vul? + (@) Val?) do + [ afa)ful do
Q Q
= [Vul + IValle,, + lu

for all u € WHH(Q).
The next proposition is taken from Amoroso—Crespo-Blanco—Pucci-Winkert [3,
Proposition 3.2].

Proposition 2.1. Let hypotheses (H)(i), (v) be satisfied, u € WM (Q) and X € R.
Then the following hold:
(i) Ifu#0, then |[ul| = X if and only if p (%) = 1;
(ii) ||ul] <1 (resp.> 1, =1) if and only if p(u) < 1 (resp.>1, =1);
(i) If lull <1, then [[ul]? < p(u) < [lul?;

pa = Pu(Vu) +[ullf
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(iv) If [Juf > 1, then [lul|” < p(u) < [lu]|?;
(v) JJull = 0 if and only if p(u) — 0;
(vi) ||u]] = oo if and only if p(u) — oco.

The next proposition summarizes the main embeddings related to the spaces
L*(Q) and W (Q), see Crespo-Blanco-Gasiriski-Harjulehto-Winkert [17, Propo-
sition 2.16].

Proposition 2.2. Let hypotheses (H)(i), (v) be satisfied. Then the following hold:
(i) LM*(Q) = L*(Q) and WEH(Q) — W#(Q) are continuous for all s € [1,p),
(i) WEH(Q) — L*(Q) is continuous for all s € [1,p*] and compact for all
s € [1,p%),
(iii) WH(Q) — L*(0Q) is continuous for all s € [1,p.] and compact for all
s € [1,p.),
(iv) LM(Q) — L{(Q) is continuous,
(v) LA() — LM(Q) is continuous.

For s € R, we set st = max{+s,0} and for a function u € WH(Q) we define
ut () = u(-)*. It holds |u| = ut + v~ and u = uT — u~. Moreover, we know that
ut € WHH(Q) whenever u € WHH(Q), see Crespo-Blanco-Gasitiski-Harjulehto-
Winkert [15, Proposition 2.17]. The Lebesgue measure of a set V' C RY will be
denoted by |V].

3. ANALYSIS OF THE FIBERING FUNCTION

In this section, we give a detailed study of the fibering map. To this end, we first
introduce the energy functional Jy: W17 () — R related to problem (K)) given
by

I = M (B0) + [l o= 72 [l o= Tl
where M : [0,00) — [0,00) is defined by
M(t) = /tm(T) dr = agt + %Otﬂ.
Recall that ’
Bu) = Bu(Va) + 2 [ullf and Bulu) = > ful} + ol

q
qp"

It is clear that Jy is not C! because of the appearance of the singular term. Next,
for u € WHH(Q) \ {0}, we introduce the fibering function 1, [0,00) — R by
Py (t) = Ja(tu) for all t > 0, that is

b ne
Pu(t) = ag®(tu) + — & (tu) + p—Hu

At "
s 1-
9 PeB0Q T 7 _ ~ /Q lul ™" da — 7”“”2
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We observe that 1, € C*(0,00). For all ¢ > 0 the first and second derivatives are
given by

V() = aot™ " p(tu) + bo®” (tu)t ™ pltu) + 7l 5 o0

¢ [l e =l
Q

N (3.1)

= (ao +0o®" " (tw)) (P~ ully , + 7 M IVulg ) + 7 Hullh: 5 00

e [l e =l
Q
and
e (t) = (a0 + bo®" " (tw)) ((p — D [lullf , + (¢ — D72Vl ,)
+ bo(9 — DO 2(tw) (" lull, + 17 [ Vuld,,)?
= DOl o+ 20t [ a7 de
Q
— (r =Dt Jully.
Next, we define the Nehari manifold related to problem (X) which is given by
Ny = {u € Wl’H(Q) \{0}: (1) = O} ,

where v/, is stated in (3.1). By the definition of N it is clear that N contains
all weak solutions of problem (K ). On the contrary, if we suppose u € N, then
equation (1.1) holds true for u, if ¢ = u. Moreover, we split NV, into three disjoint
sets given by

(3.2)

N ={ueNx: v, (1) >0},
Ny ={ueNy: ¢)(1) <0},
Ny ={ueNy:¢ll(1) =0}
with ¢!/ as in (3.2).
Remark 3.1. Let u € WHH(Q)\ {0} and t > 0. Then the following hold:
(1) It holds tu € N if and only if ¥, (t) = 0 since
WiL(t) = (a0 +bo®” " (tw)) ("l , + 77 Vul? )

Tl o = M [l el

1 _
= (oot 000" 0) (el + 1e9u,) + e

Px
P=,53,00

1
- [t e = el ) = G000,
Q t

(ii) It holds tu € Nf if and only if Y., (t) = 0 and £, (t) > 0. Also, tu € Ny,
if and only if ¥, (t) = 0 and ./ (t) = 0. These facts follow from the simple
calculation

W (8)
— (a0 + bo®" " (tw)) ((p — P2 |[ull?, + (g — V)92 Vu]|2,)
+bo(9 — 1) 2(tu) (¢ Mful[?, + 17| Vulld,)
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+ (p — 1)tP+~

ﬁaﬂ—&—)\vt 7= 1/|u|1 Y dx
— (r = D2l

; ((ao +00®" (1)) ((p — Dt , + (¢ — D[¢Vul|2,)
+bo(9 — D@2 (tu) (|ltull}, + [tVull? ,)?

e = Dl o0+ [ el o (- 1>|tu||:)
Q

1
= ().

The following lemma shows that .J restricted to N, is coercive.

Lemma 3.2. Suppose hypothesis (H) is satisfied and let A > 0. Then, Jy restricted
on Ny is coercive and bounded from below.

Proof. Taking u € N,\ with [lu|| > 1, the definition of Ay yields

el = = (a0 + B0 () o) + 2 [ Jul' e = Tl g0 (33
By Proposition 2.2 the embedding WLH(Q) — L1() is continuous. This implies
lulls < Callull (3.4)
for some constant Cs > 0. Using ag > 0, b9 > 0,9 —1 >0, —% >0, pi % > 0,
1= — 5 > 0, along with [, |u['~"dz < Q7 ||ul|;77, D(u) > 2p(u), (3.3), (3.4), and
Proposition 2.1 we obtain
bo r
Ja(u) = ao®(u) + 19‘1“9( u) + *IIUllp*,gaQ 7/ Jul'~ ”dx—*HUII
bo 9 D 1—
= a0 (u) + 2B (w) + ]7*| P m/ﬁw T dg

1 -1 A 1- 1 .
- (ap + bo®" " (u)) p(u)—&—?/ﬂM 7dx—;||u P .00

—an (20) = Lol) ) + 02" 0) (G00) ~ o))

1 1 1 1
Px 1—
+ (p* - ’]”) Hu”p*,ﬁ,aﬂ - A (1 pY - 7“) /Q |’U;‘ Tdz
(

> a0 ( Sp(u) = ~p(u) ) + bo® () ( - p(u) - ~p(w)
( vq

q T
11\, . 11 .

(2 D) 1l o A (2 - 2) [l
> ag (£ — =) plu) + b’ (u)
Qa - — = u u
Z ag q p 0

1 1 _
M= -7 el

1 1 1 1 1 ~
>byg—— (o — = ) p?(w) = A [ —— — = ) |QPCE )t
>t (5= 1) o) -3 (12 = 3 ) 191Gl
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> b (5= ) Il =2 (2 = 2) g g
= [lullw ([[ull),
where
w(t) = t7P71 (C1— C’gtl_“’_ﬁp) for all £ > 0,
and Cy and Cy are positive constants given by
C) = boq% (;q - i) and Cy = A (1_17 - i) Q"¢ 7.
Since ¥9p —1 > 0 and 1 — v — ¥p < 0 we have lim;_,, w(t) = co. Hence, J,\’NA is

coercive.
Next, we define

h(t) = tw(t) = C1t%7 — Cot' ™ for all ¢ > 0.

By computing the first and second derivatives of h, we see that h is strictly convex
and attains a unique global minimum in

p o (G =)\
0 0119]) '

Therefore, Jy is bounded from below. O

I

In the next lemma we are going to show the emptiness of N for A > 0 sufficiently
small.

Lemma 3.3. Suppose hypothesis (H) is satisfied. Then there exists Ay > 0 such
that for all A € (0, A1) we have NY = ().

Proof. Let A > 0 and suppose u € Ny. Then we have u € W1H(Q) \ {0} with
P, (1) =0 and ¢/(1) =0, i.e.

