ON p(-)-LAPLACIAN EQUATIONS WITH GENERALIZED
ANISOTROPIC NEUMANN BOUNDARY CONDITION

DEEPAK KUMAR MAHANTA® AND PATRICK WINKERT

ABSTRACT. In this paper, we investigate the existence and multiplicity of so-
lutions for an anisotropic variable exponent problem of the form

N (z)— N
9 (| ou P2 gy
_ pi(2)=2,, — Nk a(z)—-2
St (|3 ) o et ke
in 2, subject to the anisotropic Neumann boundary condition
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oM = h(z)|ul?® =24 on 8Q,
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where Q C RN, N > 3, is a bounded domain with smooth boundary and

N pi(2)=2 g,
ox;

0 ou
Apeyu = ; Ox; <‘ Ox;
denotes the anisotropic variable exponent p(-)-Laplace differential operator.
Under suitable assumptions on the data, we prove that the above problem
admits at least two nontrivial nonnegative weak solutions. The proof is based
on the Nehari manifold approach combined with the fibering map technique
and the direct method of the calculus of variations.

1. INTRODUCTION AND MAIN RESULTS

In this paper we study the following nonlinear anisotropic elliptic problem

N i(2)—2 N
9 du |” ou
- dz; \ |0z, o Pil®) =2y = Ak a(@)=2, i O
; Oz; \ | O oz; + ; [ul u (@)lul u in Q,
(1.1)
N i(z)—2
ou |* ou B
; o, g = h@ul" ™0 on 00,
where Q C RY, N > 3, is a bounded domain with smooth boundary and
N i(x)—2
9 du |? ou
2504 = 2 50 \ |y e 1.2
ZOL ; ox; ox; ox; (1.2)

—

denotes the anisotropic variable exponent p(-)-Laplace differential operator. The
vector-valued function §: Q@ — RY is defined by p(z) = (p1(x), p2(z),...,pNn (7)),
where 2 < p;(z) < N for all z € Q and for each i € {1,2,...,N}. For p € C;(Q),
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we define

pt =supp(r) and p~ = inf p(z),
z€Q z€Q

where
+(Q) = {p(z) € C(Q): p(z) > 1 for all z € Q} .

In the following we write

PZ =min{py,p;,...,py} and P =max{p},p3,...,pN}.  (1.3)
Here 7 = (n1,m2,...,nn) denotes the outward unit normal vector on 92. The
p(-)-generalized normal derivative v of u is defined by
N i(x)—2
ou |* ou
v= Z ) o Mis

i=1
see Henriquez-Amador—Vélez-Santiago [27].
Throughout this article we assume that the following hypotheses hold:
(al) there exists v € C (Q) such that k € L7C )(Q) and k(x) > 0 for a.a.z € Q;
(a2) there exists § € C (99) such that h € L*C)(99) and h(x) > 0 for a.a.x €
0%
(a8) a € C(Q) such that

l1<a™ <a(z)<at < (7(1‘)—1) NPZ

~v(x) N — P~

for all x € Q.
(ad4) B € C(09) such that

1<ﬂ§ﬂ(x)§ﬂ*<(

for all z € 092.
(a5) 1<a~ <at <P- <Pl <p~ <%

pP” P- —at T —a”
(@6) = < (=2 (£ ).
B+ BT —at P —a~
A function v € WHP1)(Q) is said to be a weak solution of problem (1.1) if
(Lu,v) = /\/ k(z)|u]*® 2y dz +/ () |ul?® =2y do,
Q o9
for all v € WP0)(Q), where

5(x) — 1) (N -1)P”
§(x) N — P~

i) =24, dzx,

u [P gy ov
<LU,U>: ggd +/Z|U

1 8$i

for all u,v € WP0)(Q).
The main result of this paper reads as follows.

Theorem 1.1. Let assumptions (al)—(a6) hold and define

Pf—a—

—a

B B~ — P P~ —at ﬁt—PI
T\ CaB —a) ) \ Con(BT—a) ’
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with Cq and Cyq being the constants given in Lemma 2.8. Then, for any A € (0,7),
problem (1.1) admits at least two nontrivial nonnegative weak solutions.

The proof of Theorem 1.1 relies on the Nehari manifold approach combined
with the fibering map technique. More precisely, we consider the Nehari manifold
N () associated with problem (1.1), which consists of all nontrivial functions u €
Wl’ﬁ(')(Q) satisfying the Nehari constraint. It provides a natural constraint for the
corresponding energy functional. A crucial step in the analysis is the decomposition
of the Nehari manifold into three disjoint subsets

NA(Q) = N (Q) UNT () UNT(9),
which is obtained through the study of the associated fibering map. We show that
the set NY(Q) is empty for suitable values of the parameter A. Consequently, the
Nehari manifold splits into two nonempty components N, (€2) and Ny (€2). We then
minimize the energy functional on each of these two subsets. The corresponding
minimizers yield two distinct nontrivial weak solutions of problem (1.1). Although
this method has been used in several works, our approach is inspired in particular

by the works of Afrouzi-Rasouli [1, 39].
If pp=2foralli=1,...,N in (1.2), then

N
0%u

— = Au
2 b
14
i=1a i

which is the classical Laplacian. If p'is constant, that is, p; = pforeachi=1,..., N,
then we obtain

i 0 (|ou™ ou) _ %

im1 8371‘ 833% 8:@ = St

which is known as the pseudo-p-Laplacian, see Belloni-Kawohl [13] or Brasco—
Franzina [14]. Further information on anisotropic operators and in particular on
anisotropic Sobolev spaces can be found in Kufner-Rdkosnik [30], Nikol’skil [35],
and Rékosnik [37, 38]. Anisotropic differential problems arise in various applica-

tions. For example, the spread of an epidemic disease in a heterogeneous habitat
can be modeled by anisotropic nonlinear systems. In general, anisotropic operators
are used in models where partial derivatives exhibit different behavior depending
on the spatial direction. Another important example is the anisotropic Laplacian

éaii <58§z @FQ) (VU))

N 3
F(£)=<Z|§ﬁ> , EERN.
i=1

This operator plays an important role in physical models of crystal growth and is
closely related to the so-called Wulff shape associated with F', see Wulff [42]. For fur-
ther applications in different areas we refer to Almi—Caponi—Friedrich—Solombrino
[5], Antontsev—Diaz—Shmarev [7], Bendahmane—-Chrif-E]l Manouni [11], Bendahm-
ane-Langlais—Saad [12], Vétois [11], and the references therein.

where
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The p(-)-Laplacian is a nonhomogeneous generalization of the classical p(-)-
Laplacian. In contrast to the isotropic case, it allows different growth conditions
for the partial derivatives in different spatial directions. As a consequence, the as-
sociated differential operator exhibits a more complicated nonlinear structure and
requires the use of anisotropic variable exponent Sobolev spaces. Variational prob-
lems involving the p(-)-Laplacian have attracted considerable attention in recent
years due to their wide range of applications in the modeling of physical phenom-
ena. In particular, such operators naturally arise in the study of electrorheological
fluids, nonlinear elastic materials, thermorheological fluids, and other processes
with spatially heterogeneous properties. The development of the theory of variable
exponent Sobolev spaces and related anisotropic frameworks has provided pow-
erful tools for the analysis of these models. We refer to Acerbi-Mingione [, 2],
Antontsev-Rodrigues [3], Mihéilescu—Pucci-Réadulescu [34], Ruzicka [10], Zhikov
[46] for fundamental results and further references. More recently, the theory of
variable exponent spaces has been extended in several directions in order to describe
increasingly complex systems. These developments include anisotropic settings,
fractional operators, and applications to nonlinear problems arising in elasticity
and materials science. Such advances illustrate the flexibility of the variable expo-
nent framework and its capability to model phenomena with nonuniform growth
and strongly nonlinear behavior.

