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ABSTRACT. In this paper we study the asymptotic behavior of the singular
(p, g)-equation
—Apu—Aqu=u""+ """t inQ u=0 on 909,

as p — 17, where @ C RY, N > 2, is a bounded domain with Lipschitz
boundary 992, A > 0,0 < vy <1< p<qg< N and g <r < ¢*. Based on
a purely singular auxiliary problem along with the Nehari manifold and the
fibering map we prove the existence of at least two weak solutions belonging
to the usual Sobolev space Wol’q(Q) of the (1, g)-Laplace problem

v .

—div [ 2% —Aqu:u77+)\u77l in Q, u=0 on 99,

[Vu
provided the parameter A is sufficiently small. As far as we know this is the
first result for singular (1, ¢)-problems. Moreover, in contrast to other works
dealing with the 1-Laplacian, we get much more regularity of the solutions in
the sense that the solutions of the problem above belong to the Sobolev space
Wol’q(Q) instead of the space BV(Q2) of functions of bounded variation.

1. INTRODUCTION AND NOTATION

Given a bounded domain @ C RY, N > 2, with Lipschitz boundary 9, the
main objective of this work is to study the asymptotic behavior of solutions of the
singular (p, ¢)-problem

—Apu—Aju=u""+ "1 inQ,
u>0 in €, (1.1)
u =0 on 0,
as p — 17, where A > 0 is a parameter to be specified, 0 < v <1 <p < g < N,
q < r < ¢* and the operator Ay for s € (1,00) denotes the usual s-Laplacian. As
p — 17, solutions of problem (1.1) are expected to converge to a solution of the
(1, g)-problem
—Aju—Agu=u""4+ "1 inQ,
u>0 in €, (1.2)
u=20 on 0,
where A denotes the 1-Laplace operator, which is formally defined by

. Vu
Alu =div (|vu|) .
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Over the past three decades, research interest in problems involving the 1-Laplacian
has grown considerably, with numerous studies employing various techniques.
We refer to the pioneering works by Andreu-Ballester—Caselles-Mazén [1, 2, 3],
Demengel [12], and Kawohl [19], see also the monograph by Andreu—Vaillo—
Caselles—Mazén [4]. This operator also appears in several applications in image
restoration, see for example the papers by Chen-Levine-Rao [9] and Rudin-Osher—
Fatemi [20].
Our main result reads as follows.

Theorem 1.1. Let 0 < v < 1 < g < N and ¢ < r < q*. Then there ezxists
A > 0 such that, for all X € (0,A), problem (1.2) has at least two nontrivial weak
solutions.

The idea in the proof of Theorem 1.1 is first to study the solvability of the purely
singular problem
“Aju—Agu=u"" inQ,
u>0 in Q, (1.3)
u=20 on 0f).

As we shall see in Lemma 4.8, the existence of a solution of problem (1.3) ensures
the nontriviality of the solutions of (1.2). In our approach we use an existence result
for problem (1.1) obtained by Liu-Dai-Papageorgiou—Winkert [22] which gives us
two nontrivial solutions provided the parameter A is sufficiently small. Then we let
p — 17 and show the existence of solutions for our original problem (1.2).

To the best of our knowledge, there does not exist any result for singular (1, ¢)-
problems. Recently, Ortiz Chata—Pimenta—Segura de Ledn [241] studied singular
1-Laplacian problems and obtained two solutions of the problem

—Au= ""+u""' inQ,

u>0 in €,
u=20 on 092,
where 0 < 7 <1 <7 < 1* and A > 0 is small enough. In [20], Latorre-Oliva—

Petitta—Segura de Leén studied a general problem involving a nonlinearity which
can blow up at the origin and the 1-Laplacian operator. We also mention the work
by Giachetti-Oliva—Petitta [17] who proved existence, nonexistence and regularity
results for nonnegative solutions of the Dirichlet problem involving the 1-Laplacian
operator