(ao +bo®” " (u))p(u) = A/ﬂ ul' = dar + [Jully — [|u

P 5,00 (3.5)

and
(a0 +bo®" () ((p — Dlullf , + (¢ — DI Vull )

+bo (9 — 1) (u)p? (u) (3.6)

== [l o+ (= Dl = (o2 = Dl
Now, we multiply (3.5) by ~, add the result to (3.6) and obtain
(ao +bo®" " (w)((p = 1+ Nullf , + (@ = 1+ )IVullg,.)
b (9 — 1)~ (u) () (3.7)
= (r =1+ ully = (s = T+Null}; 5.00-
Next, multiplying (3.5) by r — 1 and subtracting (3.6) gives
(a0 + bo®” () ((r = p)[[ull} ), + (r = )|Vl )
= bo(9 = 1) (u) p* (u)

:<r—1+m/ ' dz + (pe — 1)
Q

Px
P=,f3,0Q"

(3.8)

P«
Px,3,00°
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We consider the functional T : A — R defined by
(a0 +bo®” () ((p — L+ y)[ullf , + (¢ — 1+ )[[Vul2,)

Ty (u) =
A(w) r—147
bo(9 — 1B 2(u)p2(u) (P — L+l 500
+ + = [l
r—147 r—147v
Equation (3.7) implies
Ta(u) =0 forall u € Ny. (3.9)

By using the estimates ag > 0,09 >0, p—1+v,¢—14+7>0,p. —14+v >0,

r—1+~>0andd—12>0 together with ®(u) > % ||uH1p7 llul|m < |9 o
_1
p <SP ||ully,, we get
(a0 + 00" (W) ((p = L+ Y)llullf , + (@ = L+ Vulg,)
Ta(u) = :
r—14+7
bo(9 — D' 2(u)p*(u) | (P« =1+ )ully] 500 .
+ + = Jlull;
r—1+7 r—1+7
1+’7 v— r
> Tb 0@ wllul, — [ull;
— 14~ 9—1) —
> T,y Il ul, ~ 190 (8.10)
1+’Y Ip -
> BTl - sl
T 1 +7 Ip—r e 1—
= ||’LL| 1,p <H» 71; — S P p
Ip—r
= Jlullz,, (Allull?% —B)
where A and B are positive constants given by
bo(p—1 r -
A= o(p +7) and B:=S8"#|Q| 7.

pHr—1+47)
Furthermore, from ag > 0,09 > 0,9 —-1>0,r—9¢>0,r—p>0,r—q >0,
r—14~ >0, and g—p > 0 along with ®(u) > %||u||f’p, q®(u) > p(u), [olul*~7dz <
1— 1
Q7 [l ) o < 577 ||ull1,, and (3.8) we infer that
1

l,p
9—1

=bo(r —dq+q—p)lulf, (WJ)
< 0@’ (u)(r — g+ q—p)ulf,
<ao ((r=p)lulf, + (r—)Vuli,)

+bo®” ! (w) ((r — +(r = 99)|Vullg )
= (a0 +bo®" "' (w)) ((r = P)ullf , + (r = QI Vull,)

—bo(? = 1)@ (u)q®(u)p(u)
< (a0 +bo®” ' (w) ((r = p)llullf , + (r — )IIVul?,)
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—bo(9 — 1)@ (u)p*(u)

_ (7“ S 7))\ A |u|1_’y dx + (p* - 7")”“”2:,[3,69

<(r—14+NQ T [ulll

1—v

1—vy —
<(r—1+AQ 7 ST lull,

Solving this inequality for |lul/1, and taking r > ¥¢ and ¢ > p into consideration
yields

1
[ullr,p < CATP=TFT,
where C' is a positive constant given by

1
O O ) ) ol S e R
' bo(r — Vg +q—p) '

Since r > 9p, this implies

—(r—9p)
= 0~ (r=9p) \ =115

r— —(r—9p)
Jully " = (oae)

and together with (3.10) we get
r —(r—9 ” C(r— —(r—9p)
Ta(w) = ull, (Alluli ™" = B) = Jul,, (AC~C=PAT5E — B).

Finally, we define

Yp—1+vy

B —(r—"9p)

But then we have Th(u) > 0 for A € (0,A;) which contradicts (3.9). This shows
the assertion. 0

For the next result we introduce the function o, : (0,00) — R given by

ou(t) = Y (t) + )\/ Ju|' ™7 dz
Q

= (ao —|—b0¢>19—1(tu)) (tp_H’YHUHIf,p +tq_1+7||Vu||q7M) (3.11)
Tl 5 00 = ¢l

From (3.11) we observe that o, does not depend on the parameter A. Also, by
(3.11) and the following Remark 3.1, for all u € WH7(Q)\ {0}, A > 0 and t > 0,
we have

tu € Ny if and only if o,(t) = )\/ lu[* =7 da. (3.12)
Q

Lemma 3.4. Suppose hypothesis (H) is satisfied. Then, for u € WHH(Q) \ {0},
there exists a unique t¥... > 0 such that

max
ou(t

max) = MAX 0y (t).

Furthermore, we can find Ay > 0 such that for all A € (0, A2) and u € WH7(Q)\{0}
there exist unique 0 <t} <ty .. <t with

max

fue Ny and tiue Ny .
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Proof. Let u € WHH(Q) \ {0}. First, we will show that there exists a unique
t¥ .« > 0 such that o, (tl,.) = maxssq oy (t). For this purpose we define a function

max max

Ty: (0,00) = R via

1
Tu(t) = wTva;(t) + (r =1+l

For all t > 0 we have
o, () = (ag + bo®” " (tw)) ((p — L+ NP}, + (g — 1+t >Vl ,)
+ (9 = Dbo®” 2 (tw) (P~ [}, + | Vullg )
x (P Hullf , + 7Vl )

+ (e = LN 5 5 90 — (r =1+ )" Jull;

and so
Tu(t) = (a0 +bo®" ' (tw)) ((p = L+ |full} , + (g = 1+t "Vl )
+ (0 = 1)bo®” 2 (tu) (8~ [ull} , + 7|Vl )
X (7 Hlullf , + M Valg )
+ (e = LNl 500
= (ao +bo®” " (tw)) ((p = 1L+ N "ull} , + (g = L+t Vulld,)
+ (9 = 1)bo®” 2 (tu)t™"p? (tu) + (pe — 1+ "]l 5 50
Using @ (tu) > %t”HuHip along withp—14+~v>0,¢—1+~v>0,p.—14+7>0
and ¥ > 1, we find for all ¢ > 0 that

Tu(t> = (CLO + bo@ﬂ_l(tu» ((p -1+ ,y)tp—rHqul)’p
+ (=14 )E |9,
+ (9 — 1)b0<1)19—2(tu)t_7“p2(tu) + (ps — L+ PP "|Ju

P«

Px, 3,00
1 91 (3.13)
> (30, ) -1 el

b P

= F(p — 14yl {2t
Because of u # 0, pf;el (p—1+4+7) > 0and 9p —r <0, the estimate (3.13) implies
lim T, (t) = oo. 14
T Tu() = oo (.14

Since ag > 0,09 >0, p—14+~v>0,g—14+7 >0, p.—1+~ >0and J > 1 together
with [[ull} , < p(u) and [[Vul|? , < p(u) as well as

P <t? and P(tu) < %p(tu) < %p(u) ift>1,
we obtain for all ¢t > 1
T ()] = Tu(t)
= (ag +bo®" ~*(tw)) (0 — L+ " |ullf , + (g — L+t (| Vulg )
+ (9 = Dbo®” 2 (tu)t ™" p? (tw) + (s — L+t " ull}: 5 50



SINGULAR ELLIPTIC KIRCHHOFF EQUATIONS 13

14 v—1
< (flo + bo (pp(u)> ) ((g =1+t p(u) + (¢ = 1 +7)t""p(u))

9 2
t9 _r tu ) _r
- b <p<u>) U )l et

P D2 (tu) P
that is,
- b —r
ITu(B)] < 2a0(g = L+ 7p()t*™" +2-525p" (w)(g = 1+ )t
(3.15)
bo g, \ P*(tu) - -
9—1)— [AC « — 1 P =T,
+( )pﬁp (u)q)z(tu) + (e = L+)lull; 500
Because of g — 7 < 0, p. — 7 < 0, 9¢g —r < 0 and
2
o A el Vel {q2 if | Vul, # 0,
o P2 o _ 2 -
e @) oo\ oo (Ll ) + LIVuld,, p* if [Vullg, =0,

the estimate (3.15) implies
tlirglo T.(t) =0. (3.16)
Thus, by the intermediate value theorem, there exists t%,. > 0 such that

Tu(t&ax) = (7" -1+ 7)”””:

In order to verify o, (t%,.) = maxssg o0, (t) and obtain the uniqueness of ¥

max max?
we show via calculating the first derivative that T, is strictly decreasing. For ¢t > 0
we have

d — —r —r
T2(t) = (a0 + bo@ (1) (0 = L+ )"l + (g = 1+ )07 |Vul,)

+ (9 = D)o@ 2 (tu)t™"p? (tu) + (p — 1+ )" " |lu
= (ag +bo®" " (tu))(p — ) (p — 1+ N""Hullf,
+ (ag + bo®" ! (tu)) (g — 7)(g — 1L+ )t | Vuld,
+ (9 — 1)be®7 =2 (tu)t 1 p(tu)
X (0 =1+ NP ullf , + (g = 1+t Vulld )

Dx
P, 8,00

+ (0 — 1) (0 — 2)bo®? 3 (tu)t L p(tu)t " p*(tu)

+ (0 — D)oo ®? =2 (tu) (—r)t "1 p* (tu)

+ (9 = 1)bo®” 2 (tu)t ™" 2p(tu) (ptP*ullf , + at? [Vl
+ (e =) (e = LFN Tl 4 o

After using ag > 0, p—7r < 0,¢q—7 <0, p—r <0, p—14+v>0,g—1+~ >0, and
P« — 1+~ >0 to find a first estimate from above and then splitting off common
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positive factors we get

T, (t)
< be®” (tu)t ((p —r)(p =1+ ||ullf,
+ (0 = 1)@ (tu)p(tu) ((p— 1 +7) +(g—1+tVulg,)

He~
+ (0 = 1)(9 = 2)27(tu)p® (tu)p(tu) — (9 — @~ (tu) p(tu) p(tu)r
)

+ (0 = D@ (tw)p(t)2 (p[ull, + at?|[Vul,,) ).
In the case v = 1, by u #0, b9 >0, p—r <0, ¢q—7r <0, p—1++ >0 and
q— 1+~ >0 we immediately observe from (3.17) that
T(t) < bot™ " ((p = r)(p = L+ NENullf , + (g = r)(a = 1+t Vullf,
So, let us consider the case ¥ > 1. We continue with splitting off common positive
factors in (3.17) and derive that

) <o.

