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ABSTRACT. We investigate a class of singular quasilinear elliptic equations driven by double phase
operators with variable coefficients. Under suitable assumptions on the parameter ), the coefficients,
and the exponents, we employ the fibering method to analyze the variational structure of the associated
energy functional on the Nehari manifold. More precisely, we derive an explicit sufficient threshold value
A and prove that the two components of the Nehari manifold are quantitatively separated whenever
A < A. This separation enables us to establish the existence of two distinct positive solutions, obtained
as minimizers of the energy functional on the two components of the Nehari manifold. Furthermore, we
derive explicit upper and lower bounds for both the LP-norms of the gradients and the L®*1-norms of
these solutions. Our estimates quantify the influence of the parameter A, the geometry of the domain,
and the exponent a on the size of the corresponding solutions.

1. INTRODUCTION

In order to investigate the behaviour of strongly anisotropic materials, Zhikov [51] was the first to
introduce and study the prototype functional

u»—)/U<|v;|p —i-,u(x)|vu|q> dz, (1.1)

q

where U C RY is a domain, 1 < p < ¢, and g € L*®(U) is a nonnegative weight function. The
functional (1.1) belongs to the class of integral functionals with nonstandard growth, more specifically,
with unbalanced growth, introduced by Marcellini [35, 34]. Its Euler-Lagrange equation is governed by
the so-called double phase operator

— div(|Vu[P~2Vu + pu(x)|Vul|? 2 Vu). (1.2)

A distinctive feature of this operator is the spatial phase transition induced by the coefficient pu.
More precisely, the coefficient partitions the domain into two qualitatively different regions. On the set
{p = 0}, the operator reduces to the classical p-Laplacian, whereas on {y > 0} it exhibits (p, g)-growth,
with the g-Laplacian determining the asymptotic behaviour. Consequently, the governing equation is
nonuniformly elliptic, and its ellipticity degenerates precisely on the zero set of the modulating coefficient.
Nonlinear problems involving the operator have attracted considerable attention in recent years. We
refer the reader to the works of Bai-Gasinski-Papageorgiou [1], Baroni-Colombo—Mingione [6, 7, 8],
Baroni-Kuusi-Mingione [9], Byun—Oh [12], Cai-Papageorgiou—Radulescu [13], Colombo-Mingione [14,

], Crespo-Blanco-Gasiniski-Harjulehto-Winkert [16], De Filippis—Palatucci [17], Kumar-R&dulescu—
Sreenadh [25], Liu-Dai-Winkert [28], Liu-Dai-Winkert-Zeng [29], Liu-Winkert [33], Marcellini [34, 35],
Mingione-Radulescu [36], Ok [37], Papageorgiou-Radulescu—Yuan [39], Ragusa—Tachikawa [15, 16], and
the references therein.

Let Q € RN, N > 2, be a bounded domain with smooth boundary 9. In [27], Liu-Dai-Papageorgiou—
Winkert studied the singular double phase problem

— div(|VuP2Vu + p(2)|Vul|?2Vu) = h(z)u™" + Ag(z)u® inQ, w=0 on Q. (1.3)

They assumed that 1 <p <g < N, I < 1+ 4, and 0 < p(-) € CO1(Q),0<y<landg—1<a<p*—1.
Moreover, h € L>°(Q) is assumed to be nonnegative a.e.in 2 and not identically zero, whereas g = 1 in
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Q. The Nehari manifold method was employed to prove the existence of a positive constant \g such that,
for all 0 < A\ < Ao, problem (1.3) admits two positive solutions, one with negative energy and the other
with positive energy. Nevertheless, no explicit value of Ag, and hence no explicit admissible range for the
parameter A, was provided in [27]. The main objective of the present paper is to fill this gap.

More precisely, the aim of the present paper is to determine an explicit range of values of the parameter

A for which problem (1.3) admits two positive solutions. To this end, we impose the following assumptions:
N _Np .

(H () l<p<Nandp<g<p*= i

)
(i) 0 < () € 1();
(iii) 0 <y < 1;
(iv) q71<04<p -1
v) h € L*(Q) and h(z) > 0 for a.a.x € Q;
(vi) g € L*°(Q) and m({g > 0}) > 0, where m denotes the Lebesgue measure.

We say that u € Wy *(Q) is a solution of problem (1.3) if u(z) > 0 for a.a.z € Q, hu~7p € L'(Q), and
/ (|VulP2Vu + p(z)|Vul|?*Vu) - Ve dz = / h(z)u™"pdz + )\/ g(@)u“pdx
Q Q Q

for any o € W, ().
For each A > 0, we define the energy functional .Jy: Wy *(Q) — R associated with problem (1.3) by

! A
JA(U)ZE/Q\Vupdx—i—g/ p(x )|Vu|qu—7/ (2)]u) = do — —2— P Qg($)|u|a+1dx.

For u € Wy ™ (©)\{0}, let ¢, : Ry — R denote the associated fibering function defined by o, (t) == Jy (tu).
The corresponding Nehari manifold is defined by

Ny = {u e WEH(Q)\ {0}: ¢,(1) = o} .

According to the sign of the second derivative of the fibering function, we decompose N into the three
mutually disjoint sets

N ={ueNy: /(1) >0},
={u e Ny: ¢!!/(1) =0}, (1.4)
Ny ={ueNy: ¢l(1) <0}.

To derive an explicit admissible range for the parameter A\, we introduce the constant

a—p+1 yto
17 (p—1 1 1\ sl
7+a v+a /) llglle \lhlle |~

together with the auxiliary constants

1 (=)
VM)mnmwﬂmf*‘w%
)

a—p+1 Sp(pl:ll’v)

@mm%hm=<

1
1 (a41) | vyt [ P=1+7y
=177 1 QO PWJFQH
’Y+il) ||hHOp51+w | | P S ,
a—=p

CQ(]),O&,’Y,h,N) = <

1 1 a1
p—1+~]o—rH 1 a=p¥l  Gpla—ptD
C3(p7a7’y7gaN7>\): |:)\( :| <||g|| p*—(a+1)
o0

v+ a) P la-pTD
L4 y]asm (1 \ae S S
p— Y| o
Ca(p, a,7,9,N, ) = {] () T o (akD) )
Ay +a) gl Kupﬁﬁéa%¥

where S denotes the best Sobolev constant for the embedding Wy (Q) < LP" ().
Our main result is stated as follows.
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Theorem 1.1. Under assumption (H), for every X\ € (0,A), problem (1.3) admits at least two distinct
positive solutions:

i) A minimizer uy of Jx on N satisfying the a priori upper bounds

A
HVU’)\HP < Cl(paa377h7N) and ||u>\||a+1 < Og(p,()é,"}/,h,N).

i) A minimizer vy of Jx on Ny satisfying the lower bounds

A
va/\llp > Cs(p,a,%g,N,/\) and ||U>\Ha+1 >C4(p7a7’77nga)‘)'
Remark 1.2. In Theorem 1.1, the solution vy € N becomes unbounded as A — 0F. More precisely,
[Vorll, = 00 and  ||vallars — 00 as A — 0T,

Furthermore, let € € (0,p* —q), set « = ¢ —1+¢, and denote by A, the constant A corresponding to this
choice of . For every A € (0,A;), let vy € Ny be the solution given by Theorem 1.1. Then we have

[Vorelly > C-A™ 777,

where

1 q+e
p—1+ v :l a—p+te  §plg—pFe)
19|00

(q_1+'7+5) p*—(q+te) °

c. - {
|Q| p*(a—p+e)

In particular, for every fivred € > 0, the lower bound exhibits a polynomial blow-up of order A~ T as
A — 0. Moreover,

1 q
-1 a—p  Spla—p)
C. — { P11ty } —— ase— 07,
(@ = 1T+7glloo Q|7
and the corresponding blow-up exponent converges to ﬁ.