—Aju = g(u)|Du| + h(u)f(z) in £,
u=0 on 012,

where f € LY (Q), and g as well as h are continuous functions which may be singular
at zero. As far as the regularity is concerned, in all of these papers, it is known
that the solutions belong to the space BV(Q). We point out that in our case, we
get much more regularity of the solutions. Indeed, instead of having solutions in
the space BV(£2), we get solutions in the usual Sobolev space W,'?(€2). Here, we
also mention the problem

{—Alu = f(z) inQ, (1.4)

u=20 on 02,
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which has been studied in the paper by Mercaldo-Segura de Leén—Trombetti [23]
with f € L1(Q). In particular, the convergence as p — 17 of the problem

{—Apu = f(z) inQ, w5)
u=20 on 0},

has been analyzed by Cicalese-Trombetti [10] and Mercaldo-Segura de Leén—
Trombetti [23]. In [10] the authors showed that if f € L™V (2) has small norm, then
solutions of (1.5) converge to zero, but if the norm of f is large, then they converge
to 400 as p — 17. In [23], the authors proved that a sequence of renormalized

solutions of (1.5) converge to a solution of (1.4) in a very weak sense. In general,
singular problems involving the 1-Laplacian operator are of special interest. Here
we also mention the work by De Cicco-Giachetti-Segura de Ledn [141] who studied
the problem

~Ayu = g(u)f(x) i,
u=~0 on 9€,

with g(u) = «~7 and f € LY (Q). De Cicco-Giachetti-Oliva-Petitta [15] considered
a general singular function g and obtained solutions provided |[|f[|z~.q) <
1/81g(c0), where g(00) = lims_, g(s) and Sy is the best constant of the immersion
Wy () < L'1(9). In addition, problems involving so-called convection terms
have been studied. For example, Balducci-Oliva—Petitta [5] considered the problem

—Aju+ h(u)|Du| = g(u) f(x) in Q,
u=20 on 0f),

where g was again allowed to be singular at the origin. We used some ideas from [5]
in our work. For more problems involving the p-Laplacian operator for singular and
non-singular problems, we refer to the seminal works Bensoussan—-Boccardo—Murat
[7], Boccardo-Murat—Puel [8], Crandall-Rabinowitz—Tartar [11], Lazer-McKenna
[21], Stuart [30] and De Cave [13].

This paper is organized as follows. In Section 2 we recall some basic facts about

the space BV(Q) and the usual Sobolev space W,4(€). In Section 3, we obtain a
sequence u, of nontrivial solutions for the problem

—Apu—Ayu= f(z)u™ in Q,

u>0 in €,

u=0 on 01},

provided f is nonnegative and in L7(§) with 7 > N In the next step we prove
that this sequence u, converges to a nontrivial solution of the problem

—Aju—Agu= f(z)u™ in Q,

u>0 in €,

u=0 on 0f).
Next, in Section 4 we use the Nehari manifold method (in a similar fashion as
it was done by Ortiz Chata—Pimenta—Segura de Leén [24], Figueiredo—Pimenta—
Winkert [16] and Liu-Dai-Papageorgiou-Winkert [22]) to obtain sequences u, and

vp of solutions of problem (1.1) for small values of the parameter A > 0 while the
sequence u, has negative energy and the sequence v, has positive energy. Finally we
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show that these sequences converge to nontrivial and distinct solutions of problem
(1.2).

2. PRELIMINARIES

In this section we state the main preliminaries that will be needed in the sequel.
To this end, let Q C RN, N > 2, be a bounded domain with Lipschitz boundary
99. For 1 < r < oo, we denote by L™ (Q) and L"(; R") the usual Lebesgue spaces
endowed with the norm || - ||, and W, () is the related Sobolev space with zero
traces equipped with the equivalent norm ||V - ||,..

For s € R, we set s* = max{=+s,0} and for u € W'?(2) we define u®(-) = u(-)*.
Clearly, one has

ut e WPl(Q), |ul=uvt+uT, u=ut—u".

For a number r € (1,00), we write v’/ =r/(r — 1).