In general, the literature on anisotropic variable exponent problems is still rather
limited. One of the first contributions in this direction is due to Mihailescu—Pucci-
Rédulescu [32], who studied the eigenvalue problem

- i 9 ‘ du

=1 63:1 8l‘i

where p(-) satisfies the assumptions stated above and ¢(z) > 1 for all z € Q.
The authors established several existence and nonexistence results, which strongly
depend on the interplay between the growth rates of the anisotropic exponents.
Their results reveal interesting phenomena concerning the structure of the spec-

trum, including the appearance of a continuous spectrum in various situations.
Later, Boureanu—Pucci-Radulescu [17] considered the problem

- i 9 ‘ du
i—1 81'1 6301
where f: Q x R — R is an odd Carathéodory function satisfying the Ambrosetti-
Rabinowitz condition. By applying the symmetric mountain pass theorem, the
authors proved the existence of an unbounded sequence of solutions. Further
existence results for anisotropic problems, both with and without variable expo-
nents, can be found for instance in Afrouzi-Mirzapour-R&dulescu [3], Amoroso—
Sciammetta—Winkert [6], Boureanu [15, 16], Eddine-Ragusa-Repovs [23], Fragala—
Gazzola—Kawohl [26], Mih&ilescu—Pucci-Radulescu [33], Radulescu—Stancut [36],
Zhan—Feng [11], see also the references therein. We also mention papers dealing
with parabolic anisotropic problems, see Antontsev—Shmarev [9], Arora—Shmarev
[10], Liang—Zhao—Zhai [31], and Zhan—Feng [43, 45].
The first work dealing with the anisotropic variable exponent p(-)-Laplacian
with homogeneous Neumann boundary condition is due to Ji [29], who studied the

pi(z)—2 ou

d;

U{BQ =0,

> = Nu|?"™ =2y in Q,

pi(z)—2 ou

O;

):f(x,u) in Q, u|BQ:O,
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problem
N i (2)—2 N
0 ou |P ou
- —_— —_— wPi@ =2y = Au|?®) =2y in Q,
g:; =0 on 01,

where the existence of a nontrivial solution was proved by using the mountain
pass geometry of the associated energy functional. Moreover, several important
embedding results were established. Further results for problems with nonhomoge-
neous anisotropic Neumann boundary condition have been published by Boureanu—
R&dulescu [18], Boureanu—Vélez-Santiago [19], and Eddine-Ragusa [22].

The paper is organized as follows. In Section 2 we recall some basic properties
of variable exponent Sobolev spaces, introduce weighted Lebesgue spaces both in
the domain and on the boundary, and establish several embedding results between
these spaces. Section 3 is devoted to a detailed analysis of the associated Nehari
manifold and the corresponding fibering map. Finally, Section 4 contains the proof
of Theorem 1.1.

2. PRELIMINARY RESULTS

In this section, we recall some basic results on variable exponent Sobolev spaces
and anisotropic variable exponent Sobolev spaces. Most of these results can be
found in the monograph by Diening—Harjulehto-Hast6-Ruzicka [20] as well as in
the papers by Fan [24] and Fan-Zhao [25].

To this end, let @ C RY be a bounded domain with smooth boundary, let M ()
denote the set of all real-valued measurable functions, and let p € C;(Q). The
variable exponent Lebesgue space LP() () is defined by

LPO(Q) = {u € M(Q): / [uP@ dz < +oo} ,
Q

endowed with the Luxemburg norm

()
iy =t {300 [ |4 s <1}
Q

It is well known that LP()(Q) is a separable, uniformly convex, and reflexive Banach
space whose dual space is given by (LP()(Q))* = L'()(Q), where p’ € C4(Q) is the
conjugate exponent of p defined by p/(z) = p(x)/(p(x) — 1) for all x € Q. For all
u € LPO)(Q) and v € Lp'(')(Q) the following Holder-type inequality holds

1 1
/WMS<_+FmeWmﬁﬁ%MMmy
0 p p

Moreover, if p1,p2 € C(Q) satisfy p1(z) < pa(z) for all z € Q, then the embedding
LP20)(Q) < LP*()(Q) is continuous.

The modular function p,(.y: LP)(€2) — [0, 00) associated with LP()(€2) is defined
by

Py (1) = / |u[P®) dz for all u € LPO)(Q).
Q

In what follows we write p := p,.).
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Proposition 2.1. Let p € C(Q), u,u,, € LPO)(Q) for alln € N, and X > 0. Then
the following hold:

(i) [Jullpcy = A if and only if p(%) = 1.

(i) |Jullpey <1 (resp.=,> 1) if and only if p(u) < 1 (resp.=,>1).

see + -

(ii) If [l < L, then [ull”; < p(w) < [lull%,

) - +

() IF llullyc) > 1, then [lull., < p(u) < ull%,

(V) llun —ullpcy = 0 if and only if p(u, —u) — 0;

(vi) If up — u in LPO)(Q), then p(uy,) — p(u).
(vil) The functional p is weakly sequentially lower semicontinuous.
Note that if h € L®(Q), h > 0, p € C(Q), and [u|*) € LPO)(Q), then the

inequality

. - +
min { [l Nl § < ([l < mane {ulicopc Il }

holds. If h(z) = h is constant, then ||[u|"|,) = ||uth(-)-
Next, we introduce weighted variable exponent Lebesgue spaces. For this pur-
pose, let w: @ — R be a measurable weight function such that w(z) > 0 for

a.a.z € ). Then Lp(())(Q) is defined by

L2 (Q) = {u e M(Q): / w(z)|u[P® dz < +oo} ,
Q
equipped with the Luxemburg norm
1
oy = || w@) |
p(*)
The space LZ (('_)) (Q) is a Banach space with properties similar to those of the usual
variable exponent Lebesgue spaces. The related modular py,(y p(.): LZ (())(Q) —
[0, 00) is defined by

Pu()p() () = Pp() ((w(-))ﬁU) =/Qw(x)\u|1?<w> dz.

The next proposition provides properties analogous to those stated in Proposition
2.1, see Ho—Sim [28, Propositions 2.2 and 2.3].

Proposition 2.2. Letp € C(Q), u,u, € L ( ) foralln € N, and A > 0. Then
the following hold:

(i) Hu||w(.)’p(.) = X if and only if pw(.)’p(.)(%) =1.

(1) [Jullweypey <1 (resp.=,> 1) if and only if py () py(u) <1 (resp.=,>1).

(i) 1F lulluy.p0y < 1. then [Jull%, >_pw<> p() () < ullfy ) -

)
)
() Il o0y = 1o then ull o) < pucy oo (@) <l 0
V) lun — u||w )’p() — 0 if and only if Pu()p() (Un —u) = 0.
(vi) If up — u in Li(('?)(Q), then pu(y,p() (Un) = Pu(),p()(W).
Furthermore, let o denote the (N — 1)-dimensional Hausdorff measure on the
boundary 99Q. For r € C(99), we denote by L"()(9€) the variable exponent

Lebesgue space on the boundary JQ2 endowed with the norm [|-|,.(.) aq. Analogously,
for w: 9Q — R being a measurable weight function such that w(z) > 0 for a.a.x €
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8(2 We define the weighted variable exponent Lebesgue space on the boundary
(BQ) equipped with the norm |[u| () ()00
Now we introduce the underlying functlon space. Let p: Q@ — RY be defined by
p(x) = (p1(x),p2(z),...,pn(x)), where each p; € C(Q) satisfies 2 < p;(x) < N for
all z € Q and for each i € {1,2,..., N}. Then the anisotropic variable exponent
Sobolev space is defined by

= 0
WhPh)(Q) = {u e LPO(Q): 2L € LrO(Q) for all i € {1,... ,N}} :
i

endowed with the norm

| ou

lllz) = > | 50 +Z||uup,(>

=1 v pw
Note that the space WP()(Q), equipped with the norm || - (), is a reflexive
Banach space, see Ji [29]. For more details on anisotropic Sobolev spaces we refer
to Boureanu-R&dulescu [18], Henriquez-Amador—Vélez-Santiago [27], Mihailescu—
Pucci-Rédulescu [32], and the references therein.