Theorem 1.1 provides an explicit sufficient range for the parameter A. In particular, if h,g = 1, then
problem (1.3) admits at least two distinct positive solutions whenever

1] 75T 1\ [ § \#r1
e e B == 1 €
o+ o+ |Q~
The proof of Theorem 1.1 is again based on the Nehari manifold method. In [27], the Nehari manifold

was decomposed into the three sets AT, N =, and N, and two solutions were obtained by minimizing
the energy functional over '™ and N, respectively. The distinction between these solutions relied on
their energy levels: the minimizer on A/ has negative energy, whereas the minimizer on A/~ has positive
energy. The present paper adopts a different viewpoint. Rather than distinguishing the two solutions by
their energy levels, we exploit the geometric structure of the Nehari manifold. More precisely, we show
that the relative position of /T and N~ depends crucially on the parameter A\. As X decreases, the
two sets move farther apart, and for sufficiently small values of A they become quantitatively separated.
This immediately implies that the corresponding minimizers are distinct. The explicit sufficient threshold
obtained by our quantitative estimates is the constant A. This geometric perspective was first introduced
by Sun-Li [19] in the context of nonsingular semilinear elliptic equations involving the Laplacian.

In recent years, the qualitative analysis of Dirichlet problems driven by double phase operators has
attracted considerable attention, particularly in the presence of singular reaction terms. A prototype
problem is given by

—div (|[VuP?Vu + p(2)|Vulf*Vu) = M&(z)u™ + Ao f(z,u) in Q,
u>0 in €, (1.6)
u=0 on 0N).
The main analytical difficulty of problem (1.6) stems from the interaction between the nonuniform ellip-

ticity of the double phase operator, the singular term «~%, and the nonlinear reaction f(z,u). Assuming
1 <p< N and 0 < a < 1, the existing literature may be broadly classified according to the growth
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conditions imposed on the reaction term f. For (¢ — 1)-superlinear reactions, Liu-Dai-Papageorgiou—
Winkert [27] considered the case of a fixed singular coefficient A\; = 1 together with the power-type
nonlinearity f(z,u) = u"~! with » > ¢. Using the Nehari manifold method, they proved the existence of
a constant A5 > 0 such that problem (1.6) admits at least two positive solutions for every As € (0, \}).
This result was subsequently extended to the whole space RY by Liu-Winkert [32]. Bai-Gasiniski-
Papageorgiou [41] generalized this result by replacing the power-type nonlinearity with a general class
of (¢ — 1)-superlinear nonlinearities, while Liu-Papageorgiou [31] obtained a similar multiplicity result
in the particular case £(-) = Ay = 1 with the weighted reaction term n(x)u""!, where r > ¢. For the
case p > ¢, Papageorgiou—Repovs—Vetro [42] established the existence of multiple positive solutions for
superlinear reaction terms satisfying r > p. The dependence of the solution set on the parameters also
gives rise to bifurcation phenomena. Assuming £(-) = 1 and a general (¢ — 1)-superlinear reaction term,
Bai—Papageorgiou—Zeng [5] established a bifurcation-type result with respect to the parameter Ao. More
precisely, they proved the existence of a critical value A5 > 0 such that problem (1.6) admits at least two
positive solutions for Ay € (0,3), at least one positive solution for Ay = A%, and no positive solutions
whenever A\ > \;. Moving beyond constant exponents, Papageorgiou-Radulescu—Zhang [10] extended
this bifurcation result to a nonhomogeneous setting involving Lipschitz continuous variable exponents
p(+), q(+), and a(-) € (0,1). Failla-Gasiriski-Papageorgiou—Skupien [19] considered the case Ay = Ay =1
together with a (p — 1)-sublinear perturbation f(z,u). They established the existence of a positive so-
lution and further proved that this solution is unique under an additional monotonicity assumption on
f(z,-). Papageorgiou—Radulescu—Yuan [39] proved the existence of positive solutions in the case o > 1,
A1 =X =1, and f(z,u) = n(z)u"~! with r < p. Finally, Papageorgiou-Radulescu—Zhang [11] considered
(¢ — 1)-superlinear reaction terms with Ao = 1 and proved the existence of a positive solution for every
A1 > 0. For further developments, we refer the reader to the works of Arora-Dwivedi [1], Arora—Fiscella—

Mukherjee-Winkert [2], Bahrouni-Rédulescu-Repovs [3], Biagi-Esposito—Vecchi [11], Farkas—Winkert
[21], Garain—-Mukherjee [22], Guarnotta—Winkert [23], Han-Liu-Papageorgiou [24], Papageorgiou—Peng
[38], and Pimenta—Winkert [44] for further developments on singular double phase problems.

The aforementioned existence and multiplicity results establish the existence of a critical parameter
value A\5. However, they do not provide explicit estimates for this critical threshold. Liu-Feng-Sun-
Winkert [30] investigated problem (1.6) under the assumptions A\; = Ag, 0 < a < 1, a (p — 1)-sublinear
perturbation, and N < p. By means of a refined quantitative analysis of the associated energy functional,
they established the existence of three bounded positive solutions for sufficiently small values of A;.
Moreover, they derived explicit estimates characterizing the range of the parameter for which three
positive solutions exist. Farkas—Fiscella—Ho-Winkert [20] considered the case Ay = 0 and Ao f(z,u) =
myw(z)|ul*~2u + Tog(x, u), where p < s < q. Overcoming the lack of compactness caused by the critical
growth of g(z,u), they proved that, whenever 71 > 79 and 72 is sufficiently small, problem (1.6) admits a
negative energy solution. In addition, they obtained an explicit computable lower bound for the threshold
parameter 7y. Finally, we mention the one-dimensional case. Son—Sim [48] studied problem (1.6) with
A1 =0 and f(z,u) = g(z)h(u). They derived sufficient conditions guaranteeing that the problem admits
no solution, exactly one solution, exactly two solutions, or exactly three solutions. Furthermore, they
obtained explicit estimates for the range of the parameter Ay ensuring the existence of three solutions;
see also Sim—Son [17].

The remainder of this paper is organized as follows. In Section 2, we briefly review the theory of
Musielak-Orlicz spaces together with the fundamental properties of double phase operators. In Section
3, we investigate the geometric structure of N, )\i and derive an explicit sufficient range for the parameter
A. Finally, Section 4 is devoted to the proof of Theorem 1.1 and concludes with an example.