Next we introduce the space BV(Q) of functions of bounded variation. We say
that v € BV(Q), if uw € L'(Q2), and its distributional derivative Du is a vectorial
Radon measure, i.e.,

BV(Q) = {u € L'(Q): Due M(QL,RY)}.
It can be proved that u € BV(Q) if and only if u € L(Q) and

/ |Du| := sup{/ udivodr: ¢ € CHOQ,RY), [|4]l0o < 1} < 4o00.
Q Q

The space BV () is a Banach space when endowed with the norm

ullsy ::/ |Du|+/ lu| da.
Q Q

The Sobolev embeddings for this space also hold, in such a way that it is
continuously embedded into L"(Q) for all r € [1,1%], where 1* = N/(N — 1).
If Q is bounded, these embeddings are compact into L"(2) for all » € [1,1*).

3. PURELY SINGULAR PROBLEMS

In this section we first study the problem
—Apu— Agu = f(z)u™ in Q,
u>0 in §, (3.1)
u =20 on 0f),

with0<y<1<p<gqg<N. Let a: RY — RY be given by
a(€) = [E[F2 + €] 77%¢.

A function u € Wol’q(Q) is a weak solution of problem (3.1), if v > 0 a.e.in €,
fu™ € L} (2) and

/ a(Vu) - Vodx = / fu7pdx for all p € CH(Q). (3.2)
Q o

We assume that

N
f is nonnegative and f € L™(2) for some 7 > ’E (3.3)
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The idea is to find a solution of problem (3.1) via approximation. For this purpose,
we consider for n € N the problem

1\ .
—Apup, — Agquy, = fr(x) <|un| + n> in Q,
Uy =0 on 0f,

(3.4)

with f, = T,(f) = min{f,n}. We say that u, € W, %(Q) is a weak solution of
problem (3.4) if

1 -
/ a(Vuy,) - Vedr = / fn(z) <|un + n> pdx forall p € Wy 9(Q). (3.5)
Q Q
We have the following result.

Theorem 3.1. Let 0 < v < 1 < p < g < N and assume that f satisfies (3.3).
Then there exists a sequence {u, }nen C WoY(Q)NL®(Q) of nonnegative solutions
to (3.4). Moreover, there exists a constant C > 0 independent of p such that

lunlloo < C  for alln € N. (3.6)

Proof. We use ideas of Balducci-Oliva—Petitta [5, Theorem 3.3]. Let v € LI(Q).
We know from Theorem 1 by Boccardo-Murat—Puel [3] that there exists a solution
w e Wy Q) of

—Apu— Agu = fo(z) (Ivl + i) B in 2, (3.7)

u=~0 on 0f2.

Moreover, w is indeed unique, see Bénilan—Boccardo—Gallouét—Gariepy—Pierre—
Vézquez [6] and Segura de Leén [27]. Consequently, we may define the operator
S: L1(Q) — L1(Q) by w = S(v), so that

/|Vw|p72Vw~V<pdx+/|Vw|q72Vw~Vg0d9:

¢ o ¢ (3.8)

:/fn(a:) <v|—|—n> @dz  for all p € Wy(Q).
o

Taking ¢ = w™ as test function in (3.8), we conclude that w > 0. Moreover, if we
choose ¢ = w in (3.8), we get

/|Vw|qu§n1+7/wdx. (3.9
Q Q

From this along with Poincaré’s and Holder’s inequality, we obtain

( / w|qu) < Con't ( / w|ng:)q
Q Q

for some C > 0. Thus,
_1
[w]pag) < (Cn' 7).

Since w = S(v), we conclude that a ball is invariant under S. Moreover, (3.9)
and the Sobolev embedding imply that S(L%(Q)) is relatively compact in L9(£2).
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We also show that S: L4(Q) — L(Q) is continuous. Indeed, assume that vy — v
in L9(2) and let wy = S(vg). Then,

1
1S ()| pagqy < (Cn'*7)TT  for all k € N.

Thus, from (3.9), we deduce that S(vz) is bounded in W,*¢(€2). Therefore, up to a
subsequence,

S(ur) = w  weakly in W, %(9).