710 < b0 - e e (ST E =S 1l

D(tu) g—r
p(tu) 9 —1
+ (= L+ NPt + (¢ = L+ NVulf,

tu
P8 o p(tu) — rp(tu) + 2 (ot ull?, + gt Vul,) )

(¢ =14+t Vulg,

D (tu)
We obtain
ooy
<(p-1+7) <1+ i((fz))g Z tPllully,
+(g—1+7) (1 + i((f:f)) g :) tIVullg,,. (3.18)

p(tu)
(B 0-2-r+2) el
u)
+ <<I>(tu (0 —2) —r+2q )t Vull?
= APl + Ast?[Vullf,, + Bl , + Byt |Vulf,,
where Ay, As, By and By are given by

Ari=(p—-14+7) <1+p(tu)19—1 )
AQ:(q1+’y)(l+i)<(fZ))g_Z), ng((iz))(ﬂQ)r+2q
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By considering p—r <0, p—¢<0,9—1>0,Yg—r <0 and g—r < 0 along with
D (tu) > %p(tu) we find the estimates

Ar=(p—1+7) <1+¢(tu)p_r) <(p—1+47) (1+p_”>

o) 71 WD)
(1) MR <
et (1 S <o 1)
dg—r

:(q—1+’y)m<0.

Then, by using 9 — 1 > 0, 9¢ —r < 0, and p — ¢ < 0 accompanied by p®(tu) <
p(tu) < q®(tu), we furthermore get

p(tu) p(tu) p(tu)

9-1) -2 o
o (tu) o) Y T ) T
<q—=1)—p—r+2p=d9¢—r+p—q<0.

In order to show By < 0 there are two distinct cases. First, let ¥ — 2 > 0. Then,
by using similar arguments as before we obtain
p(tu)
D(tu)
On the other hand, if ¥ — 2 < 0, we recall that » > max{2,9}q = 2¢ and conclude
that

B, =

(0—2)—r+2p=

By =

(0=2)—r+2¢<q(¥—2)—r+2¢=39¢—r <0.

p(tu)
B =
27 o(tu)
Now, applying 4; < 0, A3 < 0, B; < 0, and By < 0 in (3.18) results in T),(t) < 0.
Hence, T, is strictly decreasing. Then, because T, is injective, we have that t{ .

is unique. We recall from the definition of T, that
o (t) =t H(Tu(t) — (r = 1+ 7)ull7) - (3.19)

u
Then, from T, (t%,.) = (r —14+~)|ull> and equation (3.19) we obtain o, (¢t%,.) = 0.
Moreover, since T, is strictly decreasing, equation (3.19) yields

o, (t)>0 forallte (0,tt,,) and o,(t) <0 forallte (t¢,, ). (3.20)

’ Ymax

(—2)—r+2¢<—-r+2¢<0.

Therefore, o, is strictly increasing on (0, ¢ ..) and strictly decreasing on (¥ .., 00).

We conclude that o, (t%,.) = maxisg oy (t).

Next we will show, for small A > 0, the existence of unique 0 < ¢} < t¥,, <14
with t%u € Ny and t4u € Ny . Taking into account ag > 0, by > 0, (p—1+7) > 0,
(g—14+79) >0, (p«—14+7) >0, (r—14~) >0and 9 —1 > 0 as well as

Jul|” < |9 e < S5 ||ul|y, we derive for all ¢ > 0 that
o, (t) = (a0 +bo®" " (tw)) (p = 1+ N2 Jullf , + (¢ = L+ N> Vu|d )
+ (0 = 1)bo®” 2 (tu) (= ullf , + 7Vl )
x (7 Hallf , + 1Vl )
+ (pe = LN T} 5 o0 — (= 142 Jull;
> bo®” ! (tu)(p = L+ NP2 fullf, — (r = 1) 2 ful

ullp- and |lu
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-1)

bo _ _
2 ﬁtpw Dip—1+7)tr U ullf

p
—(r— 1))

T
p*

bo _ 0 _ 1—% g—=
> F(p — L+ NEPE a1, = (r = 1)t QP ST g,
Thus, by requiring
bO - 9 _ _r T
P (p = L+ 2l — (r = L) 2 QPT 5 577 a7, 2 0

and solving this inequality for t§f =t > 0, we observe that for

1
1 bo(p—1 S» T
ty = ( o (p ) z > >0,
p

lullip \p?=1 (r —147) Q"7
we have
bo Op—2+
o, (t5) = p,g,l( —14+7) ()77 [lull}?,
—(r =149 () QST lullf, > 0.
Applying (3.20) yields ¢, > t, and since o, is increasing on (0,t%..) together
with the same arguments as before we infer that
Ou (trvilax)
> ou (tg)
= (a0 +bo®” " (tgw) ()7 Jull2, + (65)" 7 | ul,)
«— 1+ —1+4+
+ )" Ml g00 — () lull;
> bo®” ! (tu) ()" fullf = (t6) T lully
1 9-1 (91 14
> bo - ()7 2 ()"
—14 -5 o=
=) QTP ST R ully,
bo Ip—1+ 9 1+ l—o gt
= i @) lullyh, = @6) QI TP ST ull,
Op—1+ bo —Op |y 1— 5 9
= )"l (S5 - @IS )
r 1— - 1
- (tu)ﬁpilJﬂy ||’u,||19p bo bO( -1 +"}/)S |Q| ST ||u||7‘ p
— \"0 -1 9 —
P [ull 7, PP~ (r = 14 7) Q7

prmt p? i (r—=1+7)
bo(r — p)

I PPt = 147)
Ip—1+~

1 bO(p_]-—’_’Y)S% o || H ( _p)
ﬁp A\ p?=1(r—147) Q7 “Hr—1+79)

_ b b -1
_ (trg)ﬁp 1+ ||u||7192( 0 0( +7) >

Ip—1+
= ()" |lu
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- 1913*:94”)’
B bO(T_p) bo(p_]-—'_,Y)S; o ||
PP =147) \p? =t (r = 14+ ) [0 75

1=y
1,p

Ip—lty

ST bo(r—p) bo(p—1+7) 57 /mdw
TP T =) P - Ly [T o

= A2/ [u|' 77 da,
Q

where As is a positive constant given by

1-vy r ﬂiiﬁ
Ay e 57 bolr—p) bo(p—1+)S7 "
' =7 PP = 1) \p? = (r = 14 ) [0
Let A € (0, Az). From the above estimate we observe that

Fult) > A / '~ de.
Q

Note that a similar proof can be done as in (3.14) and (3.16) in order to show that

tlggo o,(t) = —0c0  and }1\1‘% o, (t) = 0.
Thus, because of 0, (t¥.,) = max;sg oy (t), the continuity of o,, and the injectivity
of o, in (0,¢%,.) and ( 00) we find unique

0 <t} <th <ty (3.21)

max

u
tmax’

such that
7ult?) =X [ ul' " do = o, 6)
Q

Recalling (3.12) this implies t}u, tyu € My. From (3.21) and (3.20) we infer that

o, (ty) <0< oy, (t}). (3.22)
Using the formula o, (t) = t7¢,,(t) + X [, |u|' =7 dz given in (3.11), we compute

ol (t) = 71l (8) + 7l (t)  for all t > 0.
This calculation along with (3.22) and t}u, t4u € N leads to
U (1) = (1) oL, (81) > 0, Uy (t3) = (t3) 7oy, (ty) <O.

We conclude that t{u € Ny and tyu € Ny . O
Remark 3.5. Let A € (0,min{A;,Az}) and u € WHH(Q) \ {0}. From A < Ay
and Lemma 3.4 we obtain the existence of unique 0 <t} <ty such that tiu € /\//\+
and tyu € Ny, which by Remark 3.1 means we have ¢} (t}) = 0 = ¥, (t4) and
YI(ty) > 0 > Yl (ty). Since A < Ay, from Lemma 3.3 and Remark 3.1 we know
that there is no t > 0 such that ¥, (t) = 0 = ¢!/(¢t). Due to the uniqueness of t%

and tY, this implies that the map 1), has besides those two numbers no other zeros.
From elementary calculus, we derive the following properties:

(i) We have v, < 0 in (0,tY), i.e. the map 1, is strictly decreasing in (0,t}).

(ii) We have v, > 0 in (t¥,tY), i.e. the map 1, is strictly increasing in (t%,t%).

(i) We have ¥, < 0 in (ty,0), i.e. the map 1, is strictly decreasing in (ty, c0).
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Furthermore, from the above properties and the fact that 1,(0) = 0, we see that
Yu(t) <0 for allt € [0,t}] as well as max;eyu 1y) Yu(t) = Yu(ty). Hence, we obtain
the following property:

(iv) If ¢ (ty) > 0, then we have maxy>o ¥y (t) = Yy (ty).

In the next lemma we will prove that on N ; the modulus p is bounded from
above while on N, it is bounded from below. We will see that the lower bound
on N, does not depend on the parameter A, which will be useful in the proof of
Lemma 4.6, where we will show that on N, the energy functional Jy is strictly
positive for small A.