2. PRELIMINARIES

In this section, we recall some basic properties of Musielak-Orlicz spaces and the double phase op-
erator (1.2). Most of the material presented here can be found in Crespo-Blanco-Gasiiski-Harjulehto—
Winkert [16], Liu-Dai [26], and Papageorgiou-Winkert [43]. We denote by L"(2) and L"(Q; RY) the usual
Lebesgue spaces endowed with the norm || - ||, for every 1 <7 < oo. For 1 < r < 0o, we write W1 (Q)
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and Wy ()
respectively.

Let M (£2) denote the space of all measurable functions u: 2 — R. By L{(€2), we denote the weighted
Lebesgue space defined by

rand [l = IV,

L4() = {u € M(Q): [lully, = ( /Q u(x)IU(w)lqu); < +oo},

Next, we introduce the function H: Q x [0,00) — [0, 00) by
H(z,t) =t + p(x)t?
Then, the corresponding Musielak-Orlicz space L*(Q) is defined by
L) = {u € M(R): pr(u) < +o0}
and is equipped with the Luxemburg norm
lullye = inf {7 > 0: pr (%) <1},
where the modular py(-): L*(Q) — R is defined by

/H Sul) dx—/ (Jul? + p(2)|ul?) dz. (2.1)
The associated Musielak-Orlicz Sobolev space W17 () is defined by
WhH(Q) = {ue L*(Q): |Vu| € L*(Q)},
and is equipped with the norm
l[ullae = [Vl + s,

where ||Vu|y = || |[Vu| |3. Furthermore, the completion of C§°(€2) with respect to the norm of W1#(Q)
is denoted by Wy " (). The spaces L* (), WhH(Q), and Wy *(Q) are reflexive and separable Banach
spaces. In what follows, we equip WO1 H(Q) with the equivalent norm

lull1,20 = [[Vull%.

Moreover, the embedding W, Q) — WP () is continuous.

The norm || - || and the modular py; are related as follows, see Liu-Dai [26, Proposition 2.1].
Proposition 2.1. Let (H)(i), (i) be satisfied, let y € L™ (), and let the modular py, be defined by (2.1).
Then the following assertions hold:

(i) Ify # 0, then |yl = A if and only if pu(§) =
(i) lyllg <1 (resp.> 1, =1) if and only if px(y) < 1 (resp >1,=1);
(i) I lyllze <1, then [lyll5, < pu(y) <yl
(i) If [yllae > 1, then llylly, < paly) <yl
(v) llyllz = 0 if and only if pu(y) — 0;
(vi) [[yllae — +o0 if and only if pu(y) — +oc.

Let A: W&H(Q) — W(}’H(Q)* be the nonlinear operator defined by
(A(u),v) = / (|VulP~>Vu + p(2)|Vul?*Vu) - Voda (2.2)
Q

for all u,v € WOI’H(Q)7 where (-, -) denotes the duality pairing between WOI’H(Q) and its dual space
Wy (Q)*. The operator A: Wy " (Q) — W ™ (Q)* possesses the following properties, see Liu-Dai [26].

Proposition 2.2. Let (H)(i), (ii) be satisfied. Then the operator A defined by (2.2) is bounded, contin-
uous, strictly monotone, coercive, a homeomorphism, and satisfies the (S )-property, that is,

U, —u in Wy Q) and  limsup (A(up), u, — u) <0,
n—oo

imply u, — u in Wy (Q).
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We recall Ekeland’s variational principle [18], which will be a crucial tool in what follows.

Theorem 2.3. Let (X,d) be a complete metric space and let J: X — R U {400} be a proper lower
semicontinuous functional that is bounded from below. Let € > 0 and suppose that u € X satisfies

< i .
J(u)_vlél)f(:](v)ﬁ—s

Then, for any p > 0, there exists v € X such that
(i) J(v) < J(u);
(i) d(u,v) < p;
(iii) J(w) > J(v) — %d(v,w) for allw € X with w # v.

3. THE NUMBER A AND THE GEOMETRIC STRUCTURE OF N3

In this section, we investigate the geometric structure of N f and derive an explicit sufficient range for
the parameter A. Throughout this section, hypotheses (H) are assumed to hold and will not be repeated
in the statements below.

Lemma 3.1. For every A € (0,A), we have Ni& # 0 and N = 0.
Proof. In view of (H)(v) and (H)(vi), we may choose ug such that
/ h(z)|uo/*""dz >0 and / g(x)|ug|*T dx > 0.
For ¢t > 0, define ’ ’
p(0) = 772 | Fugll + 77 Fuglg,, — 7 [ ha)fuol' "
It is straightforward to verify that ’

o(t) = —oc ast— 0" and @(t) =0 ast— oo.
Define

. { (a+1=p)|Vuo2 }
(7 + @) Jo h(@)|uo' =7 dw
Then 0 < t* < 0o, and a direct computation shows that

atl—p p(y+a)
p—147\ fa+1—p\iis Vo7~
gp(t*) > ( Ta ) ( Ta ) £ i -~ 0.
Y vy (fQ h(x)|uO|1ﬂ dx) p—1t~

Hence, there exists ¢ € (0,00) such that

p(t) = maxe(t) >0,
which implies that ¢’(f) = 0, or equivalently,

TpP—2—« Zq—2—«a
(@+1=p)t" " Vuollh + (a + 1= )t (| Vo7,
_ (wa)r”*“*l/ h(@) || da.
Q
Multiplying both sides of (3.1) by 77Tt and rearranging terms, we obtain
—p+y—1 —q+y—1 _
@+ 1= P Va4 @+ 1= g Vuol, = (0 + @) [ haluol e (32
Q

Since ¢ — 1 < «, we have « + 1 — ¢ > 0. Therefore, the second term on the left-hand side of (3.2) is
nonnegative, and omitting it yields

(a+1 —p)zp+v—1||vU0||§ < (y+a) / h(x)|u0|1w dz.
Q
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Hence, t < t*.
By Holder’s inequality and the Sobolev embedding theorem, we obtain

) 1 Y prea-
h < ||hlleo | ==V Q »
[ < Il (7517l 19

Consequently,
[Vuoll > ( 1 )” VS
(Joy h@)uo 1= dar) =~ \llPllee QR

p*(1—7v)
Since ¢ is a global maximizer of ¢, we have ¢(t) > ¢(t*). Therefore,
o0 = [ ool da
> (1) = A [ gl da

)

atl—p P(’Y‘Fﬂ)
(e (e
o vt vt (fQ |U0|1 de)P =

a+1

|Q| p*((a +1)

VS

— Algllo Vol +*

(at1—p)(1—7)

at1—
- [<p1ﬂ> <Q+11°)p_1+S [Vuoll, *
= ol
Y+« Y+ (IQ \u0|1 ”/dm)p e

|Q| —<a+1) atl
— Mgl ( ] [Vuollg*
(at+1-—p)(1—7)

atl—p atl—p —
() )™ ()™ ()
- v+a 7+a 2™ Q|7

|Q|p " —(art1) otl
p* (a+1)
— Mgl ( ] Vo g™

We now define

(at1-p)(A—7) 11) a+l

atl—p — *—(a
p—1+7~ ( a+l—p 7 VS re 10| 7D
(

— = Alglls
7+ ¥+ a)[[h]lo |7 /S

By =

Thus,
o® = [ gl do > x| Tuol3
Q

Setting F = 0 and solving for A\, we obtain

atl— atl— (at1-p)(A—v)
A<a+1—p>;H5<p—1+v) 1 ( 1 >pﬂﬁ oG e et .
| Q)