We claim that w = S(v). Choosing ux = S(vg) — w as a test function in (3.7), we
get

/ |Vwg [P Vwy - Vg dx+/ |Vwg T2 Vwy, - Vuy d
Q Q

1 -
= / fa(2) (Uk: + ) updr for all k € N.
0 n
Consequently,

< Wk,

/ a(Vwy) - Vuy dz
Q

where wy — 0 as k — oco. Thus,

/Q(a(Vwk) —a(Vw)) - V(wg — w) da

<wg +

/ a(Vw) - Vug dz| — 0,
Q

as k — 0o, since ur — 0 weakly in Wol’p(ﬂ). As a consequence, from Boccardo-
Murat—Puel [8, Lemma 5], we know that

wy — w  strongly in Wy ().

This in turn implies that w = S(v) and thus S: LY(Q) — L(Q) is continuous.
Schauder’s fixed point theorem then shows that S has a nonnegative fixed point
S(upn) = u,. We have thus proved that for all n € N there exists u, € Wy*(Q)
that solves (3.4). Next, we need to show that w, is uniformly bounded in L>(2)
independently of p. This is a consequence of Stampacchia’s argument. Indeed, take
Gy (upn) = (up, — k)1 with k > 0 as a test function in (3.5). We get

/Q VG (uy)|?dz < /Qf(x) <un + i) - Gp(up)de < k™7 /Q F(2)Gr(uy) d.

The Sobolev embedding and Hélder’s inequality imply that

S </Q |G ()T dx)q* <K </A f(x)@*>’dx)w (/Q |G ()| T dx>q*,

where S, denotes the best constant of the Sobolev embedding Wy4(€2) < LI" (),
@71)' + qi =1,and A, = {x € Q: u,(x) > k}. Thus,

g—1 1

Q "
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Since f € L™(Q) with 7 > % and taking into account that % > (¢*)’, we have

([ 16wl a)

Consequently,

, 1
(a*) (a*)’

<SgETT </ f(x)'rd;v> ’ |AR|1*(Q:)/
Q

g—1
* - 11
(/ 1Getn)I? dx) < S ooy AL T
Q
We conclude that
. e 1) (2
/Qle<un>|q dz < (SIfllo-@s~) 7 |4, (@ ) (&),

and thus

1 = 1) (S
40 < G (S )T 1 (@ ) for > w0
Here we have used that A, C A, and G, (u,) > h — k in Ay, for all h > k. Finally,

since T > %, we have (@—1), — %) (qqf*l > 1. Hence, from Stampacchia’s Theorem,

see Stampacchia [29, Lemma 4.1], we conclude that there exists d > 0 depending
only on ¢, 7, || f|lz-(o) and Q such that |A4] = 0. This proves the result. O

Let us study now the convergence properties of u,. First, by taking wu,, as test
in (3.5), we get

/ [Vu,|?dx < / ur ™ fu(z) de < Cl_'y/ f(z)dz,
Q Q Q
with C' > 0 given by (3.6). We conclude that u, is bounded in W, '%(Q2). The
Sobolev embedding then implies that there exists u € W, ¢(€) such that
U, — u weakly in Wy(9), (3.10)
un, = u  strongly in L"(Q2) for all 1 < r < ¢*. (3.11)

Also observe that a(Vuy,) is bounded in L7 (). Thus, there exists Cy > 0 such
that

1 -
/ fn(x) (un + n) pdr = / a(Vuy,) - Vede < Cy for all n € N.
Q Q

Since ¢ is arbitrary, it follows that f,,(z) (u, + ) is bounded in L}
consequence of Fatou’s Lemma, we conclude that
u™"f € Lioe ().
The function u is a candidate solution to the original problem (3.1). Before we
can prove this, we need the following auxiliary result.

(Q). As a

Proposition 3.2. Let 0 <y <1< p < g < N and assume that f satisfies (3.3).
Then, u, — u strongly in Wy ().
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Proof. Let w, = u, —u and take w,, as a test function in (3.5). We get

/Qa(Vun) Vw, dz = /an(x) (un + i) o de.