Lemma 3.6. Suppose hypothesis (H) is satisfied. Then for all X > 0 there are
constants D1 = D1(\) > 0 and Dy > 0 such that

p(u) < Dy for allu € Ny and [ullf, > Do for allu € Ny,
where Do is independent of \.
Proof. Let A > 0 and u € Ny. Then we have ¢/,(1) = 0 and /(1) > 0, i.e.

(a0 + Do®" () ) + [l 0= A [ ol e =l (329

and
(r=Dllull; < (a0 + 02" (w) ((0 = Vlullf, + (¢ = DIIVuld,)

0= b2 () + (oo =~ DIl o0+ My [ ful' ™ d
Q

This implies
(r—1) ((ao #0077 0) () + [l g = A [ [ul dx)
=~ D)full]
< (ao +bo®" "1 (w)) ((p — 1)||u
+ (e = DlJul? 5 o0+ M /Q | da.

We bring (ag + bo®”~'(w)) ((p — Dllull} , + (¢ = DIIVullg ) and (p.—D)l|ull}: 5 50
to the left-hand side and put —A(r — 1) [, [u|'~7 dz to the right-hand side, apply
D(u) > %p(u) together with ¥ — 1 > 0 and obtain

(a0 +b0®" ™' (w)) ((r = p)llullf , + (r = D[Vl ) + (r = p.)u

<Ar—1+7) / a7 da (9 — 1)bod? 2 ()P ()

2+ (g = DIVull,) + (9 = 1)bo®” > (u)p? (u)

D
Px,3,00

=Ar—1+7) /Q Jul' 7 da 4 (9 — 1)bo®” " (u) @ (u) p* (u)

<Ar—-1+ 7)/Q lul' =7 dx + (0 — 1)be®7 1 (u)gp(u).
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Subtracting (¢ — 1)bo®” ! (u)gp(u) from this inequality and using A(r —1+7) >0
together with [, |u[*~" dz < |Q|'~

it
7

b and [Jully < S uly,p yield
ao((r = )lullf, + (r = DI Vulls,,)

+bp®” " (w) ((r —9g + q — p)|lu
+ (r=pallu

1p+ (r=09)[[Vullg )

P

Px,3,00

<Ar—1+ 7)/ |u|' ™7 dx
Q

il 1oy —
<A =1+ ST ul,

(3.24)

First, we are concerned with finding an upper bound for [ul[} ,. Since ag > 0,
b >0, r—p>0,r—q>0,7r—p, >0, r—9 >0, ¢g—p>0,9 >1and
AMr—1+7) >0 as well as ®(u) > %HuHiP, we conclude from (3.24) that
bo 9
F(T — g+ q—p)llully},
9—1
[l
=t (“E) = va kgDl
< bp®” " (u)(r — dg +q — p)|ullf,
<ao ((r=p)lullf, + (r = )| Vul )
+ 0@ (u)(r — 9g + q — p)|Jull},
+bo@" ~H (w) (r — 9g)[|Vul|§ . + (r = p)u
<A =1 ST ul
Solving this inequality for [lul]} , results in

D+
P»,3,00

Hu”?p < A17
where A; is a positive constant given by

(3.25)

bo(r — Vg +q—p)

In order to find an upper bound for [[Vu||{ ,, we use once more the estimate
(3.24) along with (3.25), and apply similar arguments as before to obtain

(pﬁ”)\(r ko) L S‘lﬁ> e
A1 =

b 0
s = D)Vl
Va2, N\
o (q ) (r— 0g)||Vul2,

< bo®(uw)" " (r — 9)||Vul|§

g,
<ag ((r=p)lul?, + (r = lIVullg,.)

+00@" () ((r = Vg + g —p)|[ullf , + (r = 99)[[Vul[§ )
+ (r=p)lully: 500

1— 1—
<A —14+)[Q 7 ST fully;?
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11—y

_y 1=y
<A —14[Q ST AT
This yields

||Vu||g,p. < AQ; (326)
where As is a positive constant given by
_ L, 1=\ ¥
¢TI — 14| ST A
A2 =
bo(r — q)

So, with (3.25) and (3.26) we get that
p(u) = HuHIf,p + ”VUHZ’# < A1+ Ay = D;.

In order to prove the second assertion let u € Ny . Then we have ¢, (1) = 0 and
Y1) <0, i.e.(3.23) still holds, but this time we have

(a0 +bo®" () ((0 = Dullf, + (¢ = DIVullg,.)
40— D@2 (0) + (e — Dl on+ 20 [l e (320)
Q
< (r = Dful]7.
Multiplying (3.23) by ~, adding the result to (3.27) and applying r — 1+~ > 0

together with ||ul|” < |Q*~ 7

T
p

(a0 + 003" (w)) (0 = 1+ Dlullh, + (g = 1+ )| Vullg,,)
(0= Db’ (w) () + (o — L+l 5 00
<r=1+)luly < (0= 1+ F ST ulll

Therefore, with the same arguments as we used in the proof of (3.25), we get

. and |Jully < 877 ||ull1, gives

u

bo 9
P (p—1+7)lully?,
9—1

_, (, e
= bo T (p—=1+ulf,

< bp®” (u)(p— 1+ )|ullf,

< (ao +bo®" 1 (w)) (p — L+ ull}, + (a — 1 +)[[Vull,)
+ (0 = 1)bo®” 2 (w)p?(u) + (pu — 1 +7)|u

<(r=14NQ 7S |lullp,

P
P=,53,00

We solve this inequality for [lul|} , and end up with
lullf, > Da,

where Ds is a positive constant, independent of A, given by

Dy e [ bop—1+ NS T
PP (r — 14 7) Q' 7"

This finishes the proof. O
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4. EXISTENCE OF WEAK SOLUTIONS

In this section, we are going to apply the results of Section 3 in order to prove
Theorem 1.1, i.e. we will show that there are at least two weak solutions u) and vy
of problem (K ) with opposite energy sign. In addition, we will see that

Ja(un) = min Jy(u) and Jy(vy) = min Jy(v).
uGN;r N

vEN
For simplification of the notation, we define
o7 = 1nf Ja(u) and O := inf Jy(v).

ueN veEN

In the first lemma of this section, we will show that for all A > 0 the energy
functional J) is strictly negative on N, ; .

Lemma 4.1. Suppose hypothesis (H) is satisfied. Then for all X > 0 and all
u € ./\/';r we have Jy(u) < 0. In particular, zf/\/;\+ is nonempty for some X\ > 0, then
ot <o.

Proof. Let A > 0 and u € Ny. Then we have ¢/,(1) = 0 and /(1) > 0, i.e.

(o0 + Do®” (1)) o) + [l 0= A [ [l o = ull; (41
and
(r = 1)|lull
< (a0 + boq’ﬂ_l(u)) (p—1) + (g — 1)HVUHZ,;L) (4.2)
(0= D02 @A) + (e = DIl g o0+ 2 [ 7 do
Multiplying (4.1) by v and adding the result to (4.2) implies
(r =1+ y)lull; < (a0 +b0®" " (W) ((p = L+ NNullf , + (¢ = 1+ [Vull,)
+bo (9 — 1)@ (w)p? (u) + (p — 1+ )b 5.00-

Using this estimate and (4.1) together with by > 0, 9 —1 >0, p— 14+~ > 0,
pr—14+~v>0,1—-~>0, %—%<O, %—p%<0and %p(u)<¢>(u) we infer that

bo -y 1 A / . 1
Ia(u) = apd —® —u — [ Jul T dx — = ||
A(1) = ag®(u) + g @ (u) + = |lul;} .00 — T Q\I e
= ag®(u) + 27 1 P
= ao®(u) + 9 (u) + ]T*HUHP*,@(?Q
1 . _ 1, .
s (= (a0 + 00 (0) () = ) =l
b 1=y —ps 1 _
= ao®(u) + 1;)(1)19( u) + m” 17 500 = T (a0 + bo®” 7! (u)) p(u)
— 14y,
it i )II ull;
b 1—v—p. 1 _
< ap®(u) + 5@ (u) + T)II 152 p00 — T (a0 + bo®” " (u)) p(u)

+ e 0+ W) (= 1+9)

+ (@ =1+ 7)IVul,)
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N ﬁ (b0~ D@7 2(u)p(w) + (b — 1+ )l 5 0
:%y@+?@%wm%gjbwlwmlwﬁw
+ (a0 + bo®" () (Wun’;p L vy )
pe—1+y (1 1 P
+1—’V(T_P*) H [ 3,09
< an() + 00w + b LT = ()

_ p—r+y-1 T+ -
+ (a0 + by~ (1)) (Tun’f,p vl )

1 p—r+~v-1 e
‘[‘“(Hm—w)

ot (g + S )

1 qg—r+~v-— 1)
+lao | =+ ————
[ ’ (q r(1—7)
_ 1 g—r+~v—-1 ¢qW-1)
+bo®@” " (u ( + +
WGt Ay o)
= (a0di +b0@" (W) By ) [lully, + (a0 s + 0@ (w)B2) [Vull3,

where Al, 1212, Bl and Bg are defined as

~ 1 p—r4+vy-1 ~ 1 p—r+y—-1 ¢(®¥-1)
A= - B2 20 By = - ,
Tp (=) Fop T (- T r(l=9)
- 1 g—r+y-—-1 ~ 1 g—r+y—-1 ¢q(¥W-1)
Ay i=—4 —F——— By = — +
T (-9 T (=) (=)

We take r —p>0,1—~v—p<0and 1—+ >0 into account and compute
- — ) (1=~ — - — o)1l =~ —
A, =r=p0=7-p) o 4 A4, =r-90-7-9
pr(l—7) qr(l—7)
In order to take care of By and Bs, we recall that r — Jp > 0, r — ¥g > 0,
1—v>0,1—v—9¢<0and 1—49 <0 and calculate

B, = =) =y —p) +p(r —Yg)(1 — )

< 0.