The following result is a direct consequence of the definition of variable exponent
Lebesgue and Sobolev spaces. In what follows we use the notation introduced in

(1.3).
pi(I)) dx

o
p() < D(u) < lullz-

P
p(Jr) < D(u) < ||UH5()

The following result can be found in the paper by Ji [29, Theorem 2.2].

Proposition 2.3. Let

+|u

oo [ 3= (|5

for allu € WHPC)(Q). Then the followmg hold:
() 1F lfullpy > 1, then [lull

ox;

(i) If [lullpcy <1, then |ju]

Proposition 2.4. Suppose 2 C RY is a bounded domain with smooth boundary
and p; € C(Q) satisfies 2 < p;(x) < N for all x € Q and for each i € {1,2,...,N}.

If ¢ € C(Q) satisfies q(z) < _;, for all x € 0, then the embedding

WLﬁ(')(Q) N LQ(')(Q)
is continuous and compact.

Next we establish an analogous result for boundary variable exponent Lebesgue
spaces.

Proposition 2.5. Suppose 2 C RY is_a bounded domain with smooth boundary
O having the cone property and p; € C(Q) fulfills 2 < p;(x) < N for all z € Q and
for each i€ {1,2,...,N}. If ¢ € C1(99Q) satisfies q(x) < % for all x € 09,
then the embedding

WP (Q) — L10(99)

is continuous and compact.
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Proof. First, the proof of Proposition 2.4 implies that the embedding W#()(Q) <
W1 P-(Q) is continuous. By hypothesis, we have

(N —1)P-
1< = S < —.
"= sup alw) < To e

Hence, the trace operator v: WP~ (Q) — La" (09) is compact. Moreover, since
q(z) < ¢t for all z € 8, the embedding L7 (092) — LI)(9Q) is continuous.
Therefore, the following chain of embeddings holds:

WO (Q) — WHP=(Q) S L9 (09) — L0 (99).
Consequently, the embedding W7()(Q) < LI0)(90Q) is continuous and compact.
This completes the proof. O

Next we establish suitable embeddings into weighted variable exponent spaces.

Lemma 2.6. Suppose Q C RY is a bounded domain with smooth boundary and
p; € C(Q) satisfies 2 < pi(z) < N for all z € Q and for each i € {1,2,...,N}.
Assume (al) and (a3). Then the embedding W'PC)(Q) — Lz(()) (Q) is continuous
and compact. In particular, there exists a constant Cq > 0 such that

- +
[ k@l @z < Co (Jull + i)
for all w € WHP0)(Q).
Proof. Let 7o be the conjugate exponent of v, u € WP()(Q) and define

_ () a(z ralze
m(z)—<7(x)_1> (x) for all z € Q.

It follows that

_ (=) _ a
Yo(x) = S -1 and m(z) =y (x)a(z) forall z € Q.

Using assumption (a3), we obtain
m(e) = n(eale) <rofe) (1051 ) L - T

NP
N—P-
embedding W'P0)(Q) «— L™0)(Q) is continuous and compact. Consequently,
u € L™O)(Q) = L700O20)(Q), which implies [u|*() € L7°0)(Q). Applying Holder’s
inequality yields

for all z € Q. Hence m(z) < for all z € Q. By Proposition 2.4, the

[ kel do < 2l [l < oc
Q Yo(+)
Thus u € Lz(())(Q) and therefore W70)(Q) LZ‘(())(Q)

Now, let {uy,}nen € WHPO(Q) be a sequence such that u, — u in W0 (Q).
Since the embedding WP (Q) — L™()(Q) is compact, we obtain u,, — u in
LmO(Q) = L00O20)(Q). Hence,

|t — 4o )a(y = 0 as n — oo,
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which implies

H|un—u\a(') —0 asn— oo.
Yo(+)

Again using Holder’s inequality, one has

/ k(z)|u, — u|*® dz < 2%l H|un — )0 —0 asn— oco.
Q

Yo()
By Proposition 2.2 it follows that

llun — ullp(y,ac) — 0 asn— oo,
that is, u, — u in L;:(())(Q) Hence, the embedding W17()(Q) < Lz(())(Q) is
compact and therefore continuous.
Finally, from (a3) we have

Yo(z)a™ < yo(x)a(z) < yo(z)a® < % for all z € Q.
Using Holder’s inequality and Proposition 2.4, we obt;in
[ k@Il de < 2l a2y < ol (21)
[ k@Il de < 2kl [l < Collul (22)

where Cq and Cgq are two positive constants. Consequently, from (2.1) and (2.2),
there exists a constant Cf, > 0 such that

/k‘(x)|u|a(‘"”) dxg/k(x)w’ dx+/k(m)|u|a+ dz
Q Q Q

- +
< o (Iluligey + lullge) -
This concludes the proof. [l

We also have an analogous result for weighted variable exponent Lebesgue spaces
on the boundary.

Lemma 2.7. Suppose Q C RY is a bounded domain with smooth boundary OS
having the cone property and p; € C() satisfies 2 < pi(x) < N for all x €
Q and for each i € {1,2,...,N}. Assume (a2) and (ad). Then the embedding
WHPO(Q) Ligg(aﬁ) is continuous and compact. In particular, there exists a
constant Cyq > 0 such that

. - +
[ m@ul? ) do < Con (Jully + ol
for all uw € WHP0)(Q).
Proof. Let &y denote the conjugate exponent of 6. For u € WH7()(Q), define

n(z) = (m) B(x) for all z € 90.

Then
o(x

do(x) = 6(33)21 and n(z) = dp(x)B(x) for all z € 9.
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From (a4), we obtain

S(z)—1\ (N-1)PZ (N-1)PC
ale) = 8oe)ple) < o) (251 ) = 2O
for all x € 9Q. This implies n(x) < % for all x € 99Q. From Proposition 2.5

we know that the embedding W7()(Q) « L )(39) is continuous and compact.
Thus, u € L*0)(9Q) = LB (9Q) and so |u|?) € L% (9Q). Taking Holder’s
inequality into account yields

A@)[ul?™) do < 21|h| s oy | 14|

—+00.

oQ L50()(09Q)

From this, we infer that u € ng%(aﬁ) and Wh70)(Q) Lig;(@(l)

Let {up }nen € WHPC )( ) be such that u, — u in WP()(Q). Because the em-
bedding WP (Q) < L") (09) is compact, it follows that u, — u in L™)(9) =
L2OBO)(HQ). This gives

un —ullLsocrsc) 90y = 0 as m — oo,

Hence,

—0 asn— oo.

e ]
L50() (89)

Further, by using Holder’s inequality, we have

/ h(x)|un — ul?® do < 2|2l Lae) o) H|un - u|ﬁ(')‘ —0 asn— oo.
o0

L% () (892)

Arguing as in Proposition 2.2, it follows that u,, — u in Li( )(89) This shows that

the embedding W170)(Q) — Lf( )(8(2) is compact and hence, continuous as well.
Now, by using (a4), we have

So(2)B™ < do(z)B(x) < do(2)BT < % for all x € 09. (2.3)
Due to Holder’s inequality, (2.3) and Proposition 2.5? we get

[ H@Il do < 2blascrom 1l oy < Conllullyy,  (24)

| h@ll® d < 2l oo 1l sy gy < Conlully, (25)

where Cyq and Cpq are positive constants. Therefore, from (2.4) and (2.5), we can
find a constant C, such that

/ h(z)|u|?@) dag/ h(z)|ul?” da+/ h(z)|ul?" do
o oN oN
< Cpo (Il + Iull3) ) -

The following result is a direct consequence of Lemmas 2.6 and 2.7.