On the other hand, the weak convergence of u,, implies that
/ a(Vu) - Vw,dx — 0 asn — oo.
We conclude that ’
/Q(a(Vun) —a(Vu)) - Vw, de < w, + /Q fn(x) (un + i) B wy, dz,

where lim,, ;o w, = 0. We will now show that the second term on the right-hand
side also goes to zero. Indeed,

/Q Fulz) <un + ;) o de

1 - 1 -
= / ful(2) (un + ) wy, dx +/ fn(2) (un + ) w,, dz
{un<4} n {un>d} n
=: J571 + Jg,g.

It is clear that Js52 goes to zero as n — oo for all 4. For Js5; we obtain

1 -
Js1 < / fn(x) (Un + > Up dx < 6177/ f(ili) dz.
{ungﬁ} n {un§§}

Consequently,

1 -
lim fn(x) (un + ) wy, dz < 5177/ f(x)dx for all § > 0.
n—oo Jo, <5} n Q
Since
lim 61_7/ f(z)dx =0,
d—0 Q
we get
lim [ (a(Vu,) —a(Vu)) - Vw, dz = 0.
n—roo Q
Thus, from Lemma 5 by Boccardo-Murat—Puel [8], we conclude that u, — u
strongly in W, (Q). This proves the result. O

Theorem 3.3. Let 0 < v <1 < p < ¢ < N and assume that f satisfies (3.3).
Then, the function u € Wy*() given by (3.10) and (3.11) is a solution of problem
(3.1).

Proof. Indeed, the sequence {u, }nen is such that

/ |Vu, P2V, - Vod Jr/ |V, |72V, - Vodz
Q Q

1 -
= / fn(x) (un + n) pdx for all ¢ € C}(Q) and for all n € N.
Q
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Proposition 3.2 ensures that the left-hand side converges to
/ |VulP~2Vu - Vo dz + / |Vu|9™2Vu - Vi da,
Q Q

for all p € C1(2). Thus, we only need to show the convergence of the right-hand
side. By linearity, it is enough to consider nonnegative ¢ € CL(Q). We argue as
follows: For all § > 0, it holds

- -
/Q ful) (un+i> pdz = /{ @ <u+;) pdz

1 -
—|—/ fn(x) (un + ) pdz.
{un>d} n

Next, we are going to estimate the two terms in the right-hand side of (3.12)
separately. We begin with the first one. To this end, let

(3.12)

1 for |s| <o,
Vi) =1 2 forg<s <2 (3.13)
0 for s > 24.

Choosing Vs(uy,)p as a test function in (3.5), we get

/ fn(x) (un + 1) - pdr
{unfd} n

< /an(x) <un+ i)  Vi(un)pds

< / st(un)|Vun|p_2Vun -Vedx —|—/ V5(un)|Vun|q_2Vun -Vedz.
Q Q

Letting n — oo, we get

1 -
limsup/ fn(x) (un + > pdz
n— oo {un<8} n
< / Vs(u)|VulP~2Vu - Vo dr + / Vs (u)|Vul|T2Vu - Ve da.
Q Q
Consequently,

1 -
lim lim sup/ fn(x) (un + > pdx = 0.
=0 n—ooo {un <5} n

On the other hand, for almost all § > 0 the set {u = §} is Lebesgue negligible, and

thus
1 -
lim sup/ fn() <un + ) pdz = / f@)u"pde,
n—00 J{u,>35} n {u>d}

and thus

1 -
lim lim sup/ fn(x) <un + > pdz
{un>6} n

=0 n—oo

2/ f(x)uf'ytpdx:/f(z)ufvgodz.
{u>0} Q
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Here we have used the fact that {u = 0} C {f = 0}. From the above arguments,
we conclude that (3.2) holds. This proves the result. O

Next, we show that the space W, ?(2) N L>®(Q) is suitable as the space of the
test functions.

Proposition 3.4. The space of test functions can be extended up to Wg’q(Q) N
L>(Q).