<0,
Ipr(l —7)

=~ (r=vq)(1 -~ —1q)

B2 = Vqr(l —7) <0

Since u # 0 we conclude that for all u € N. /\+ we have
Ia(w) < (aody + 0@ () Br) Jull}, + (a0 + bo®" ! (w) B2 ) | Vull, < 0
which concludes the proof. ([l

Next we will prove that for A > 0 small enough there exists a function uy € N, ;‘
such that @I = infueN; Ja(u) = Jr(uy).



SINGULAR ELLIPTIC KIRCHHOFF EQUATIONS 23

Proposition 4.2. Suppose hypothesis (H) is satisfied and X € (0,min{Aq, As}),
where Ay > 0 is from Lemma 3.3 and Ay > 0 is from Lemma 3.4. Then there exists
uy € N/\Jr such that Jy(uy) = Gj\r with uy > 0 a.e.in Q. In particular, by Lemma
4.1 we have Jy(uy) = ©F < 0.

Proof. Since A < Ay we know from Lemma 3.4 that N, ;r is nonempty. Applying
Lemma 4.1 yields @3\*‘ < 0. Because N, ;‘ is nonempty, we are allowed to choose a se-
quence {uy }nen in Ny which minimizes the energy functional Jy, i.e. {J(un)}nen
is decreasing and we have

lim Jy(u,) = O <0. (4.3)

n—oo

If {w, }nen was unbounded in W (Q), Lemma 3.2 would imply lim,, oo Jx(uy,) =
oo for a subsequence in contradiction to (4.3). Thus, {u,}nen is bounded in
WEH(Q). By the reflexivity of W17() we obtain a subsequence, still denoted
by {un }nen, such that

u, — uy in L7(), u, — uy in L7 (09),
Up — uy  in WHP(Q), Vu, = Vuy in L] (Q)
as n — co. We can also assume that
Up —> uy a.e.in Q and J|u,| < f foralln € N and a.e.in Q

as n — oo and for some f € L*(). Applying Lebesgue’s dominated convergence
theorem to the latter property gives

lim / |un\1_7dx:/ lux|* ™7 da. (4.4)
n—oo Q Q

Next, we will show that u) # 0. From the weak lower semicontinuity of the
corresponding norms and seminorms, the fact that u, — uy in L"(Q) as n — oo,
and (4.4) we derive that

lim inf J) (uy,)
n— oo

D
P, 3,00

A 1
ey A mn:)
-7 Ja r

. . bO 9 . 1 D
> lim inf (ag®(u,)) + lim inf (ﬁé (un)> + lim inf (p*u”Hp*.ﬂ,aQ>

n—oo

by 1
+ liminf (— / un|1”dx) + liminf (—nunn:)
n— 00 1-— v Ja n—oo T

1 1
. . p . .
> ao (S tmint a2, + ot [V,

n—oo

= liminf (aoq)(un) + %J(I)ﬂ(un) + iH“n
Dx

b() 1 1 . f P 1 1 : f q !
+ 9 \p m n ||Un||1,p+6 1m1i IVunllg .

1
+ — liminf ||uy,
% n—oo

A 1
P« _ : 1—v N r
0 on = 7o Jim [l e = i
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1 1 bo (1 1 v
p p
> ag (pllmlll,p + qIIVUAIIZ,#) + (plluxlll,p + qIIVUAIIE,M)

. A - 1
2 o0 = 7o [l e = S

1
+ —[Jux
D
= J,\(U)\).
Therefore
Ja(uy) < hmmeA(un) = hm Ia(un) = ©F < 0=J,(0).

n— oo
Thus, we have shown that uy # 0. By taking further into account that A < Aq, we
obtain by Lemma 3.4 the existence of ¢{* > 0 such that t{*uy € N.
The next step is to show that we have lim, o Jx(un) = Jx(uy) for a subse-
quence. For this purpose we will prove that

timinf un [}, = [luxlly ;.
liminf [Vunf . = IVurllf ., (4.5)
hm lnf ”uan* oo = llually: 500

Using the weak lower semicontinuity of the corresponding norms and seminorms,
we assume by contradiction that one of the following statements is true:

liminf HunHzla > HU,\||11O,p

or hnmmeVuan“ > ([Vualld (4.6)

or - lminf [lun[ly7 5 00 > lluallyl 5 .00-

It is clear that

9—1
1 1
¥—1 P . P qq: .
lim inf ® (tPun) > (p (™) hnmlnf ||un||17p + a (™) hnm inf || Vun||g7u>

n— oo
and

liminf p (¢7*uy,)

n—oo

p . . q . .
> (67)" lim inf [lun |7, + (87%)" lim inf [[Vu, g,

These two estimates together with (4.4), (4.6), the weak lower semicontinuity of
the corresponding norms and seminorms, and the fact that u, — uy in L"(Q) as
n — oo yield

liminf ¢y, (t7*)

n—oo

= lim inf ((ao + b @ (¢ un)) ()7 p () 4 (£ )P [unl?* 550

n— o0
AT o= ) ||un||:)
> lim inf ( (a0 + bo®” =L (2 u)) (#22) L p (£ ))

n—oo
+hm1nf( £ g, || b goa — AT lim / lun 'Y da

n—oo
_ uUx r—1 : T
(t7*)" " T |y

_ — «—1 «
> (ao +bo® 1 (1 un)) (E12) 7 p (1 wn) + ()7 uallB” 4 90
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—A (tqf*)_v/ Jual '~ dz — (62)" 7 Jually
Q

=, (01%) = (1) " g, (1) = 0.
Thus, there exists n € N with the property that +;, (t*) > 0. Since A < Ay and
uy, # 0, there exists a unique t{" > 0 with the property that ¢{"u, € Ny . Note
that u,, € J\/;\+ implies ¢} = 1. Then, from A\ < min{A;, A2} and Remark 3.5 we
know 1y, (t) <0 for all ¢ € (0,{"] = (0,1]. This implies ¢;* > 1. By Remark 3.5
and uy # 0 we infer that 1), is decreasing on [0,¢]*] 2 [1,¢]*]. Hence, we obtain
the contradiction

@i_ < Jx (tif)‘U)\) = Yy, (tqlu) < ¢u;(1) = J)\(u,\) < hH_l)inf In(ug) = @1_

n (oo}

In consequence, (4.5) holds for a subsequence, which we still denote by {u, }nen-
Taking further into consideration that u, — wuy in L"(2) as n — oo along with
(4.3) and (4.4), we conclude that

+ _ .
SN _nh—{%oJA(u")

: b 1
=t (o) + P8 (00) + -l 0

n—00 9
A 1 )
-2 [l )
7 Jo r
= J)\(u,\).

In the next step, we will prove uy € N;' We recall that for all n € N we have
1/’;"(1) = (aO + bo(bﬂ_l(un)) (Hun 117,p + HVUan,M) + ||un

Y / ' dz — [fu]
Q

D
P, 8,082

and

Wi, (1) = (a0 + 0@ (un)) (0 = Dllually, + (¢ = DIIVuallf )
_ 2
+bo(0 = 1)@ (un) (Jlunllf ) + 1Vealld )™ + (0 = Dllun

IV / i dz — (r — 1) a1
Q

Since u, € Ny we have ¢/, (1) = 0 and ¢ (1) > 0 for all n € N. Thus, by

taking the limit as n — oo in the above representations of ;, and 1, , we infer

from the same arguments as we used in the proof of lim,, o Jx(un) = Ja(uy) that
wy (1) = 0 and +; (1) > 0. Taking into account A < A; and Lemma 3.3 we get

Y =0 and therefore ¢/ (1) > 0. Hence, we obtain uy € Ny .

It remains to show that uy > 0 a.e.in Q. We know that |uy| € W1H(Q) and

since
Ia(lual) = Ia(ur) = 0%, ¢, (1) =, (1) =0, and [, (1) =1y, (1) >0,

we get [uy| € Ny. Hence, we can assume uy > 0 a.e.in (. O

P«
P, 3,08

The next two results are needed later in order to prove Theorem 1.1.
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Lemma 4.3. Suppose hypothesis (H) is satisfied. Let A > 0 and u € N/\+ Then
there are € > 0 and a continuous function (: B:(0) — (0, 00) with the property that

€(0)=1 and ((v)(u+v) €N forallve B(0),

where B.(0) C WM (Q) denotes the open ball at 0 with radius €. The same asser-
tion holds true if we replace Ny by Ny .