Lemma 2.8. Assume that the hypotheses of Lemmas 2.6 and 2.7 hold. Then, for
every u € Wl*ﬁ(')(Q), the following inequalities are satisfied:
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+ .
Q

OQHUHP() if lullge) < 1.
Caallu if |ullzy > 1,

(ii) / h(z )|u\5 ) do <{ aall ”p() f” “p() =
o0 Coallullyy if lullg) <1,

where Cq and Cyq are positive constants,

3. THE NEHARI MANIFOLD AND FIBERING MAP APPROACH

In this section we analyze the Nehari manifold and the associated fibering map,
which are used in Section 4 to prove Theorem 1.1. To this end, let Jy: W#0)(Q) —
R be the energy functional associated with problem (1.1) defined by

1 u |? v k(z)
— P _ pi(x) _ N/ a(z)
u) /in_ pi(2) (‘axi + [ul ) da )\/Q a(x)|u| da

o9 ﬂ( )

It is easy to verify that Jy is well-defined and belongs to C1(Wh7()(Q),R). Tts
Fréchet derivative is given by

(jA/(u),v):(Lu,v)—A/ k(x)\u|a($)72uvdx7/ h(x)|u|?®~2uw do,
Q

o0

for all u,v € WHP0)(Q). Moreover, the critical points of Jy coincide with the weak
solutions of (1.1). The corresponding Nehari manifold associated with problem
(1.1) is defined by

NA(Q) = {u € W)\ {0}: (T (), w) = 0}

Clearly, every nonzero critical point of 7y belongs to N, (). Furthermore, define
Ih(u) = (J{(u),u). Hence, if u € Ny(Q), then Zy(u) = 0. A straightforward
computation shows that for all u € Ny (Q),

0= 3 (f5

- [ h@)s@ll do.
a0
The Nehari manifold is closely related to the behavior of the function

Dy [0 —I—OO) - R, (I))\u( ) j)\(tu).

Such functions are called fibering maps and were introduced by Drabek—Pohozaev
[21]. For u € WHP0)(Q)\ {0}, we obtain

ou
(b)\u /Z pl(x)p7 SU <

or;

_ / 1) 11(2) |u|ﬂ<x> do.
20 )

Bla

/thl )- 1(

pi(x)
+ |u|pi(w)> dz — )\/ k(z)a(z)|u|/*® dz
Q

pi(x)

+ |uPi® | dz — )\/ @ ki) [u| @ dz
Q a(z)

ou |P

7

+|u

pi(I)) d:vf)\/ 1@ e () || @) da
Q
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_ / tﬁ(x)’lh(a:) |u‘6(z) do,
o0

y 3 o [ | Ou " ()
— . _ i\T)— i(Z
0= [ Sty - 0= () ) ar

— o) — )t =2 (2)|u|*®) da
A/Qu) 11902 () |u]*® d

X

- [ (8@~ 2@l do
a0
Lemma 3.1. Let u € W0 (Q)\ {0} and t > 0. Then tu € N\(Q) if and only if
@), ,(t) = 0. Moreover, the Nehari manifold Nx(Q2) is a closed subset of WPt ().
Proof. 1t is easy to verify that

{alt) = (T4 t) u) = (T (), 1),

for all u € WHP0)(Q)\ {0} and for all ¢ > 0. Hence, we infer that tu € Ny () if and
only if @} ,(t) = 0. By the definition of Nehari manifold, we have N(2) U {0} =
7, ' ({0}). Since Zy is a continuous functional from W1P()(Q) into R and {0} is
a closed set in R, it follows that Z, '({0}) is closed in W#()(Q). Consequently,
Ni(9) is a closed subset of W1P0)(Q). O

By Lemma 3.1, we have tu € Ny(Q) if and only if ®) ,(¢) = 0. In particular,
u € Ny(Q) if and only if @) (1) = 0. Therefore, it is natural to decompose
N () into three subsets corresponding to local minima, local maxima, and points
of inflection of the fibering map. More precisely, we define:

NF(Q) = {u e Ny(Q): @ (1) > 0}

= {tu e WHPL(Q)\ {0}: @) ,(£) = 0,®% () > 0}

= {u e WO\ {0}: (J(u), ) = 0, (T4 (u),u) > 0},
Ny (Q) = {u e Na(Q): @, (1) <0}

= {tu e WHPL(Q)\ {0}: @) ,(£) = 0,®% () < 0}

= {u € Wl’ﬁ(.)(Q) \ {0}: <t7)l\(u)7u> =0, <I$\(u)7 ’LL> < 0}7
M) = {u e NA(Q): 95 ,(1) = 0}

= {tu e WHPO(Q)\ {0}: ) (1) = 0,2, (t) = 0}

= {u e WHPO(Q)\ {0}: (T} (w),u) = 0, (T} (u), u) = 0}.

First, we show that [y is not bounded from below on W17()(Q), but it is
bounded from below on N (£2).

Lemma 3.2. The functional Jy is not bounded from below on WHP0)(Q).
Proof. Let u € WP0)(Q) with lullz.y > 1. By the definition of J, we have

L N AR A @)
juZ*/ v + |ufPit® dm—f/k‘x ul* dx
0z g [ ([ge e 2 [ kel

1

B~ Joa

(3.1)
h(zx)|u)?® do.
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Using Proposition 2.3 and Lemma 2.8, we obtain

.
lullzo)  ACq +  Cag +
Jx(u) > P;;“ = Sl = Sl
Since 1 < a® < P~ < 37, the last term dominates as |ul|5.) — co. Consequently,
Jx(u) = —oo and therefore Jy is not bounded from below on W1P()(Q). O

Lemma 3.3. The functional Jy is coercive and bounded from below on Ny ().

Proof. Let u € Nx(Q) be such that |lufz.) > 1. Since u € N)(Q), we have
@) (1) = 0, which yields

N ou
h(zx uﬁ(x)daz/ ’
R o

Substituting (3.2) into the estimate for Jy in (3.1), we obtain

N i(z)
1 1 ou |P
Nn(u)> | ——— /E ‘ -‘rupi(x) dz
)\( ) (Pi B_> Qi:1 ( (9{171‘ |

1 1
Al — - = /k:c u|*® da.
(a— ﬁ—) o
Using Proposition 2.3 and Lemma 2.8, we deduce
1 1 P 1 1 +
> == = A|l — == C S0y
Talu) > (Pi 5) lully = (3= - 3= ) Callull

Since P~ > a', it follows that Jx(u) — oo as |lul|5.) — oo. Hence, J is coercive
on N, (). In particular, it is bounded from below on Ny (Q). O

pi(x)
+ |u|m<w>> dz — \ / k() u|*®) dz. (3.2)
Q

Next, we prove that a local minimizer u of Jy on N, () or Ny () is a critical
point of Jy provided u ¢ N7 ().

Lemma 3.4. Let u be a local minimizer of Jx on Ny (Q) or Ny () such that
u ¢ NY(Q). Then u is a critical point of Jy.
Proof. By assumption, u is a local minimizer for 7, subject to the constraint
Ix(u) = (J5(u),u) = 0. By the Lagrange multiplier rule, there exists ( € R
such that

Tx(u) = (T (u). (3-3)
It follows that (73 (u),u) = ((Z}(u),u). Since u € Ny(R?), we have (J(u),u) =0
and therefore ((Z}(u),u) = 0. Recalling that (Z}(u),u) = ®Y (1), we obtain
¢®Y (1) = 0. Since u ¢ NY(Q), it follows that ®Y (1) # 0. Hence, ¢ = 0 and by
(3.3) we obtain Jj(u) = 0. Therefore, u is a critical point of Jy. O

Set

pf—a—

—a

[ B —Pf P~ —at 77
TT\ o —a) ) \ Con(BT —a™) ’

where Cq and Cyq are the constants given in Lemma 2.8.
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Lemma 3.5. For any X € (0,7), we have NY(§2) = 0.