Proof. Let v € Wy '%(2) N L>(2) be nonnegative. Then there exists ¢, € C°(Q)
such that ¢, — v strongly in WO1 4(Q). Moreover, let p, be the standard
mollifier, see Papageorgiou-Winkert [25, Definition 4.1.27 (c)]. We note that

Yny = py * min{v, o, } € CH(Q) for n > 0. Hence it is an admissible test function
and we can write

/ a(Vu) - Vi, pdo = / f(@)n nu™ 7 da.
Q Q

Observe that v, , — min{v, p,} := ¥, as n — 0 strongly in Wol’q(Q), weakly-* in
L*>°(Q) and it has compact support in . Consequently,

/ a(Va) - Vo dz = / F(@nu da,
Q Q

where we have used the fact that v € L>°(€Q). The strong convergence in Wol’q ()
implies that the left-hand side of the last equality goes to [, a(Vu) - Vodz as
n — 00. As for the right-hand side, using Fatou’s Lemma, gives

/ f(@)vu™"dz < lim inf/ f@)ppu™"de = / a(Vu) - Vudz.

Consequently, f(z)vu=" € LY(Q). Since v, < v € L(Q), Lebesgue’s dominated
convergence theorem yields

/ a(Vu) - Vodr = / fl@)ou™dz  for all v e Wy?(2) N L>®(2),v > 0.
Q Q

A simple argument shows that this equality can be extended for sign-changing
v e Wy %) N L>°(Q). This proves the result. O

In the second part of this section we are going to show that the solutions obtained
in Theorem 3.3 converge to a solution of the associated (1, ¢)-Laplacian problem.
Assuming 0 <y <1 < p < ¢ < N and (3.3), Theorem 3.3 yields a sequence u,, of
solutions of the problem

—Apup — Agupy = f(z)u,” in Q,
up > 0 in Q, (3.14)

up, =0 on 012,
in the sense that u, € Wy4(Q) N L>(Q), fu,” € LL (Q) and

loc
/ a(Vuy) - Vedr = / f(@)u,"pdx forall p € Wyd(Q)NL=®(Q)  (3.15)
Q Q

and for all p > 1. Due to (3.6), it is clear that the sequence u,, is uniformly bounded
in L°°(£2). We now show that this sequence is also bounded in Wy(2). Indeed,
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since u, € Wy 9(Q) N L>®(Q), we may take it as test function in (3.15), thus getting

/ [Vu,|?de < / uxlfvf(x) dz < 0177/ f(x)dr =: C < oo. (3.16)
Q o Q

This proves the claim. In addition, since 1 < p < ¢, this implies that
(Jo IVup|? da:)p>1 is bounded. Indeed,

[ vl < [ (190,
< [ max {1,190,

< / (1+ |Vu,|?) dx
Q
<|Q+C=C

(3.17)

for all p > 1.
It immediately follows that there exists u € Wy9(Q) such that, up to a
subsequence,

u, —u weakly in Wy4(Q), (3.18)

up — u strongly in L"7(Q) for all 1 <n < ¢*. (3.19)
We are going to prove that u is a solution of the problem
—Aqu—Ayu= f(z)u™ in Q,

w>0 in Q (3.20)
u=20 on 0f).
Definition 3.5. We say that u € W,9(Q) is a weak solution of problem (3.20) if
fu™ € Ly (), (3.21)
and if there exists a vector field z € L=(Q,RY) with ||z|lso <1 such that
—divz — Aqu = f(z)u™” inD'(Q), (3.22)
and
z+-Vu=|Vu| a.e in (3.23)

We have the following existence result for problem (3.20).

Theorem 3.6. Let 0 < v < 1 < q < N and assume that f satisfies (3.3). Then,
the function u € Wy9(Q) given by (3.18) and (3.19) is a solution of problem (3.20)
in the sense of Definition 3.5.

Proof. First we show (3.21). For ¢ € C2°(2), we have
/Qf(x)u;”godx = /Q |V, |P~2Vu, - Vo dz + /Q |V, |9 ?Vu, - Ve dr
< [ IV Veldo+ [ 90,01l da
Q Q
g/ |V<p|dx+2/ V|7 V| da

/|V<p|dx+2 /|V p|ddz + = /|V<p|qda:.
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Since the right-hand side is uniformly bounded with respect to p, one has that fu,”
is locally bounded in L!(Q) with respect to p. An application of Fatou’s Lemma as
p — 17 ensures that fu~7 € L (). This proves (3.21).