T+a 7+a ) Tgle \TRll S T

Observe that
(a+1-p)(1-7)
p—1+y

p(y +a)
p—1l+y

+(a+1) =
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and
(P —1+9)(a+tl-p) p'—(atl) p 7+«

p*(p—1+7) p* C Np—1+7
Consequently, A can be written in the more compact form

A_(a+1—p>ﬁh5<p—1+y) 1 ( 1 )
v+a v+a ) gl \ Il
By the definition of E), for every A € (0, A), we have

o® A [ gla)luol"* do >0,

Q
Moreover, multiplying ¢’ (t) by Y721 we obtain
OG0 = (r-+a) [ ha)fuol 7 ds
Q

—(a+1=p)t" [ Vuollh — (@ +1 = @)t~ [[Vug|

atl—p yto

p—1+~ S >p—1+7
oz : (3.3)
(

au
Note that the right-hand side is strictly decreasing on (0, c0). Hence, t is the unique critical point of ¢,
and ¢ is strictly increasing on (0,¢) and strictly decreasing on (£, c0). Since

o(t) = —oc ast— 0" and @(t) =0 ast— oo,

and
0<A / 9(@)|uo|° 1 dz < (D),
Q

there exist unique numbers 0 < t;, < < t7  such that

Plt52) =X [ gl do = (e )
Furthermore,
¢'(tg) >0 and cp’(tot\) < 0.
At either of these two points, the identity

p(t) = A / o(@)uo|*+ dz

is equivalent to tug € Ny. Moreover, the sign of the second derivative of the fibering map ¢ — J(tuo)
agrees with the sign of ¢'(¢). Therefore,

to.AU0 €Ny and t&AuO eN,.
Thus, Ny # 0 and Ny # 0.

We now show that N? = ). Assume, for contradiction, that there exists ug # 0 such that uy € N.
Then

(p =1+ )[Vuollh + (g — 1+ Vuollg . = Ay +a) /Q 9(@)[uo|** dz = 0.
Since ug € Ny, we also have
/ |Vu0\pdz+/ u(x)\Vu0|qd:c—/ h(x)|ug|* ™7 da — )\/ g(x)|ug|* dz = 0.
Q Q Q Q

Combining these two identities yields
-p+1+a
7 ta

—q+1+a

\V4 p
IVuolly + =~

HV%MM—/h@Wm*WMZO
Q

Consequently,

Ex|[Vuo 3™
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1+ +14a) 7T Vo |27

p—l+v\ (=P ) e uollp”

S( 7+a )( 7 +a ) § M_)\/g(@'uO'MldaC
(fg h(x)|uo|1_'7 dx) p—1+~ Q

—ptlta ~ta
_ (p—1+7) (—p+1+a) T Vo 57+
o —ptlta
v ta v Ta ( —pt+lta —q+lta =

1+
L | | |f + =L | Vg, ) T

_ (p_1+7)HvuO”p_ (q_1+7)
v +a P v +a

p—147)\ [—p+1+a) T Vo |71
7+a Y+ a ot 1t ==
(=2 Tuollp)

IVuollg,,.

IN

p—1+
-y
Tt+o
=0.
This contradicts the fact that Ey > 0 whenever 0 < A < A and ||Vugl|, > 0 for up # 0. Therefore,
NP = 0. The proof is complete. 0

Lemma 3.2. For every A € (0,A), we have
VUl = [[Vull, > A(X) = Ag >0 and  [|U]la+1 = [[uflas1r > B(A) = Bo > 0,
for every U € Ny and u € Ny, where A(X), Ao, B(\), and By are given explicitly in the proof below.

Proof. Let U € N, . We first derive estimates for [|[VU]||, and ||U||a41. By (1.4), Holder’s inequality and
the Sobolev embedding theorem, we obtain

(= 1+ NIVUIL+ (g — 1 +7)[VU|2,, <A<v+a>/ﬂg<x>|m“+1dx

o5 ]
P
<A+ D)9l — 5 IVUIp*,
which implies
p*—(at1) o+l
P €] 77reFD at1

(P =1+ NIVUIE < Ay + @) llgllo — 5 VU,

Consequently
1 1 at1
—1 —pF+ita 1 —pHita S\ =pFita
HVUHP > |:p i 7:| () %. (34)
Ay + ) 19lso e

Note that

p*—(a+1)  Np—(a+1)(N-p) 1( a+1 >_1

p*(-p+1+a) Np(-p+1+a) N \-p+l+a P
and therefore, for convenience, we define the right-hand side of (3.4) by

p—14n~] 75 1\ —prira ({/S)=wiira
AN = |—— _— — T
Ay + ) 19l ‘Q|N( i)
Using a similar argument, we also obtain the following estimate for U, namely
S [e%
(=10 Ul < (= LIV <X+ o) [ @)+ ao
p*(a+1)

<A+ d)llgll U181
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which implies

|4y Tim ] T [ g ]
p— vy oPTTe ThTiTe
”UHa+1 > [)\( :| <) T o —(atl) (3.5)
v+ a) 19lo [ iacay
Furthermore,
p*—(a+1) Np—(a+1)(N—-p) pla+1)—N(-p+1+a)
P @+ 1) N(a+1) N(a+1)
_p_—ptlto
N a+1

We denote the right-hand side of (3.5) by

B(}\){ppﬁy]pﬁua( 1 >p+11+a
Ay +a) lglloc

P _ —ptlta
|Q| N af1

1
g ‘|p+1+a

Next, we derive analogous estimates for |Vull, and ||ulla+1 With u € N}. By the definition of N},
Holder’s inequality, and the Sobolev embedding theorem, we obtain

1 1= pr—(1=)
(o1t alValy < (+a) [l e < ) (g=)  1015FE vl
o s

which implies

—1 P =(1-7)
v+« p—1+y 7}771 = |Q‘ p*(p—1+7)
val, < (255) T e B 35
7p+1+04 ({7§)p71+'r
Furthermore,
pr-(1-9 Np-(A-9)HN-p) 1 1 1-v
p*p—1+7) Np(p—1+7) p Np-1+ny
For convenience, we denote the right-hand side of (3.6) by
A ( v+« )phw ||h||7p_%+w |Q|%+%pfﬁ
“\pt+l+ta T e)EE
Similarly, we derive the estimate
S _
(—p+1+a)——mllullas < (=p+1+a)Vullf < (y+ a)/ h(@)ul'™7 dz
|Q| p* (a+1D) Q
o 1—
< (v + @) Q= [[hllollull 437,
from which it follows that
1
—1 p*—(at+l) | y+a p—1+~
v +a =1y 1 ‘Q|Pm+a+1
a1 < | ——— h|| &t 3.7
fullss < (=2522) 7 i (.1

A straightforward calculation shows that
pr—(a+1) v+a Np—(a+HN-p)+N(y+a) Np-1+7)+pla+l)

Ppta+) Tat1l N(a+1) N N(a+1)
_p_ p-l+y
N a+1

Accordingly, we introduce the notation for the right-hand side of equation (3.7)

1
. — P P14y p=ity

+ p—1+~v 1 9] Nt Tt P
By = (7) 1R l'] .