Proof. We only show the proof for the case u € N, ;L . The other case works in a
similar way. We consider the map
F:WhH(Q) x (0,00) = R, (v,t) — Yy, (1)
Then F' is continuous and has a continuous partial derivative with respect to the
second variable which is given by
OF _

a(v,t) =yt ML, () + YL (1) for all (v,t) € WHT(Q) x (0,00).  (4.7)
Because of u € N, it holds

FO,) = ¢4(1) =0 and  2(0,1) = /(1) > 0.

ot
By the aforementioned considerations and the implicit function theorem (see, for
example, Fusco-Marcellini-Sbordone [27, p.569]) we get the existence of & > 0

and a continuous function ¢: B.(0) — (0,00) such that for all v € B.(0) and
t € ((B:(0)) we have
F(v,t) =0 if and only if ¢ = ((v).
This implies
¢(0)=1 and 4, (¢((v)) =F(v,((v)) =0 forall ve B(0). (4.8)
Recalling the definition of F, we obtain ((v)(u + v) € N, for all v € B.(0). More-
over, combining (4.7) with (4.8) gives
oF
E(vv C(U)) = CV(UWZH(C(U)) for all v S BE(O)
Hence, by taking into account 9;F'(0,1) > 0 along with {(0) = 1 and applying the
continuity of 9, F', we can choose ¢ small enough to establish that {7 (v)y; ., (¢(v)) >
0 and therefore
C()(u+v) € N for all v € B.(0),

which concludes the proof. (Il

Proposition 4.4. Suppose hypothesis (H) is satisfied and let X € (0, min{A;, As}),
where A1 > 0 is from Lemma 3.3 and Ao > 0 from Lemma 3.4. Then, for all
h € WHH(Q), there exists 6, > 0 such that

Ian(ur) < Ja(ux +th) for allt €[0,0),
where uy € WHH(Q)\ {0} is from Proposition 4.2.

Proof. Let h € WhH(Q). Because of uy € Ny we have ¢/ (1) > 0. First we
show the existence of d,, > 0 and 1, € (0,1) such that for all ¢ € [0, ), the map
Yuy+tn 18 strictly convex in (1 —np, 1+ mp), ie., ¥y 4, (s) > 0 for all ¢ € [0,55)

and s € (1 —np, 1+ ns). Since the map (s,t) — vy, |, (s) is continuous in (1,0),
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for 247 (1) > 0, there exists 6o > 0 with the property that for all t > 0 and s > 0

ux
we have

1
Wiy 4en(8) — n, ()] < 51/);&(1) (4.9)
whenever |(s,t) — (1,0)] < d9. We define

do ) 1
o = 5 > 0 and 1y := mm{\/ég — (5,%,2} € (0,1). (4.10)

Then, for all ¢ € [0,d;,) and s € (1 —np, 1 +np) we find

[(s,t) = (1,0)] = /(s — 1)2 + 12 < y/n3 + 62 < &.

Applying (4.9) yields

1 1
Diyen () > D, (1) = 5, (1) = 594, (1) > 0.

By Lemma 4.3 we obtain the existence of € > 0, independent of h, and a continuous
map (: B:(0) — (0,00) such that

C(0-h)=1 and C(th)(ux+th) € N} forall t € [0,6)).

where we choose d;, small enough in order to ensure th € B.(0) for all ¢ € [0,dp,).
The property (th)(uy +th) € Ny gives Yoy 10 (C(tR)) = 0 and ¢y, (C(th)) > 0,
i.e. 9y, +¢p attains in ((th) a local minimum for all ¢ € [0,65). Note that the
definition of 7y, given in (4.10) implies that ), increases if we choose dp, to be smaller.
Thus, as a consequence of the continuity of ¢ — ((th) along with {(0-h) = 1, we
can choose d;, even smaller to ensure that ((th) € (1 —np, 1+ np) for all ¢ € [0, ).
Putting all the arguments mentioned above together, we know that for all ¢ € [0, dj)
the map ¥, 441 is strictly convex and attains in (1 — 9, 1 +7;) a global minimum
in ¢(th) € (1 —nn, 1+ np). Hence, by remembering J(uy) = ©F from Proposition
4.2, we conclude for all ¢ € [0, d,) that

Ia(ur) = OF < Ja(C(th)(ur 4 th)) = uy41n(C(th)) < uyten(1) = Ja(ux + th)
which completes the proof. (I

Now, we are able to prove that uy is a weak solution of problem (K).

Proposition 4.5. Suppose hypothesis (H) is satisfied and let X € (0, min{A1, As}),
where Ay > 0 is from Lemma 3.3 and Ao > 0 from Lemma 3.4. Then, uy from
Proposition 4.2 is a weak solution of problem (K)).

Proof. Since we already know from Proposition 4.2 that uy > 0 a.e.in €2, it is
sufficient to prove uy # 0 a.e.in 2. We argue by contradiction and assume there is
a measurable set K C Q with |[K| > 0 and uy = 0 in K. Let h € WH(Q) with
h > 0. Because of v < 1, for all t > 0, we infer that (uy + th)'=7 > uf\fﬂ’ a.e.in
Q\ K and therefore

/ ((uA Fth) Y — ui—’*) da > 0. (4.11)
O\K

By Proposition 4.4, there exists d, > 0 such that for all ¢ € [0,dy), we have the
estimate Jy(uy) < Jx(uy + th). Using this estimate at the same time as uy = 0 in
K and (4.11), for all ¢ € [0,d},), we obtain

0 < Jx(ux + th) — Ja(uy)
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A
1-7vJa

1
e pon) = - (lux +hll7 = )

= M (®(ux +th)) — M (®(uy)) — ((uA Fth) T - ui—v) d

1
o (s 4 013 5 o~

= M (D(uy + th)) — M (®(uy))
A 1—y =
17 Jax <(UA )T ) d
A
T

1
o (a4 0137 5 =

(ux +th)! =7 —uy ) da
 ( )

1
e pon) = (lux + Rl = ull)

< M (B(u + th)) — M (B(uy)) — itl_; /K R da

1
e son) = 5 (lux =+ ¢hll; = ull)

Dividing this estimate by ¢ > 0, taking the limit as ¢ \, 0 and applying
Lebesgue’s dominated convergence theorem along with 1 —~ > 0, limy;\ 0?77 = 00
and || % h'=7da > 0, we derive the contradiction

0 < lim Ixn(ux + th) — Jy(uy) _
t\0 t

Hence, uy > 0 a.e.in Q.
Next, for all h € WHH(Q) with A > 0 in Q, we will show uy "h € L*(Q) and

m(®(uy)) (/ﬂz(w) Vhde + /ﬂa(x)ug—lhdx> + [ Bang " nas

z/\/ u;”hdwr/ uy~'hda.
Q Q

Let h € WM (Q) with h > 0. We consider a decreasing sequence of real numbers
{tn}nen satisfying lim,, o ¢, = 0 and define a sequence of measurable functions

{Cn}nGN by

1
o (a4 013 5 o~

(4.12)

Gt 2R, (u(x) = lale) + tnh(mi)lﬂ —w@

Since h > 0, it is obvious that (, is nonnegative for all n € N. Furthermore, for
a.a.x € () we observe that

lim ¢y (z) = (1 — y)uar(z) "h(x). (4.13)

n— oo

Using Proposition 4.4 once again, for n € N large enough , we get
0< J)\(U)\ +tnh) — J)\(UA)

29
tn 1 -7 Ja "
L [ux +tahll5: 500 = luallp soa 1 llux + tahlly — lluall;

D tn r tn
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Taking the limit superior of this estimate as n — oo and recalling Lebesgue’s
dominated convergence theorem results in

M (® tph)) — M (® A
0 < limsup (®(ux + th)) (®(w)) — Cndx
n—00 tn I—v Q
L1 lux + tnbllp: s.00 = luallp: soa 1 llux + tahllz = fluall;
D tn r tn
M (D tph)) — M (O A
< lim (®(ur + tnh)) (®(u) + lim sup <— Cn dx)
n—0o0 tn n— o0 1_7 Q
1 |lux + k|2 — [Jux||P* 1 toh|m — r
4 lim 1 [lun pep.00 ~ lurllp: 500 i L+ tahllz — flualln
n—00 Py tn n—oo 1 tn

=m(P(uy)) ( L(uy) - Vhdx—|—/ a(x)u’;\_lhdx> 1 A liminf [ (,dx
Q Q

- "o Jo
+/ 5(x)u§**1hda—/u§*1hdm.
o0 Q

By rearranging this inequality and applying Fatou’s Lemma coupled with (4.13) we
infer that

A
)\/ uy Thdx < 1 liminf [ ¢,dx
Q

— 7 n—=oo Jg

< m(®(uy)) ( Q,ll(u,\) -Vhdx —&—/Qa(x)uﬁ_lhdx)

+/ ﬂ(x)uﬁ**lhda—/ugﬂhdx.
o0 Q

Hence, we conclude that u, h € L'(Q) and (4.12) holds. For arbitrary ¢ €
W1H () we consider ¢ = ¢ — ¢~ and obtain u, "¢ € L(1).
Finally, for all o € W1%(Q) we will verify

m(®(uy)) </Q L(uy) - Vedz —|—/Qa(ac)u§_1<pdx> + /89 B(x)ub " pdo

:)\/u;’ygadx—k/uf\_lgadx.
Q Q

Let o € WH(Q) and let ¢ > 0. We define w. := uy + ep. We apply (4.12) to
h = wl > 0 and along with uy, € Ny, w} = w. + w, w; = 0 in {w. > 0},
w; = —we in {w. <0}, up >0 a.e.in Q, and Q = {w. > 0} U {w. < 0} we obtain

€

0<m(®(uy)) (/ L(uy) - Vw? dx—|—/ a(a:)uf{_lw;r dx)
Q o
+ /8Q Bla)ul wt do — )\/Qu;\ij do — /Quf\*lw: dz
=m (P(uy)) (/Q L(uy) - Vw, dz —|—/Qa(x)u§_1w5 dx)

+ 5(x)u§*71w5d07)\/ungsdxf/ug_lws dz
a0 Q Q

(4.14)
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+m (P(uy) (/,CUA -Vw, dm—l—/ a(z)ul” wsdx>