Proof. Assume by contradiction that NY(2) # (). Then there exists u € N () for
some A € (0,7). Since u € NY(Q), we have ®) (1) = 0 and @} (1) = 0. From
@) (1) =0, it follows that

/‘hQMMM@da
oN

au pi(®) (3.4)
/ Z + |uPi®) | de — )\/ k()| u|® d.
o Q
Case 1: ||ullz.) < 1.
Using @Y (1) = 0 together with (3.4), we obtain
N ou pi(x)
> P__/QZ ‘ami + |u[Pi@® ) dz — )\a+/Qk(9:)\u|a(z) dz
=1
— Bt h($)|u|ﬂ(r) do
a0
N N 8 PL($) (@)
I - pi(T d
« )/Q; ‘81: + |u| x
(5" = ah) [ ha)lu ) do,
29
By Proposition 2.3 and Lemma 2.8, it follows that
_ P+ _
0> (P~ - a*)ully, - Con(8* — a*) |l
Hence,
P- —at ‘ripi
llull gy > W . (3.5)

On the other hand, again using ® ,(1) = 0 and (3.4), we get

0= )\u(l)
N (
ou |?
< +
e [ (5
-8 h(z)|u|?® do

a0
ou

. N pi() )
— (AR~ — pi(x
(B P‘”/@E oz, + Ju dz

‘—M)AM@WW“M-

By Proposition 2.3 and Lemma 2.8, one has
_ Pt _ _ o=
0< —(8 - PHllully) + ACa(8™ — a7 ullg-

2)
+ |u|p'i(x)> dz — )\a_/ k() |u|*®) dz
Q
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Therefore,
1

ACo(B~ —a™)\ r
||u||ﬁ<.><(j;wp+f”> .

Combining (3.5) and (3.6), we obtain

ACqo(B~ —a™) Pii‘r S P- —at ﬁ
B~ — PI ~ \ Coa(ft —at) ’

pl_a—

—a

N s P-—at
=\ Ca(B=—a) | \ Con(BT —a™) -

which contradicts A € (0,7).
Case 2: ||ul|z.) > 1.
As above, from ®§ (1) =0 and (3.4), we get

0=2%,(1)
N
ou
SN (2
_ 3+/ h(x)|u|ﬁ(‘”) do
a0
N pi(z)
=(P- — oﬁ)/ Z ( Ou + |u pi(m)) dz
Q=1

8l‘i
— (Bt —at) / h(@)|u)?® do.
o0

Using Proposition 2.3 and Lemma 2.8, one has

Hence

pi()
+ |u|pi(z)> dz — /\oz+/ k(z)|u|*® da
Q

_ P -
0> (P~ —at)llull i, — Con(BT —a)ull3,

and therefore,

1

P — + CRa
lullgey > | At -
Coa(Bt —at)

Similarly, we can deduce that
0=2%,(1)

3

- B~ h(m)|u|ﬁ(m) do
N

N
_ - _ +
- (8 m/ﬁ;(

pi(z)

ou
+ |u

83%

pi(z)) dx—)\of/ E(a)|u|*®) da:
Q

pi(x)

0 (2
e |u|pi<*>> da

15
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FAB - a*)/ ()]~ da.
Q
Again by Proposition 2.3 and Lemma 2.8, we have
_ P - — +
0<—-(8" — Pi)”“Hﬁ(,) +ABT —« )CQ”UH%(.)a
which implies
R
ACQ(Bi - Ozf) P ot
lullgoy < | ———=+— : (3.8)
5P

From (3.7) and (3.8), it follows that

ACo(B~ —a™) Cam (P —at s
B-—Pf =\ Con(B — at) '

Hence
P~ —at
- _ pt P —at st-pPZ
P S . (3.9)
Ca(f~ —a7) ) \ Coa(Bt —at)
By choosing Csq > 1, we obtain from (a5) that
o< =" (3.10)
Coa(Bt —at) = '

Moreover, from P~ < Pj, a” <aT and B~ < 81, we have P~ —aT < Pj —a~
and 8~ — Pi < BT — PZ. This implies that

P-—at  Pl—a

— . 3.11
Bt —P- ~ B~ —Pf (8:11)
Now, we obtain from (3.10) and (3.11) that
P:—oﬁ' Pifa_
Po—at \Fm ([ po—at \7oE
- > —-r—r . 3.12
CoalB* —a®) =\ G5 —ah) (8.12)
Combining (3.9) and (3.12), we get
Pf—a—
- + - + ﬁt—P+
A B~ — P! P —a + .
Ca(f~ —a7) ) \ Coa(Bt —at)
again a contradiction. Therefore, N?(£2) = (). This completes the proof. O

Corollary 3.6. Let A € (0,7). Then the sets Nif(Q) are closed in WP0) ().

Proof. We prove that Ny (Q) is closed. The proof for Ny () is analogous. To
this end, let {up}tnen C N, (Q) and let u € WP (Q) be such that u, — u in
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WhPO(Q). Since u,, € Ny (Q), we have @ . (1) =0 and @, (1) <0 for each
n € N. The identity ®) , (1) =0 gives
aun p (

N
/Z( pi(w)) dx—)\/ k() |, | da
ai7 \I9 Q

7/ h(z)|un|?® do = 0.
on

ou, ou
_)

2)
+ |un

(3.13)

Since

in Lpi(')(Q)

U, — u and

for each ¢ € {1,..., N}, Proposition 2.1 implies

3 n pi(x
dm [50{ (g2 e ) e

(2 ) o

Moreover, by Lemmas 2.6 and 2.7, one has

Up, = u in LZ(())(Q), in LQE;((’?Q) and a.e.in ).

3.14
pi(z) ( )
+ |u

Hence, Proposition 2.2 yields
lim [ k(2)|u,|*® dz = / E(z)|u|*® d, (3.15)
Q

n—00 Q

lim h(x)|un|5(””)da:/ h(z)|ulf® do. (3.16)
o0

Passing to the limit in (3.13) and using (3.14), (3.15), and (3.16), we obtain

N pi(z)
/ Z Ou + |uPi@® ) dz — )\/ k(z)|u|*®) dz
0= Q

85(}7;
—/ h(@)|uP@ do = 0.
[o19)

Thus, @) (1) = 0. Next, since @Y , (1) < 0, we have

o (fel )
(3.17)

< /\/Qoz(x)k(:c)mn‘oz(m) dz + /8Q B(z)h(z)|un|P® do

By (3.14), (3.15), (3.16) and using Fatou’s lemma, one can easily verify that

) n pi(x)
o + unP@ | da

Ow;
pi(l’)) dz,

Ouy, |?

+ |t

(3.18)

au pi(x)
ox; *lu
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and
lim [ a(z)k(@)|u,|*® dx:/a(x)k(x)|u|°‘(x) dz, (3.19)
n—ee Jo Q
lim [ B@)h(@)|u P da—/ B(x)h()[ul’@ do. (3.20)

Passing to the limit in (3.17) and using (3.18), (3.19) and (3.20), we obtain

N ou
| St ( . |u|m<w>) do

81'7;
<A /Q a(@)k(2)[ul*@ dz + / B(@)h(@)|ul*@ do.

Hence, @Y (1) < 0. Since A € (0,7), Lemma 3.5 gives NY(Q) = 0. Therefore,
@Y (1) # 0, and thus ®§ (1) < 0. Together with ®) (1) = 0, this shows that
u € Ny (Q). Hence, Ny (Q) is closed in W20 (Q). O

pi(x)

The following result is a direct consequence of Lemmas 3.5 and 3.3.

Corollary 3.7.
(i) For any X € (0,7), we have Ny(Q) = Ny (Q) UN, (Q).
(ii) The functional Jy is coercive and bounded from below on both Ny () and

Ny ().

Define

O,= inf T\(u), Of = inf J(u) and O7 = inf Jn(w).
AT e (@) Mw), O3 weNT () M) ANy (@) .

Lemma 3.8. For any A € (0,7), we have ©) < O < 0.

Proof. Let u € N3 (Q). Then, ®} (1) =0 and ® (1) > 0. From &} (1) =0, we
obtain

e )" do

pi(x) _ a(z)
/Z ( oz, ) dz )\/Qk(x)\u| dz.

Using @Y (1) > 0 together with (3.21), it follows that
ou

AMlf@ e - (P07 [ v
/zmh( Il d <<5_—a_>/z ow;

By the definition of 7, and identity (3.21), one has

(R )
+ (O[ﬂ - B1+> /(m h(@)[ul*® do.