-p+1+a S
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We next compare the quantities A(A\), B(\), Ag, and By. Since both A(\) and B(\) are strictly decreasing
functions of A, they satisfy A(\), B(A\) — oo as A — 0, and A()\), B(\) — 0 as A — oo. It therefore
follows that each of the equations A(A\) = Ag and B(\) = By admits a unique solution. Expanding the
identity A(\) = Ay, we arrive at

( N+ a )”}“th—hv'mm—[p_l”}M( 1 )m(w)m
_ryre r = AVe) TR

—p+l+a (YS) Ay +a) 19l Q|F e

Calculation yields

)\_(p—1+’}/> [—p—kl—i—a}m 1 ( 1 )“ff (/G (et D+ Epie
|€2]

e v+ lglloo \|I7|loo o) 4 oo U (—ptl4a) |

Moreover,
pr—(at+l)  p—(1-7)
p* pp—1+7)
and therefore A = A, see (3.3).
Likewise, the identity B(\) = By can be written as

P —plyt+a) _p v+o
p*p—14+7v) Np—-1+vy

(—p+1+a)=

1
* —(a41) =1y
ke N ek [P |
—-p+1l+a > S

[p_1+7}—wr11+(1< 1 )—p+11+a
LA+ a) lglloe

Solving for A, we obtain

1
g ‘|p+1+

QP e

—ptita

NS —p+ltal T 1 1\ 7 STy
-\ r+ta v+ a lglloe \ [1A]ls0 o) (Pt ) S el

ot Tat1) p-1F7 TP o7 (atD

Furthermore,

p—(a+1) ~y+a\-p+tlt+a p"'—(a+1)
( p*(a+1) a+1) p—1+~ pp*(a+1)
_ ety +a)—pla+l)h+a) p r+a
pra+l)(p—1+7) Np—1+~
Hence, we again obtain A = A, see (3.3). Since both A()\) and B()\) are strictly decreasing, it follows
that

19U, = [Vully > AR) = 40 > 0,
1Ulla+1 = llullatr > B(A) = Bo > 0,
for every A < A, U € N, and u € N, )\+ . This proves the asserted quantitative separation. (I
4. THE PROOF OF THE MAIN RESULT
In this section, we prove Theorem 1.1. We begin by establishing two auxiliary results.
Lemma 4.1. For every A € (0,A), the set N is closed in W H(Q).

Proof. Let {Up}nen C N, be a sequence such that U,, — Uj in Wy (Q). By (3.4),
VUl = lim VU, > A) > 0,
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and hence Uy # 0. Passing to the limit in the defining equation of the Nehari manifold, we conclude
that Uy € Ny. Since A < A, we have A(\) > Ag. On the other hand, estimate (3.6) implies that every
u € Ny satisfies |Vu||, < Ag. Combining the above inequalities, we infer that

[VUollp > Ao > || Vul|, for every u € Ny,

which shows that Uy & N;r Moreover, Lemma 3.1 ensures that N'Y = (). Consequently, Uy ¢ NY. Since
Uy € N, the only remaining possibility is Uy € N, . Hence, N, is closed in W(}’H(Q). O

Proposition 4.2. Let u € ./\/;\+ (resp.uw € N, ). Then there exist € > 0 and a continuous function
f: B.(0) € Wo™(Q) = (0,00) such that
fO)=1, f()(u+v)eN] (resp. f(v)(u+v)EN),
for every v € B.(0).
Proof. We consider only the case u € N, /\+ , since the argument for v € N is analogous. Define

F: W) x (0,00) = R by

F(v,t) :tp’lJ“f/ |V(u—|—v)|pdx+tq*1+7/ w(2)|V(u+0)|9de
Q Q

— At / g(x)|u +v|* T dz — / h(x)lu+v|'™7 da.
Q Q
Since u € Ny C N, we have F(0,1) = 0. Moreover,

Fi(0,1) = (p—1+'y)/Q|Vu|pdx+(q—1—l—v)/ﬁu(w)Wude—A(v—f—a)/ﬂg(m)|u|a+1dm>O.

The implicit function theorem (see, for example, Berger [10, p.115]) therefore provides € > 0 and a
continuous function f: Bz(0) — (0, 00) such that
f(0)=1, F(v,f(v))=0, foreveryve Bz(0).
Equivalently,
f0)=1, f)(u+v)e Ny, foreveryve B(0).

Since u € Ny and the defining inequality for Ny is stable under sufficiently small perturbations, we may
choose 0 < € < € such that

f(w)(u+v) € N, for every v € B.(0).
This completes the proof. (Il
Proof of Theorem 1.1. From the definition of N and Proposition 2.1(iv), we conclude that

:7/ |Vu|pdx+f/ w(x )|Vu|qu—7/ (z)|u|' 7 da
pJo q
-2 [ @ s
a+1 O
1 1 1 1
> (= — IR 1=y
(- ) en - (2 - ) [ @l ae

> crl|ullf 40 — 02||u||1’7{’0, for all uw € Ny with |ull1 3,0 > 1,

where c¢1,c2 > 0 are suitable constants. Here we used that p — 1 < ¢ — 1 < «a. Consequently, since
0 <1 -+ < p, the functional J is coercive and bounded from below on Nj.

Step 1. Existence of a solution in Ny~ for A € (0,A).

Since u € N7, we have

(= 1+ )VulE + (g — 1+ Va2, — Ay +a) / g(@)|ul" dz > 0.
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Hence, for any u € Ny,

1 1 1 1 1 1
= - - ——— p - q - a+1
) = (3= 2 ) Ivulg + (3= 2 ) IVl A (2 - o) [l ao

-1 -1 -1 -1

<=y Vule = a =y IVelen + a3 T 7@+ 1)

poltyy (1, 1 g—1+7\( 1, 1
( -y )( P+Oé+1 IVullp + 1—7 q+a+1 IVullg,.

<0.

IVullp +

Consequently,

+ .
my = inf Jy(u) <D0.
A uEN; ( )

Choose ¢ € (m3,0). We define
Xe:={ueN{: Ji(u) <c}.
Since ¢ > mi, the set X, is nonempty and

; — 7t
ulen)f;(, Ja(u) =my.