—|—/ Bx)ul ™ w;da—)\/uA w; dx—/ug YwZ da
o0

=m (P(uy)) </ L(uy) - V(uy +ep)de +/ a(z)ub " (uy + ep) dx)
Q Q

—l—/ B(x)ub " (uy 4 ep) do — )\/ uy T (uy +ep)da
X9) Q

—/ugfl(u,\—i—sw)dx
Q

—m (P(uy)) (/ L(uy) - Vw, dx—i—/ a(z)ul ™ w, d:c)

{we<0} {we<0}

—/ ﬁ(m)u’;*_lws da—&—A/ uy Twe dsc—l—/ ugflwg dx
{w.<0} {w:<0} {w:<0}
D(uy) (/E uy) - V(ep dx+/ a(x )uf(_l(ap)dx>

+/895 z)ul ™ (5¢)d07)\/ﬂu; (sgo)dzf/ﬂuf\_l(scp)dx

7m(q)(’u,)\)) (/{ <o) ,C(’LL)\) ~V(U)\+€<p) dz

+ / a(@)ub " (uy + ep) dx)
{w-<0}

- / B(x)ub " (ux + ep) do + /\/ uy "w, dz
{w:<0}

{we<0}
—|—/ uy Lw, dz
{w:<0}

B(uy) (/cw (e0 dx+/ a(e)ul” 1(e<p)dx>

+ aﬂﬁ(x)u)\r (sgo)do—)\/ﬂu; (ep) dx—/ﬂuf\fl(sap)dx

—m (@) ( /{ gy B iR /{ RICTeC? dx)
- /{ L R e

m@) ([ £ Fiodat [ ang i)
—|—/(mﬁ(a:)u§*_l<pdo—)\/ﬂu;y<pdm—/Qu;_lgadx

—m (B(un)) ( /{ o B Ve /{ o @dx>

=&
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—/ ﬁ(x)u’)’\*_lgodal.
{we<0}

Thanks to uy > 0 a.e.in Q) we observe that

lim [{w. < 0}] = lim [{ux +p < 0}] =0

and therefore

lim L(uy) - Veodzr =0,
B ey (ur) - Vo

lim alz)u? todr =0,
20w <0) (o

lim 2)ul*"tpdo = 0.
20 <0 B(z) I 4

Thus, dividing the above estimate by ¢ and taking the limit as € \, 0 results in
m(q)(uk)) (/ [:(UA) . chder/ a(x)uilwdx> +/ ﬂ(i)uﬁ*ilwdg
@ Q a0

zA/u;”’(pd:c—i-/uf\*l(pdx.
Q Q

Since ¢ is arbitrary, we are allowed to consider the same estimate with —¢ instead
of ¢. Therefore, we conclude that (4.14) is true. O

In the remaining part of this section, we will prove that there exists a second
solution vy € N, of problem (/) such that J)(vy) = ©,. We start by stating a
lemma, which establishes that the energy functional Jy is strictly positive on N,
but in contrast to Lemma 4.1 this time we have to choose A to be small enough.

Lemma 4.6. Suppose hypothesis (H) is satisfied. Then there exists Az > 0 such
that for all X € (0,A3) and v € Ny we have J\(v) > 0. In particular, if Ny is
nonempty for some A € (0,A3), then ©, > 0.

Proof. In order to prove the assertion we will argue by contradiction. Let A > 0.
We assume there are A € (0,A) and v € N, with the property that J(v) < 0.
Then the definition of Jy implies

bo T A _ 1,
0B(0) + DB 0) + 0l 00 < 7o [P Tde Tl (@)
and from v (1) = 0 we get
(a0 + 02" 0)) p(0) 5 0l g = A [ 0P el 16)

Dividing (4.16) by —r and adding the result to (4.15) as well as applying the

_ 1= — _1
estimates ArEd > 0, [ [o' ™ de < |Q 7 luflp=7 and [[v]l,- < ST vl
yields
D) + 207 () + —loll2 50—~ ( (a0 + bo®"2 () p(v) + [l
@) Ty T WWlb.p00 ™ (190 T 0 0)) PO V. 8,00

A 1 1 .
<2 [wiae ot 2 (3 f o ol )
1—7vJao T T Q
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1 1
=A——il/wﬂrw<A7—i%mk‘Wﬂlr

-1+ =

<AL Ie]

Tor(l=9)
Furthermore we remember that ag > 0, bg > 0, = — % > 0, % - = > 0, —— = > 0,
5 —2>0and ¥ —1 >0 along with ®(v) > 1 ||11||1 p» and obtam

dq
b 1 9—
; penB.00 , ((ao + by ®”? '(v)) p(v) + Ivllp: 5, asz)

0 (0) + 200 (0) + o]
11 1 oy 1
ao<p7>Hﬂﬁm+ao<q>HVM| #0073 (0) (5= ) 1ol

)
1 1 1
(b’ﬂfl _ = =
+ bo (v) (ﬁq > Vo2, (p* ) v ||p*,ﬁ 20

9— 1 1 bo 9—1 1 1
z%¢9%m( VIl 2 ol (5 - 1) ol

o b
( Up)
We combine the aforementloned estimates and derive that

bo( )” < %Kﬂ =

Rearranging this mequahty results in
o721 < DsA, (4.17)
where Dj is a positive constant given by

(r—1+~)9p’r
D3 =
(1 —)bo(r — Ip)
From Lemma 3.6 we know there exists a positive constant D, independent of A,
such that

|| ||1,p

QST

||UH11)7P > Ds. (4.18)
With the aim of deriving a contradiction we define
pYP—1+y
A="2_>0.
D3

Then, by considering A < A and putting (4.17) and (4.18) together, we end up with
DYPTT < o7 < Dyh < DyA = DYPTY,
which is a contradiction. (I
Next we will prove that for A > 0 small enough there exists a function vy € N,
such that ©) = infueN; Jx(u) = Jx(vy). To this end, let
A :=min{A1, Ay, As}, (4.19)
where Ay is from Lemma 3.3, Ay from Lemma 3.4, and Az from Lemma 4.6.

Proposition 4.7. Suppose hypothesis (H) is satisfied and let X € (0,A). Then
there exists vy € /\/’; such that Jy(vy) = O with vy > 0 a.e.in Q. In particular,
by Lemma 4.6 we have © = Jx(vy) > 0.
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Proof. Because of A < Ay, by Lemma 3.4, the set N, is nonempty. Together
with A < A3 and Lemma 4.6 this implies ©, > 0. Since N, is nonempty, we are
allowed to choose a sequence {v, }nen in Ny~ which minimizes the energy functional
JIx, 1.e. {Ix(vn) }nen is decreasing and we have

nh_}n;o Ja(vp) = O > 0. (4.20)
If {v, }nen was unbounded in W (Q), Lemma 3.2 would imply lim,, o Jx(vy,) =
oo for a subsequence in contradiction to (4.20). Thus, {v,}nen is bounded in

WLH(Q). By the reflexivity of W7 (Q) we obtain a subsequence, still denoted by
{vn }nen, such that

v, = vy in L7(Q), v, — vy in Lg* (09),
v, — vy In Wl’p(Q)7 Vv, — Vo, in Lﬁ(Q),
as n — 0o. We can also assume

Up — vy a.e.in Q@ and |u,| < f for alln € N ae.in

as n — oo and for some f € L*(). Applying Lebesgue’s dominated convergence
theorem to the latter property gives

lim/|vn\1_'ydx:/ loa|' 7 da. (4.21)
Q Q

n—oo

Next, we will argue that vy # 0. Let n € N. By using ag >0, bp >0, p—1>0,
g—1>0,ps—1> 0 as well as ®(v,) > 1||vn\|1p, lonlln < |Q|177*||vn||;*,

(1) pr < S7Hvpll1,p we get
9
e [ Lt T
po- 1|Q|( )2

(1)19 1(Un)

1
<bo(p—1) e —— iy vnlliy = b0®” ™ (va) (p = D)llwnllf,

[[on
< (9 = 1)bo®” % (vn)p* (vn)
+ (a0 +0o®"" (va)) ((p = 1) + (g = DIIVeallg )

[389—’—)\7/ "U |1 T dx

=1y, (1) + (r = Dllvallz < (r = Dlfvally.

Solving this inequality for ||v,], leads to

loall, > -1\,
e

Since we have the strong convergence v, — vy in L"(2) as n — oo, we conclude

from this estimate that vy #% 0. Thus, by taking further into account that A < A,
we obtain by Lemma 3.4 the existence of a unique ¢3* > 0 such that t3*vy € Ny .

+ (=1
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The next step is to show that we have lim,_, Jx(v,) = Jx(vy) for a subse-
quence. To this end we are going to prove that

l%nlggf H'UHHZL ||’U)\||1 P’
timnf [Voullf 0 = 1903 (122
lim inf on|[5" 5 50 = [[oAllp: 5,00

We argue by contradiction. Thanks to the weak lower semicontinuity of the corre-
sponding norms and seminorms, it is sufficient to assume that one of the following
statements is true:

liminf o7, > [[oallf

or hmlnf [Voulld . > [IVorllg .,

or lgg{gfllvn peg.00 > [0allp: 5,00

This assumption in addition to v,, — vy in L"(Q2) as n — oo, (4.21), and the weak
lower semicontinuity of the corresponding norms and seminorms implies

Jx (tng/\)

1 ., 1 .,
o (p W) sl + 7 (65" IWAIIZ,#)

bo VA \P 1 vA\q ’
+ty p(t ) lluallf q(t ) IValld

1o t“* 1=y - ST
+]7(t2 )" ST |’UA| dz — *(tz ) loall

1 VAP 13 : p 1 vANYG 1; : q
<ao (5 () mint o, + 7 () hnH_l)longWan,u

0

1 o .
+ o (t* )" hmlnf ||vn||§*ﬁﬁQ

*

9
o (1 Do . » 1 P
20 (2 ey timint ol + ) mint |90,

v\ 1
1
_A) T / oal "7 dr = > (13)" Tim_ [l

1—v n-ooo

n—oo

. . 1 v 1 v
< liminf ( (p () [onll + - (05°)" me)

bO v\P 1 MY/ q !
+ p(t ) llonllf q(tz) IVunll§ .