(3.21)

+|u

pi(x)
+ |u

Pi@?)) de.  (3.22)
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Now using (3.22) in the above inequality, we get

(at = PT)BT + PZ(BT — a™) (’;ﬁ:;)

I(u) < P-atp+
(3.23)
N i(x)
u |?
X + JufPi®) | da.
b )
By assumption (a6), we have
Pl —a”

(ot — P7)BT + P=(B+ — o) <Bj_2‘_> <o0. (3.24)

Combining (3.23) and (3.24), we conclude that Jx(u) < 0. Therefore, by the
definitions of ©, and @j, it follows that ©, < @3\" < 0. This completes the
proof. O

Lemma 3.9. Let 0 < A < (%)7. Then there exists ¢ > 0 such that ©5 > ¢ > 0.
Proof. Let u € Ny (€2). Then @) (1) =0 and @} (1) <0. From ®} (1) =0, we
obtain

h(zx)|u)?® do

-3

Case 1: ||ullz.) < 1.
From Lemma 3.5, we have

pr—at \7oE
lullz) > ConlBr —at) : (3.26)

Using the definition of Jy and the identity (3.25), we obtain

1 1 ou |P
Taw) > [ = — — /E ‘ + JufP @) ) da
)\( ) (P:- B—) Qi:1 ( 8:1:1‘ |

(Ao b Mulo@ d
Ao - ) [ e g

By Proposition 2.3 and Lemma 2.8 we deduce

1 1 Pf-a~ 1 1
(Pj - ﬁ) ”uHﬁ(.) — ACq <a — 5>‘| .

pil2) (3.25)

ou
+ |u

8:171'

pi(m)) da:—)\/ E(z)|u|*®) da.
Q

Ta(u) = JJullg
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Using (3.26) in the above inequality, we get

P~ —at \" T
A > <c<@—>>

X

Since A < (o‘—;)r, it follows that

Py

1 1 P~ —at s=—pf 1 1
( —) (Cag(ﬁJrOéJr)) —ACQ<Q—5>>O.

Pf B
Hence, from (3.27) and (3.28), we deduce that m; > 0.

Case 2: |lullz.) > 1.

Again by Lemma 3.5 we have
1

P- —at pr-PZ
[ullze) > ConlBF —at)

From Lemma 3.3, we also have
at

j)\(u) > HU||5(.)

In addition, by using (3.29) in the above inequality, we get

P- —at Bﬁf”:
hlw= <c<ﬂ—>>

P~ —at

11 P —at oo |
" (Piﬂ—> (Can(ﬂ+—a+)> -6

Taking Cyq > 1, by Lemma 3.5, one has
P~ —at

P — at gt —pP” S P~ — at
Coa(BT —at) — \ Con(BT —at)

This shows that

P~ —at ijﬁ
)= <O<B—>>

— \Cq <a1_—61_>] = mao.

11 P- —at e -rf
Pt B ) \ Coa(Bt —at)

—

I Y
Pt =) \ Coa(Bt —at)

> ﬁiipi

(3.27)

(3.28)

(3.29)

1 1 “—at 1 1
(Pj_. - ﬂ_> ”uH;(i.) — ACq <04_ - 5_>‘| .

-
~
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By using (3.28), we deduce that my > 0. Finally, choosing ¢ = min{my, ma} > 0,
we get Jx(u) > ¢ > 0 for all u € Ny (Q2). Therefore © > ¢ > 0. O

The following lemma is immediate.
Lemma 3.10.
(i) If u € N (), then [, k(z)|u|*® dz > 0.
(il) If u € Ny (Q), then [,o h(z)|u/f® do > 0.
(i) If u € NY(Q), then [, k( |u\°‘("” dz > 0 and [y, h(z)|ul*® do > 0.
The following result describes the behavior of the fibering map @3 ,,.
Lemma 3.11. Let u € WHPO(Q)\ {0} be such that [, h(z)[u|?®) do > 0. Then
there exists 7o > 0 such that, for every X € (0,79), the followmg assertions hold.
) If [ k( (z)|u|*®) dz = 0, then there exists a unique t; > 0 such that tyu €
/\/)\ (Q) and
In(t1u) := sup Iy (tu).

t>0

(i) If fQ |u|°‘(x) dx > 0, then there exists a unique t* > 0 and unique
positive numbers ty, to with to < t* < t; such that tyju € N, () and
tou € N3 (). Moreover,

Ia(tiu) == itzlpo) Ia(tu) and  Ji(tau) := ogi?gft* T (tu).

Proof. Let 0 < t < 1 be sufficiently small. Then we have

tP+ ou, [P - th -
Dy, (t) > / Z ( 8;32 + |uPi@ ) dz — 5= h(z)|u® do > 0,

o0

since P_ﬁ < 7. On the other hand, for ¢ > 1 sufficiently large, we have

P N oy 7@
a.’Ei

+ |u

o PRy

Thus, @), attains its maximum at some point ¢; > 0 and therefore, ) ,(t1) =
(J{(t1u),u) = 0. Setting u* = tju, we get (j)\(u*),u*) = 0, that is, u* = tju €
N (9). Now, usmg the fact that [, k(z)|u|*®) dz = 0 for each u € WHPO)(Q)\ {0}
and (Jy(u*),u*) = 0, we obtain

/Z 8’u*

o0x;
Define ®y () = Ja(tu*) for t > 0. Then &y (1) = Ja(u*) and 4 . (1) =
(J{(u*),u*) =0. If 0 <t <1, then

D) e (1) = (TR (tu*), u™) = 1<~7A’(1ﬁ1f‘)ﬂfU*>

* p7(m)
/Zﬂ’l(x (‘au + |u* Pi@’)) dz

—A/tm)—lk(mu*w(@ dx—/ @=L () u*|P@ dor
Q [e]9)

pi(x)
+ |u” pi(m)) = / h(z)u* P do. (3.30)
20
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+ al ou*
s 3]
Q 1:21 ( Ox;
— e ! / () |u*|*®) dz — tﬂ’-l/ h(z)|u*|?® do.
Q a0
Using [, E(x)u*|*®) dz = 0 and (3.30) in the above inequality, we obtain

D . (1) > (tPi—l - tﬁ‘*l) / h(z)|u*|?® do > 0.
’ aQ

Similarly, for ¢ > 1, one has

B, (1) < (tpi’l - tﬁ’—l) h(z)|u*|?@ do < 0.
o0

pi(z)

+ u*|pi(m)> dx

Thus, i)’)\u* changes sign from positive to negative at ¢ = 1. Therefore, 1 is the

unique point of maximum of P Au+> Which means that v* is the unique maximizer
of t = Jy(tu*). Consequently, ¢; is unique. This proves part (i).
Now assume that [, k(z)[u/*®) dz > 0. Define g1, g2, g3: [0,400) — R by

N ou
g t):/ pie)—=1 ’ pi(z) dz,
1 Q; O0x;
go(t) = )\/ £ =1 () ] *®) d,

Q

pat) = [ h(@)ul do.
o0

Then @) ,(t) = g1(t) — g2(t) — g3(t). The functions g1, g2 and g3 are continuous,
strictly increasing, and satisfy ¢;(0) = 0 for ¢« = 1,2,3. Moreover, the following
properties hold:

pi(x)
+ |u

g3(t) _
] 91(t) ’
limy s 400 92(t) = +00.

)
V3) limt_>0+ 91(t)—g3(®) _ 0.
)

Vl) limt_>0+

g2(t)

v4) g1 — g3 has a unique point of maximum, say tmax and (g1 — g3)(t) = —c0
as t — 400.
v5) There exists t' € (0, tmax) such that ¢ 91()=gs(t) strictly increasing on
g2 (%)
(0,t).