Moreover, X, is closed in W '*(€). Indeed, let {w, }nen C X, be such that w, — w in Wy (Q). By
the continuity of Jy, we have
J)\(w) <c< Oa

and hence w # 0. Passing to the limit in the Nehari identity yields w € Ny. By Lemma 3.1, N = (). If
w € N, then Lemma 3.2 gives

IVwllp = [[Vwnlp > A(X) = Ao >0
for every n € N, which contradicts w, — w in Wol’H (Q). Therefore w € Ny and hence w € X.. Thus,
X, is a complete metric space. Let

XFi={ueX.:u>0ae. in Q}.
Since u — |u| preserves Ny and Jy(|u|) = Ji(u), we have

Moreover, X1 is closed in X, and hence is a complete metric space.
By Ekeland’s variational principle (see Theorem 2.3), applied to the complete metric space X and
J», there exists a minimizing sequence {u, }nen C X satisfying
(1) Ja(un) <my +
(2) Ja(u) = Jx(un) — 2 |lu— 1,300 for every u € X

The coercivity of Jy on Ny implies that {u, }ney is bounded in W, *(Q). Hence, there exists a constant
M; > 0 such that

[unll1,,0 < M.
Passing to a subsequence if necessary, we obtain
U, —uy in WyH(Q) and  w, — uy in LOTY(Q) and in L1T7(Q).
By the weak lower semicontinuity of the convex part of the energy functional, it follows that

Ix(uy) < liminf Jy(u,) = inf Jy <0,
n—o00 N;r

Therefore, uy # 0. Furthermore, since u,, € N, ;‘ , we have

=1+ DIVl + (0= 1+ )Vl = Ay +) [ gla)fun™ da >0,
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Passing to the limit inferior and using the strong convergence in L*T1(Q), we conclude that
fmint [(p = 1+2)Vat [+ (0 1+9) [ Vunll ] = A+ ) [ a(@fanf** do >0,
Claim:
timinf [(p = 1+ Vuallp + (0= 1+ Vuall,] > Ao+ 0) [ a@lf** dr. @)
We argue by contradiction. Suppose that
liminf [(p — 1+ ) [Vunp + (¢ = 1+ [Vunlf ] = Ay + a) /Q g9(@)ux|** da, (4.2)

Passing to a subsequence, still denoted by {u,}nen, we may assume that the limit inferior in (4.2) is
attained as a limit. Since u,, € N;, we have

a+1l-p a+1l—gq / 1—
——||[Vun||p + ————||Vun||Z , < | h(z)|u Ydz.
e IVl + Vg < [ @]
Using the same estimate as in the proof of Lemma 3.1, together with the strong convergence of u,, in
L'77(Q2), we infer that

0 < Ex|[Vuy|[5t

p—1+7) (—ptlta)7 i [Vunlly™
gliminf( ) ( ) P A [ gl s
n— o0 v+« v+« (th(m)‘un‘pydx)W Q
C1gy) (ptlga) TR [Vunlly™
< lim inf (p . 7)( T ) e e
n—oo \ Y+« 7+a —ptlta —gtlta —TF
(=) 1wl + (=855 I9alf] *
-1 -1
~ liminf KM) [V un[2 + (q”) |wn||g#}
n—00 v+« Y+ ’
1+ T lta) T V|27 1+
— f— o P— vy un —
< lim inf <p T 7> < P T > - —ptita (p T W) ||vun||§
n—00 v+« Y+« _ o p—1F YT
(=) Ivualip] 7
= 0.

This contradiction proves (4.1).
Combining (4.1) with the strong convergence u,, — uy in L¥*1(£2), we obtain

timint [(p — 1 49)[Vun [ + (g = 1+ 7)|Vaallg,, — Ay + ) / 9()lun | dz] > 0.
n o0 Q
Consequently, there exist d; > 0 and ng € N such that
(0 =1+ Vunlly + (@ =1+ Vuallg . — Ay + a)/ﬂ@/(fﬂ)\unW+1 dz > dy, (4.3)

for every n > ng. After discarding finitely many terms and relabeling the sequence, we may assume that
(4.3) holds for every n € N.

Applying Proposition 4.2 with v = u,,, where n is sufficiently large that (=M

n

< di, and choosing
v = ty, where ¢ € WO1 e () is fixed and nonnegative, for sufficiently small ¢ > 0, we obtain a continuous
function f,(t) := f,(t) such that f,,(0) = 1 and f,,(t)(un + tp) € Ny. Since Jy(un) — mi < ¢, we
have Jy(uy) < ¢ for all sufficiently large n. Therefore, by the continuity of ¢ — Jx(fn(t)(un + tp)), after
reducing ¢t > 0 if necessary, we also have

Fn () (un +tp) € X1
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Since only the continuity of f, is known, we first show that the right-sided extended derivative at 0
exists. Recall that

F(te, fu(t)) = 0= F(0,1)

for all sufficiently small ¢ > 0. By the mean value formula with respect to the second variable,

F(te, fa(t) — F(te, 1) = an(t) (fn(t) - l)a
where

1
a, (t) :/ Fy(te, 14 0(f,(t) — 1)) do.
0
Since f,,(t) — 1 ast — 07, we have a,(t) — F;(0,1) as t — 0. Moreover, by (4.3),
F(0,1) = (p =1+ ) Vunlly + (¢ = 1+ )[[Vun[[§ . — My + a)/ g(x)up™ dz > di > 0.
Q

Consequently,

L) —1  F(te,1) — F(0,1
=1 Flip ) = FO.1),
t t
The right-hand side admits a limit in [—oo0,+o00] as ¢ — 07. Indeed, the terms involving the p- and

g-gradient contributions and the (« 4 1)-power term have finite limits, whereas

1
;/ h(z)[(un + tp)tT — u,ll_'y] dx
Q
has a limit in [0, 400]. To see this, observe that, for a.a.z € Q, the function
(un (@) + to(2))" ™7 — un(2)' 7
t
is nonincreasing in ¢ > 0, since s + s1~7 is concave. Hence, as t — 0T, it converges increasingly to an

element of [0,4o00], and the monotone convergence theorem yields the assertion.
Since a,(t) — F:(0,1) > 0, it follows that the extended limit

t—

. fn(t) -1
lp = lim —/——~——— € [—o0,
" t—1>%1+ t |00, Foq]
exists.
For notational simplicity, throughout the remainder of the proof we write
fwlz(o) = ln,
where £/ (0) is understood as the right-sided extended derivative. For every r > 0, define
st —1
— = S 7é 17
Up(s) =< s—1
r s=1.

Since 1), is continuous at s = 1 and f,(t) — 1 as t — 07, we have

: rrL(t)_l . fn(t)_l !
tli%{r m = tlirgg Ur(fn(t)) t =1f,(0),

where the equality is understood in the extended sense.

We claim that the sequence {|f/ (0)|}nen is bounded. First, we observe that {f!(0)},en is bounded
from below. Indeed, in the identity

an(®) fa(®) =1 _ Pty 1) — F(0, 1)7
t t

the contribution of the singular term on the right-hand side is nonnegative, whereas all the remaining
terms are uniformly bounded with respect to n. Since a,(t) — F;(0,1) > dy > 0, the assertion follows.

Suppose now, to the contrary, that {|f/,(0)|}nen is unbounded. Passing to a subsequence if necessary,

we may assume that f/(0) — +oo. In particular, for every sufficiently large n, we have f,(¢) > 1
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whenever ¢ > 0 is sufficiently small. Assertion (2) of Ekeland’s variational principle then yields, for ¢t > 0
small,

- II(fn( ) = D un +tfn()elly 2,0
> J)\(un) J)\ (fn(t)(un + tsﬁ))

= ﬁ IV (un + to)[5 = [ Vunllf) + % [2(t) — 1] |V (un + to) |12
4 L (19 4 103, — [V l3,) + S [7200) = 1) 9+ 1),
w—a atliy 2) [(u atl _ et qp
(1— )(aJrl)f ()/Qg()[(n-i-tgo)Jr ot d
yta a+1 a+1
T @iy Ol /Q g(a)up ™ da.