1 VAP P tv)\ 1 1— VAT
* * r
o ()" onlly: .00 = / o 7 Az — — (tz*) [[onll

e v
—hnn_1>1or01fJ,\ (t5vx) .

Let n € N. Since A < Ag and v, € N, , by Lemma 4.6 we know ,, (1) =
Jx(v,) > 0. Furthermore, from A < Ay and v, € N, we know t5" = 1, where
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Un

ty" > 0 is the unique number from Lemma 4.6 such that ¢3"v, € N, . Thus,
Remark 3.5 implies

I?Zagi Yo, (t) = 1y, (1). (4.23)

Putting the aforementioned considerations together we obtain the contradiction
O, < Ji (ty*vy) < liminf Jy (t5*vy,) = liminf 4, (t5*)
n—oo n—oo
<liminf,, (1) =liminf J)(v,) = O}
n—oo n—oo
In consequence, (4.22) holds for a subsequence, which we again denote by {v;, }nen.

Taking further into consideration that v,, — vy in L"(2) as n — oo along with
(4.20) and (4.21), we conclude that

O, = lim Jx(v,)

n—oo

P
n=yo0 9 P=,3,00

A 1
-2 [l e ||vn|::)
1—"}/ Q '
= J)\(UA).

Next, we are going to prove that vy € Ny . For all n € N we have
¥, (1) = (a0 +b0®"~ (vn)) (Iloall? + IV0nllE ) + [lon

fA/ [oal 7 dz — [foa]”
Q

b 1
= lim (aofb(vn) + 70@19(%) + —llvn
D«

P
P, 3,00

and

vy, (1) = (a0 +b0®” " (va)) (0 = Dllwallf, + (@ = D Voald )
_ 2
+00(0 = D@2 (va) (loallf  + IV0all )™ + (e = Dlvn

vy / a7 dz — (r — 1) ol
Q

Because of v, € N, it holds ¢;, (1) = 0 and ¢, (1) < 0 for all n € N. Hence,
taking the limit as n — oo in the above equations of +;, and 1), , we infer, similar
to the proof of lim,, oo Jx(vn) = Ja(vy), that oy (1) = 0 and ), (1) < 0. Then,

VX

applying A < A; and Lemma 3.3 gives Ny = () which implies +;, (1) < 0. Thus,
vy € Ny . Furthermore, we have [vy| € W7(Q) and because of

In(joal) = Ja(vn) = O3, ¥y, (1) = ¢, (1) =0, and ¢p, (1) =y, (1) <O,

we have |vy| € Ny . Therefore, we can assume vy > 0 a.e.in Q. O

P
P=,/3,00

Now, we can prove that vy is indeed a weak solution of problem (K} ).

Proposition 4.8. Suppose hypothesis (H) is satisfied and let A € (O,[\), where A
is given in (4.19). Then, vy from Proposition 4.7 is a weak solution of problem
(K).

Proof. From Proposition 4.7 we know that vy > 0 a.e.in 2, so it is sufficient to
prove vy # 0 a.e.in Q. Arguing by contradiction, suppose there is a measurable
set K C Q with |K| > 0 and vy = 0 in K. Taking h € W1H(Q) with o > 0, as
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well as vy € N, , from Lemma 4.3 we can find € > 0 and a continuous mapping
¢: B:(0) — (0,00) such that
C(0-h)=1 and ((th)(vx+th) e Ny forallte0,d),
where 6, > 0 is a number, chosen small enough such that th € B.(0) for all
t €[0,0p). This implies
Ixn(vy) = @; < Ja(C(th)(vn 4+ th)) for all ¢ € [0,dp). (4.24)

Note that a similar argumentation as in (4.23) can be done for v, in order to derive
from Remark 3.5 that

max o, (£) = e, (1). (4.25)

>0

Because of h > 0 and v < 1, we infer that (C(th)(vy + th))1=7 > (C(th)(va)) ™Y
a.e.in O\ K and therefore

/ ((C(th)(vx +th))' ™7 — (C(th)(vy))' ™) dz >0 for all ¢ > 0. (4.26)
O\K

By applying (4.24), (4.25), and (4.26) together with vy =0 in K, for all t € [0, dp)
we obtain
0 < Jx(C(th)(va +th)) = Ja(va) = JA(C(th)(va + th)) — v, (1)
< I(C(ER) (ox + th)) = 1y (C(ER)) = I(C(ER) (vx + th)) — In(C(th)vx)
= M (2(¢(th)(vx + th))) — M (2(((th)vr))

_17/ (th)(vx + th))1 ™7 — (C(th)(vx))' ™) da

= (IR r + 1L 500 = ISEN I 5 o0)

*

= LOcmyon + )l ~ Icm @)

= M)+ th) — M (@ (Eh)on)
: ((C(th)(v)\ + th))l_"/ _ (C(th)(u)\))l_’Y) da

1y Q\K

. (€t (or -+ th)' 7 = (C(th) (02))! ) da

1—vJk

+ pi* (||C(th)(w + )Y .00 — \IQ(th)(vA)||§:ﬁ769)
— (IR (s + )7~ <) w)])

< M @(C(ih) on -+ ) = M (@(C(thyen)) — XELEL ] g

1
= (e r + ) 5 o0 = ICER @I 5,00)

= Lcms + )l — ) @).

We divide this estimate by ¢ > 0, take the limit as ¢ \, 0 and from Lebesgue’s domi-
nated convergence theorem together with 1 —+ > 0, limy\ o ((th) = 1, limp ot ™7 =
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00, and [} h'~7dz > 0 we obtain

0 < lim IA(C(th)(vx +th)) — Ja(vr) _ oo,
t\0 t
that is a contradiction. We conclude that vy > 0 a.e.in €.
In the next step we will show that, for all h € W1H(Q) with h > 0 in Q, we

have vy "h € L*(2) and
m(CI)(U)\)) (/ AC(U)\) . Vhdx—l—/ a(l‘)vilhdm) + ﬂ(l')vi*ilhda
@ Q2 o0

zx/v;mdwr/vg—lhdx.
Q Q

We take h € WHH(Q) with h > 0 and consider a decreasing sequence of real
numbers {t, }nen such that lim, . ¢, = 0. We define a sequence of measurable
functions {y, }nen by

(4.27)

(C(tnh) (va(2) + tah(2)))' ™7 — (((tah)vr(@))'

tn '
Since ¢ > 0 and h > 0, it is clear that ,, is nonnegative for all n € N. Furthermore,
applying lim;\ o ((th) = 1 and the mean value theorem, for a.a.x € Q, we observe
that

on: Q=R pp(x) =

lim @, (z) = (1 —y)vr(z) "h(zx). (4.28)

n—oo
Similar as in the first part of this proof, by recalling the properties of (, for n € N
large enough we get

In(C(tnh) (vn + tnh)) — Ixn(va)

0<
= t
o MO 1) =M O [,
o tn 1- Y Ja
L 1C(Enh)(vx + tah) ]I 5 00 — ICER)VALL 5 50
D« ty
~L[[C#nh) (o + tah)|I7 — [[C(EnR)ua]l7
r tn '

Taking the limit superior of this estimate as n — oo and using Lebesgue’s dominated
convergence theorem as well as limy o ((th) = 1 results in

(M(cb(«tnh)m+tnh>>>—M<q><<<tnh>w>> Sy
Q

0 < limsup _
n—00 tn 1— 5

P

Px,B3,00

L LG o+ a5 00 = 16(ER) (02)
D tn
LIS (k) (v + tah)lly — |<<tnh><w>|:>

r tn

o M@ + ) — M (@(C(tnh)02))

T n—ooo

tn
. A
+limsup | —— [ ppdz
n—o00 1-— Y Jo
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i IC(tnh)(va + tnh)|

b son — M) @I 5.00

+ lim
n—00 Py tn
o LGB (o taB) 7 = GBI
n—oo 1 tn
=m(P(vy)) (/ ;c(’l))\)-VhdJ)—‘r/ a(m)v’;_lhdx> _ A liminf/ on dz
Q Q I—7 nooo Jg

+/ Bx)vy " hdo — / vy hdz.
a0 Q
From Fatou’s Lemma and (4.28) it follows that

A vy hdx < I A liminf/ ondz
Q

oo
) < m(®(vy)) </Q L(vy) - Vhdz + /Q a(x)vilhdx)

+ ﬁ(m)vi*_lhda—/vzflhdx.
o9 )

Therefore, v, "h € L'(Q) and (4.27) holds. For arbitrary ¢ € W1H(Q) consider
© = ¢t — ¢~ which gives v, " € L*(Q).

The rest of this proof can be done repeating the same arguments for vy as we
have seen in the last part in the proof of Proposition 4.5 O

The proof of Theorem 1.1 follows now from Propositions 4.5 and 4.8.
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