From (v1), we deduce that (g1 — g3)(t) > 0 for ¢ > 0 sufficiently small. By (v2),
there exists & € (0, tmax) such that g2(&1) > (91 — g3)(&1). For A > 0 sufficiently
small, there exists &3 € (0, tmax) such that g2(£2) < (g1 — g3)(§2). Hence, by the
intermediate value theorem, there exists to = to(A) € (0, tmax) such that

g1(t2) — gs(t2)
g2(t2)

is strictly increasing on (0,¢'), the number to is

g1(t)—gs(t)
)

=1 (3.31)

; g1(t)—gs(t)
Since the map t +— FIG)

unique. Moreover, ¢ is strictly increasing in [t2,t’) and from (3.31),

we obtain

gi(t2) — gs(t2) _ o1 (t) —g3(t)

S 42(0)

for all t € (ta,t").
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This yields that
go(t) < g1(t) — gs(t) for all t € (to,t').
Fix 71 > 0 such that, for each A € (0,71),
g2(t) < g1(t) —g3(t) for all t € (t2,tmax)- (3.32)

On the other hand, by (v4), (g1 — g3 — g2)(t) = —o0 as t — co. Hence, there exists
&3 > tmax such that (g1 — g3 — g2)(&3) < 0, that is,

(gl - 93)(53) < 92(53) for £3 > tmax. (333)

From (3.32), (3.33), and the intermediate value theorem, it follows that for every
A € (0,71), there exists a positive number ¢1 > tyax such that

(g1 — 93)(t1) = g2(t1). (3.34)
Since tax is the unique point of maximum for g; — g3, the function g; — g3 is strictly
decreasing in (tmax, +00). As go is strictly increasing on (0, +00), the function
g1 — g2 — g3 is strictly decreasing on (tyax, +00). Therefore, ¢; is unique.

From (3.31) and (3.34) we conclude that ¢, to with ¢ < t; are exactly the two
nontrivial critical points of ®y ,. We choose 79 = min{7,71}. Then ®,,(0) = 0,
Py (t) < 0 for t > 0 sufficiently small, )  (t) <0 for all t € (0,2), ) ,(¢) >0
for all ¢ € (t2,tmax) and @} ,(t2) = 0. By Lemma 3.5, we have N (Q2) = (. Hence,
we deduce that ®, , attains a local minimum at ¢, and <I>£\’7u(t2) > 0. This implies
that tou € Ny (). Similarly, we have P ,(t) > 0 for all t € (tmax,t1), P4, (t) <O
for all t > ¢; and <I>£\7u(t1) = 0. Again using Lemma 3.5, we conclude that @y ,
attains a local maximum at ¢; and ®Y ,(t;) < 0. It follows that t;u € Ny (Q).

By Lemmas 3.8 and 3.9, we deduce that

(I))\’u(tg) = ._7>\(t2u) <0 and (I))\’u(tl) = ._7>\(t1u) > 0.

Moreover, @, ,, is strictly increasing on [tq,¢1] and strictly decreasing on (1, 00)
with @, ,(t) - —oo as t — oo. Hence, by the intermediate value theorem, there
exists a unique t* € (t2,t1) such that ®, ,(t*) = 0. Consequently,

j)\(tgu):q))\,u(tg): inf (b)\7u(t): inf jA(tu)

0<t<tr 0<t<t*
and
In(t1u) = @y 4, (t1) = sup Py ,,(t) = sup Jx(tu).
>0 >0
This completes the proof of (ii). O

4. EXISTENCE OF NONTRIVIAL NONNEGATIVE SOLUTIONS

In this section, we prove Theorem 1.1 and show that problem (1.1) admits at
least two nontrivial nonnegative solutions.

Proposition 4.1. For every X € (0,7), the functional J\ admits a minimizer u)
on Ny () such that Jy(uy) = ©F <0, and uy is a nontrivial solution of (1.1).

Proof. From Corollary 3.7 it follows that the functional 7, is coercive and bounded
from below on Ny (). Thus, there exists a minimizing sequence {uy, }nen C Ny (Q)
such that

lim Jy(un) = inf  Jx(u).

n—o0 wENF ()
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Clearly, the sequence {uy }nen is bounded in WP()(Q). Hence, there exists uy €
WP (Q) such that
U, —uy  in WHPO(Q).
Using Lemmas 2.6 and 2.7, we obtain
Up, = uy in LZ(())(Q), in LZE?(@Q) and a.e.in €.
By Proposition 2.2, we have

lim [ k(2)|u,|*® dz = / E(x)|Jux | da, (4.1)
lim h(z)|un [P do = / h(x)|ux|*@ do. (4.2)
n=o0 Jan o

Using (4.1), (4.2), and Fatou’s lemma, we deduce

T BICOES E@)) e gy
nl—><>o ol )| U | dz /Qa( )\ Al dz, (4.3)
m h(z) w 1B@ do — h(z) ws @ do
i oa B(x )| ! /a Bla )| 7 do. (44)

Next, we show that uy # 0 and [, k(z)|ux|*®) dz > 0. We argue by contradiction.
Suppose that this is not the case. Then

lim [ k(z)|u,|*® do = / E(z)|ux|*® dz = 0. (4.5)
Q

n—oo Q

Since u, € Ny (Q) we have @ , (1) = 0. Hence,

/ h(x)|u, [P do
oN

N (o, [P
:/Z h + [, [P dx—)\/ k()| un ]| da.
Q=1 9z Q

On the other hand, by the definition of 7y,

8u pi(@)
un = P+ / Z o +|U ‘pl(w) x_i/ |’U, Ia(x) dz

1
- h(zx)|u,|?™ do
e ()[un|

In view of (4.6), we obtain from the above inequality that

N i(x)
1 1 Ouy, [P
In(un) 2 | = — = /E - + |un P @ ) da
A( ) (Pj-_ ﬂ_> Q= ( axi |

Ak b a(2)
/\(a B_)/Qk(x)|un| dz.

Passing to the limit as n — oo in the above inequality and using (4.5), we get
lim J(u,) > 0. (4.7)
n—oo

(4.6)
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However, by Lemma 3.8, we have

lim Jy(u,) = inf Jy(u) =067 <0,
n—oo /\( ) uEN;(Q) )\() A

which contradicts (4.7). Hence, uy € WHPO(Q)\ {0} and [, k(z)[ux|*® dz > 0.

Next, we show that u,, — uy in W1HP()(Q). Suppose this is not the case. Since
up — wuy in WHPO)(Q) and convex lower semicontinuous functionals on reflexive
Banach spaces are weakly lower semicontinuous, we get

/Z ( )+ |ux p““) dz

N 8U p@(:t) ( )
. Uln pi(x
< 117¥I_1>1£f/ El + |un| dx

[t (52

N ou
< liminf/ ‘ i
n—00 Q;pz( ) < Ox;
From (4.3), (4.4) and (4.8) it follows that

lim 7y (uy,) = liminf 7y (u,)
n— oo n—00

ox;

and

Pi(f)
x; +[ualP) | da

pi(x)

+ |un|p’i(w)> dz.

pi ()

aun

N
1
— liminf pi(z)
HEQ[/EZ @)< + funl )dx
N pi(z)
ou
n pi(z)

| [ S50 ( el ) 4

i g
Pi( ) k()
+ Jua [P @ | da — )\/ Sy [ d
Q

((E) a(z) MU B(x) o

- [ gt da = [ St d]
NCE Mz), 8@ 4y

a(r)

Z‘

5 @<
/ ur]P@ do

= Ta(ux).