Dividing the preceding inequality by ¢ > 0, we pass to the limit as ¢ — 0*. For the terms involving f" (¢)—
1, we use the limit relation established above, while the remaining terms converge by the corresponding
directional derivative formulas. Collecting the terms involving £/ (0) then yields, in the extended sense,

! (0)
el a0 > 1”[@—Hwnwnzﬂq—lmwnng,u

||“n||1,7—t,0

—Ma+7) /Q g(x)ust dx —

1
+ﬂ/|v P2V, - Vi dz

—1
u/ w(z)|Vu, |9 *Vu, - Vo dr
I—=v Ja
Tta / o
- A g(z)u,pde.
— (z)
By (4.3), the boundedness of {u, }nen, and the choice of n, the expression in square brackets satisfies
« -7
(P = 1+Vunly + (@ =1+ Vuallg . — Ay +a) /Q g(@)upttda — [[unll1.20.0
1—~)M
zm—Lﬁ¥i>o

The remaining integral terms are uniformly bounded because {uy, }nen is bounded in WO1 H(Q) Since
f1(0) — 400, the right-hand side tends to +oo, whereas the left-hand side tends to zero, which is
impossible. Thus, {f},(0)}nen is bounded from above. Together with the lower bound established above,
this proves that there exists a constant Cs > 0, independent of n, such that

| fn(0)] < Cs. (4.4)

We now show that uy € Ny is a solution of (1.3). Applying assertion (2) of Ekeland’s variational
principle once again, for n sufficiently large and ¢ > 0 sufficiently small so that f,,(¢)(un, +tp) € XTI, we
obtain

D100~ D+ a0l 10
> JA(Un) - JA(fn(t)(un th‘p))

- [EO Y oy - [HO e

a—i—l
A ETOY L g e+ B (o, 1 - 190 + 101

[

L ]/Qh(x)(un—&-tap)l_“’dx
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5D (e, 1V + )2 ) +
q q,K1 q,n a + 1

1
+—— [ h(@)[(un + tc,o)l*7 - u}f"’] dz.
1—7Jq

Dividing by ¢ > 0 and letting t — 0%, we infer that
1, el 4.0
— O n - T
n‘fn( ) [u ||1,7-[,0 + n
> —fn(O)IVun [} — £ O Vunlg . + (())/Qh(x)uiﬂ dz

+ A/, (0 )/ g(z)udt? dxf/ |Vun|p72Vun~V<pdm7/H(I)|Vun|q*2Vun'V<pdx
Q Q

9(x) [(un + 1) —up ™) da
Q

1 n 1=y _ 1=
L= Ja t
B 7f'/L(O) {lwu”'g FIVualla, = / h(w)uy " da — A/ glayugt! dff] (4.5)
@ Q

— / |V, |P~?Vu, - Vodr — / w(z) |V, |9 ?Vu, - Vodr + )\/ g(x)uypde
Q ) Q

1 h(@)[(un + )7 — uy 7]
o :

+ lim inf
t—0t

t
= —/ |V, P2V, - Vo dz — / () |V |T 2V, - Vodz + )\/ g(z)unpdx
Q Q Q
1—y _ 1=
+ lim inf / h@)[(un + o) ] dx.
Q

t—0t 1 —ry t
Since h(z)[(un + tp)' ™7 —ul™] > 0 for a.a.x € Q and for every t > 0, by Fatou’s Lemma, we have

1 h(@)[(un + t@)'™7 — w5 7]
/Qh( x)u, Tpdr < liminf —’7/ dz.

t—0+ t

Substituting this estimate into (4.5) and using (4.4), we obtain
_ 12,0
[ b ds < L7 unll g+ 0
Q n n

+/ |V, P2V, - Vedz +/ () |V, [T 2V, - Vodz — )\/ g(z)unpde
Q Q Q

(05 My + ”50“1,7{,0)
<

—|—/ |V, P2V, - Veodz
n Q

+/ w(z) |V, |9 *Vu, - Vodr — )\/ g(x)unpde.
Q Q
Since {un nen is bounded in Wy " (Q) and the operator A is bounded, the sequence {A(uy)}nen is
bounded in Wy (Q)*. Passing to a subsequence if necessary, there exists 7y € Wy *(Q)* such that
A(up) =y in Wt (Q)*.

Passing to the limit in the preceding estimate and using the strong convergence of {u, }nen in L*T1(Q),
we obtain

liminf/h x)u, Yodr < (ma, @ )\/ x)uSp de

n—oo

for every nonnegative ¢ € VVO1 (). Applying Fatou’s lemma, we infer that

/ h(z)u, "o dz < (g, @) — )\/ g(x)uSpde.
Q Q
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In particular,
/ h(z)u, "pdr < oo
Q

for every nonnegative ¢ € Wy " (Q), and hence uy > 0 a.e.in Q.
Taking ¢ = uy in the preceding variational inequality, we obtain

)\/ g(z)u§t da +/ h(z)uy 7 de < (g, uy). (4.6)
Q Q
On the other hand, since u,, € Ny, the strong convergence in L*T1(Q) and L'~7(f) yields

(Alun). ) = A [ gy o+ [ oyl da

— /\/ g(z)us™! da:—|—/ h(z)uy " da.
Q Q
Moreover, by the monotonicity of A,
0 < (A(up) — A(ur), un — uy).

Passing to the limit inferior and using w,, — w) in Wol’H () and A(uy,) — ny in Wol’H (Q)*, we obtain

0< )\/ g(z)us da + / h(z)uy 7 dz — (nx, uy).
Q Q

Together with (4.6), this gives

(M, un) = /\/ g(z)us™ da +/ h(x)u}\_ﬂy dz.
Q Q
Furthermore,
<A(un)v u>\> — <77>\7 ’LL)\>,
and consequently
lim (A(up), u, —uy) = 0.

n— 00
By the (S;)-property of A (see Proposition 2.2), we conclude that
u, — uy strongly in Wol’H(Q).
Since A is continuous, it follows that
M = Aux).
Moreover, the strong convergence, the Nehari identity for u,,, and (4.3) imply that
uy €N ;‘ )

Hence,

(A(uy),un) :)\/Qg(aﬁ)ufrl dx—l—/ﬁh(m)ui_ﬂy dz.

Therefore, the preceding variational inequality can be written as
() 9) 2 A [ gle)gods+ [ hauypda

Q Q

for every nonnegative ¢ € WO1 (). A standard truncation argument, using uy > 0 a.e.in € and the

Nehari identity above, yields

(Afur). ) = |

g(x)u?{(pda:—&—/ h(z)uy " pdz
Q

Q
for every ¢ € W(}’H(Q). Thus, uy is a weak solution of problem (1.3). Furthermore,

Ia(uy) = nh_}n;o In(u,) = gjl\ﬁ+ I (u).
UEN X
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Step 2. Existence of a solution in N, for A € (0, A).
Set

Y™ :={ueN;:u>0aeinQ}.
Since N, is closed in W, () by Lemma 4.1 and the positive cone is closed in Wy 7 (), the set Y~ is
a complete metric space. Moreover, since u — |u| preserves N, and Jy(|u|) = Jx(u),
inf Jy(u) = inf Jy(u).
ueY - ueENS
By Ekeland’s variational principle (see Theorem 2.3), applied to the complete metric space Y —, there
exists a minimizing sequence {v,}neny C Y~ such that

(1) Ja(vn) < inf Jy(u) + L;
ueNT

(2) Ja(u) > Jx(vn) — Llu— v,

n

|1, %0, for every u € Y.