By Lemma 3.11, there exists a unique to > 0 such that touy € N;(Q) Since
Uy — Uy N Wl’ﬁ(')(Q), we also have tau, — touy in Wl’ﬁ(')(Q). Hence, repeating
the previous arguments with tou, and touy along with the definition of <I>’/\7u, we
have

lim inf @) , (t2)

n—oo
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al (z) ou
R TI pi(x)—1 Y%n
[ O @O e = [ O ) do
Q [219]

ou pi(x)
> imi pi(xz)—1 n pi(x)
> hnIr_1>1£f [/{ Zt (‘ z, + |up dz

zz 1
—)\/tg(m)flk(x)|u>\|o‘(x) dx—/ tg(m)flh(a:)|u)\|ﬁ(”’) do
o0
pi(x)
/Zm(w 1 <‘3“§ + Jux pm)) dx—A/tS‘”)‘lk(x”wa(m) da
Tq Q

- / £ (@) [ua P do
a0

1
= P}y, (t2) = g(ﬂ(t2ux)7t2w>=0-

pi(x)

+ |un|p"(x)> dx

We conclude that @) , (t2) > 0 for n sufficiently large. Since u, € N (Q) for
all n € N, it follows that ®) , (1) =0 and ®§ , (1) > 0. Thus, 1 is the point of
minimum of @ ,,,, ®) , (t) <0 for all ¢ € (0,1) and @ , (t) >0 for all £ > 1. It
follows that ¢5 > 1. Since touy € ./\/;“(Q), the number t5 is the point of minimum
for ®» ,, and therefore, ®, ,,, is strictly decreasing on (0,¢2). From (4.9), one has

In(taun) < Ta(un) < nh_{I;O In(un) = in+f )JA(U),

UENT
which contradicts the fact that touy € Ny (). Thus, u, — uy in WHP0)(Q) and
Tim) = inf T <0

ueN

Thus, uy is a minimizer of 7\ on N} (). Since NY(Q) = 0, Lemma 3.4 implies
that uy is a critical point of 7. Therefore, uy is a nontrivial solution of (1.1). This
completes the proof. O

Proposition 4.2. For every A € (0,7), the functional Jy admits a minimizer vy
on Ny () such that Jx(vx) = ©5 >0, and vy is a nontrwial solution of (1.1).

Proof. Due to Corollary 3.7, J is coercive and bounded from below on N, ().

Therefore, there exists a minimizing sequence {vy, }nen C Ny (€2) such that

lim Jy\(v,) = inf  Ji(v).
n— oo —(Q

ve A(

Moreover, the sequence {v, }nen is bounded in WP1)(Q). Tt follows that we can
find vy € W'P0)(Q) such that

v, — vy in WHPO(Q).
Using Lemmas 2.6 and 2.7 , we obtain

v, — Uy In Lk(())(Q), in Lﬂ( (89) and a.e.in €.
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By Proposition 2.2, we infer

lim [ E()[on]o® dz = / k(2)]0a @ da, (4.10)
im [ h(@)on]f® do = / h(@)|oa]P@ do. (4.11)
n=o0 Jon o0

4.11) and Fatou’s lemma, we deduce that

Consequently, from (4.10),
(.’E) a(z) @’U a(x) T
a7 = [ St aa
h(z)
(

(
k
lim /
n—oo
) x h(x) :
lim / IMEICON| :/ oy [P®) do.
nreo 6Qﬂ$)‘ | o0 5($)| |
We claim that vy # 0. In fact, we first show that [, h( z)|va|?®) do > 0.
Assume, by contradiction, that

lim h(z)|v, @ do :/ h(z)|val?® do = 0. (4.12)
oN

Recall that v, € Ny (Q) and so @} , (1) = 0. This implies that

)\/ k(z)|v,|*®) da
Q
N pi(
- / 3 Ovn Pi@) ) dg — / h(z)|v, @ do.
Q1 axz o2

From the definition of Jy and (4.13), we get
|Un|pi(w)> dx

ov,, |*
T(on) < (-) / z(
1 1
S B(=)
(5+ a+)/@9h(m)|vn| *) do.
Passing to the limit as n — oo in the above inequality and using (4.12), we obtain
lim Jy(v,) <0. (4.14)
n—oo

(4.13)

x)
+ g,

On the other hand, by Lemma 3.9, we have

0<¢< lim Ja(vp) = inf  Ja(v),
n—00 VENT ()
contradicting (4.14). Hence, [, h(z)[vA|*® do > 0, and in particular vy # 0.
Now, by Lemma 3.11, there exists a unique ¢; > 0 such that t;v) € Ny (Q).
We next prove that v, — vy in WHP()(Q). Assume, by contradiction, that this is
not true. Since v,, — vy in WHP()(Q), and since every convex lower semicontinuous
functional on a reflexive Banach space is weakly lower semicontinuous, we obtain

pi(w) N v pi(x)
/ Z + oA [P @) | da < liminf/ Z —n + v P@ | da
n—oo  Jo Pt 8:@

(

5951

pi(x)

8’(},\
85137;

+ |’U)\pi(x)> dx

N
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lim inf
< [ 355 (|5
The same convergences remain valid if we replace v, and vy by t1v, and tyvy,

respectively. Hence
lim inf Jx (t1v,,)
n— oo

tpz 17) pi(x) ( )
= liminf / + |v, [P ] da
n—o0o o Z

a(z) B(z)
_)\/ ty k(x)lvn|a(a:) dx—/ t h(fﬂ)|vn|,3(z) da‘|
Q o0

a(z)
pi(x)
+ |vn Pi() ) qg
(4.15)

N t;llh'(ﬂf)
> liminf /

a(z) B(=)

t k t7 " h

—A/ 4= (x)|w|a(:”) dm—/ 4 (x)|w|”8(z) do
o o) o0

B(x)
g / 25 (

i(z) o)
.k
+ |U/\|pi(x)> da — )\/ 17(35)|v)\|a(w) da
Q
Bz
_/ tl( )h($)|v)\|,3(m) do
o

()
B(x)
= Ja(t1vy).
Similarly, from the definition of ®) ,, we obtain

o
liminf @, (t1)

pl(m
= lim inf l/ Zt’”(x) ! ( + |vn, Pi(z)) dax
n—0o0

Y / £ k() o[ da — /aQtf“)lh(x)wano]
vy,

pi(x)
> Timi pi(z)— pi(x)
7hnrr_1)gf l/ Zt ( D + |vn| > dx}

3
—A/tf(”)_lk(x)|v,\|a(“”) dycf/ O (@) 0rP@) do
Q oN

pi(x)
/Ztm < Pi(I)) dx—/\/ t?(l‘)*lk(x”wla(m) dx
¢ Q

211

—/ @1 () oa|P@ do
o0

1
=@\, (t1) = H(Jﬁ(th),hw):&

ovy, pi(@)

+ |vnpi(”)> dz.

8vn

9vn
8.’L‘i

Ouy "
axi

vy,

ov
A + [va

Therefore, for n sufficiently large, ®) , (1) > 0. Since v, € Ny () for all n € N,
we have @) (1) =0and ®§ , (1) < 0. Hence, 1 is the point of maximum of ® ,,,,
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@\, (t) >0forallt € (0,1) and ®} , (¢) <0 forall £ > 1. This shows that ¢; < 1.
On the other hand, t1vx € N, (), so t; is the unique global maximum point of
®, ,,. Combining this with (4.15), we deduce that
Ta(t1vy) < liminf 7y (t1v,) < liminf Jy(v,) = lim Jy(v,) = inf Ty (v),
n—oo n— o0 n—o00 veN ()
which contradicts the fact that tvy € Ny (). Therefore, v, — vy in WHPO(Q).
Furthermore,
j)\(’lj,\) = inf j,\(’U) = @; > 0.
veN, (Q)

Hence, vy is a minimizer of J) on N, (€2). Because of NY(Q) = 0, by Lemma 3.4,
we obtain vy is a critical point of Jy. It follows that vy is a nontrivial solution of
(1.1). O

We are now in the position to state the proof of Theorem 1.1.

Proof of Theorem 1.1. By Proposition 4.1, u) is a nontrivial solution of (1.1) and

In(funl) = Ta(un) = inf  Ji(u).
ueNT (Q)
Hence, u, := |uy| is a minimizer of Jy on ./\/';F(Q) Since Lemma 3.5 implies that
NP(Q) = 0, it follows from Lemma 3.4 that u, is a nontrivial nonnegative solution
of (1.1).
Next, by Proposition 4.2, vy is a nontrivial solution of (1.1) and
Ia([val) = Ta(va) = inf Ji(v).
veN, (Q)
Therefore, v, := |v)| is a minimizer of J) on Ny (Q). Again, since NY(Q) = 0,
Lemma 3.4 implies that v, is a nontrivial nonnegative solution of (1.1).
Finally, since /\/‘;(Q) NN, () = 0, the two solutions u, and v, are distinct.
Consequently, problem (1.1) admits at least two distinct nontrivial nonnegative
solutions. This completes the proof. ([
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