The coercivity of Jy on Ny implies that {v, },en is bounded in Wy (). Thus, we can find a constant
M5 > 0 such that

[vnlly 20 < Mz for all n €N,
Passing to a subsequence if necessary, we may therefore assume that
v, = ovy i W3H(Q) and v, = vy in LTY(Q) and in L'77(Q).
Consequently

Ir(vy) < lirginf Jx(vy) = inf Jy.
A

We note that v, € Ny implies

=1+ DTl (0= 1+ DIVl =M +) [ gl do <o
and therefore,

liminf [(p— 1+ 7)[Voall] + (g — 1+ ) Velld,] — Ay +a) /Q g(@)en]* ! da < 0.

Claim:
timinf [(p — 14+ 7)]|Vou [+ (g~ 1 +7)[Veall2,] <Ay +a) /Qg(ﬂf)|vx|a+1 o, (47)
To prove (4.7), we argue by contradiction and assume that
timinf [(p — 14+ 7)]|Vou [+ (g~ 1 +7)[Veall2,] = A6y +a) /Qg(ﬂf)|vx|a+1 do.  (48)

Passing to a subsequence if necessary, we may suppose that the limit inferior is attained as a limit. Set
Do = (p =1+ DIToallp + (g = 1+ DI Toallyy = A +0) [ g@lfonl™ e (@9)
Q

Since v, € N , we have D,, < 0. The strong convergence of v, in LoH1(Q), together with the contradic-
tion assumption, yields D,, — 0. Moreover, because v,, € N},

Vonllp + [[Vonllg . = / h(@)lvg|' ™7 da + >\/ g()|vn]* T da. (4.10)
Q Q

Combining (4.10) with the definition of D,, in (4.9), we obtain

_ a+1-— a+1-— D,
/ h@oal 7 de = 2T LR gy o CF L Gygy e
o 7 +a 7 +a v+a

where D,, is defined in (4.9). We first observe that vy # 0. Indeed, if vy = 0, then (4.8) implies
(P =1+ Vonlly + (g =1+ NVealg, — 0,

)
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which contradicts the lower bound (3.4) for v, € N, . Since D,, — 0, the same argument as in the proof
of Lemma 3.1, now applied asymptotically, gives

0< E)\HVU)\H;;J'_l

—pt+ita prte
o p—1+7\[(—pt+lta) [Vonllp" p—1+y »
< liminf —pFite ||v”n||p
n—roo 7ta 7ta —ptlta p] Py 7ta
[(=22) | 9oallf]
<0,

which is impossible. This contradiction proves (4.7). Thus, (4.7), together with the strong convergence
of v, in Lt1(Q), implies that

hmwp@—1+WWV%%+OFJ+NNV%MM—AW+Q{LQWWM“4M]<0

n—oo

Consequently, there exist constants Cg > 0 and ng € N such that
(0= 1+ DIVenlg + (g~ 1+ ) Venl, = M+ @) [ g@lonl™ do < ~Co
Q

for every n > ng. After discarding finitely many terms, we may assume that this estimate holds for all

n € N.
Applying Proposition 4.2 with v = v,, (for n sufficiently large so that A=)Ms Cs) and v = ty,

n
where ¢ € VVO1 7'L(Q) is fixed and nonnegative and ¢t > 0 is sufficiently small, we obtain a continuous

function f,(t) := f.(ty) satisfying f,(0) =1 and

fn()(on +tp) €Y.
As in Step 1, the right-sided extended derivative
f1(0) := lim

" t—0+

exists. In the present case,
F0,1) = (= L+ ) Vol + (g = 14 9)[Venll,, = A+ 0) [ gla)es™ do < ~Co <0,
Q

The identity used in Step 1 also shows that {f},(0) }en is bounded from above. Therefore, if {|f},(0)|}nen

were unbounded, then, after passing to a subsequence if necessary,
11.(0) — —oo0.

n

In particular, for every sufficiently large n, we have f,(t) < 1 whenever ¢ > 0 is sufficiently small.
Assertion (2) of Ekeland’s variational principle yields

1
@) +10) = vally 300 2 Ia(0n) = In(falt) (v + 1))
Using the representation of Jy on the Nehari manifold, we obtain
In(wn) = Ix (fu(t)(vn + tp))

— 1+ ~1+
- H IV (on + )5 = IVonl}) + H [f2(8) — 1] |V (vn + te) |12
— 1+ — 1+
oy (V0 + 6 = 190all) + = O = 1V o + )],
_ H—a a+1 z) (v atl _ g a+tl T
AT ) [ 0o [+ 1) =]

T o 1) [ gt s
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Dividing by ¢ > 0, rearranging the terms, and then letting ¢ — 0%, we obtain, in the extended sense,

> £a(0)

*Ilwllm 1 [(p—1+v)||WnII£+(q—1+7)||an||3,#

1-—
—A(wa)/ﬂm 208 dz + 2= o faco

-1

Il o] / Vo, [P~2V0, - Voo da
L=~ Ja
-1

+qlﬂ/ 1(2)| Vo |92V, - Vi da

—)\W—F / x)vspda.

By the estimate above, the boundedness of {vy, },.en, and the choice of n, the expression in square brackets
satisfies

(P =1+ NNVoally + (¢ =1+ N)Voall§ . — (7+a)/ﬂg(fﬂ)vf§“dw

(1 —7)My

1_
+ /YHUn”L”H,O < —Cg + < 0.

The remaining integral terms are uniformly bounded because {v,}nen is bounded in WO1 H(Q) Since
f1(0) — —oo, the right-hand side tends to +oo, whereas the left-hand side tends to zero, which is
impossible. Thus, {f/(0)},en is bounded from below. Together with the upper bound established above,
this proves that there exists a constant C; > 0, independent of n, such that

| £ (0)] < Cr.
Proceeding exactly as in Step 1 and using the (Sy)-property of A, we conclude that vy € Ny is a
positive weak solution of problem (1.3) satisfying
J)\(U)\) = inf J)\(’LL)

ueEN
Finally, the estimates (3.6), (3.7), (3.4), and (3.5) yield the bounds stated in the theorem. O
Finally, we present a concrete example illustrating the applicability of Theorem 1.1.

Example 4.3. Let N =3, Q= B(0,2) CR3, p=2,¢=3,v=0.1, a =3, pulx) = |z|, h(z) = %\x|,
and g(z) = Xp(o,1)(x). The optimal Sobolev constant S (see Talenti [50]) and the Lebesgue measure of
Q are given by
33 4m
S = e and |Q|:?~23,

3

respectively. Consider the boundary value problem
1
—div(Vu + [z]|[Vu|Vu) = §|x|u Y Mg (@)u’® in B(0,2), u=0 ondB(0,2). (4.11)
Substituting these data into (1.5) yields

3.1

) 3 1
2\ /1.1
A= <31> <31) L1178 . ﬁ ~ 0.026.
1) s (i )]

Therefore, Theorem 1.1 implies that problem (4.11) admits at least two positive solutions for every A €
(0,A).

ol

i
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