To proceed further, let

zp = |Vu, [P Vu,.

We now prove the existence of a vector field z € L*°(Q;RY) such that 2, — z
weakly in L*(;RY) for all 1 < s < co. Let us fix 1 < s < co. Since p — 17, we
may assume that 1 < p < ¢’. By Holder’s inequality and (3.17), we obtain

/’|Vup|p_2Vup‘sdw:/ |V, 5P~ dz
Q Q

-5
7

P 1— =
< [Vup[Pdz ) |07
Q

<CV|QIT

Therefore,

[V p P2V | <CVIQIF 7. (3.24)

L2(Q)

Hence, for every 1 < s < oo, the family {|Vu,[P~2Vu,}, is bounded in L*(Q;RY)
for p > 1 sufficiently close to 1. By a diagonal argument, there exist a subsequence
and a vector field z, independent of s, such that

|Vu,|P~2Vu, — 2z weakly in L*(Q;RY)

for every 1 < s < co as p — 1. Since  has finite measure, the same convergence
also holds weakly in L(Q; RY). Consequently,

2y = |Vu, P72V, — z  weakly in L*(Q;RY) for every 1 <s<oo  (3.25)
as p — 1T, For every 1 < s < oo, the lower semicontinuity of the norm and (3.24)
yield
5. (3.26)
Finally, letting s — oo in (3.26), we conclude that z € L= (Q;RY) and ||z]| () <

1.
Thus, letting p — 17 in (3.14), we get

/ z-Vedr+ lim / |Vup,|T2Vu, - Vedr = lim f(x)u, "pdz.
Q p=1t Jo Q

p—1t

lzllzs ) < |92

Arguing as in the proof of Theorem 4.9, we conclude that
Vu, = Vu a.e.in Q.

Moreover, from (3.16),
/Q ||V7VL,,|‘1_2VUJD|‘Z%1 dz = /Q |Vu,|Tdx < C,

where C' does not depend on p. Hence, (|Vup|q*2Vup)p is bounded in L7 T (Q)V.
From Lemma 4.8 by Kavian [18], we have

V|92V, — |Vu|"2Vu  weakly in L1 (Q)N as p — 17,
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Hence, for ¢ € C°(Q),
/ |V, |9 *Vu, - Vodr — / |Vu|T2Vu - Vo da.
Q Q

The term on the right-hand side converges to fQ f(z)u ¢ dx as in the proof of
Theorem 3.3. Therefore, it holds

/ z- Vgodx—i—/ |Vu|1™2Vu - Vo dr = / f(@)uYpdx, (3.27)
Q Q Q
for all p € C°(92). We have thus shown that

—divz — Agu = f(z)u™” in D'(Q).

This proves (3.22). Finally, we have to show that z - Vu = |Vu/ a.e.in Q. For this
purpose, let ¢ € C1(Q) be nonnegative and take up * p. as a test function in (3.27).
Then we have

/ z - (Vup * p.) dz
Q

:/z-V(wp*pE)dx—/z-(chu*pE)d:v

" @ (3.28)
= / f(@)up * peu™ doz — / |Vu|1™2Vu - V(up * p.) do

) Q

— / 2+ (Vou * pe) dz.
Q

Next, we will estimate the terms in the right-hand side of (3.28). First of all, we
know that

F(@)(ug * p)u™ = f(x)u' "y ae.in Qase — 0.
Furthermore,

f@)((up) * pe)u™ < f(2)((up) * pe) + [lulloo f () (0 % pe)u™  in €.
Indeed, note that
f@)(up * p)u™ < f(x)(up * pe) in {u > 1}.

On the other hand, in {u < 1}, since u € L (Q),

F@) () # pe)u™ < Jlulloof () / pe ()l — y) dyu™

= ||lulloo f(2)(p * pe)u.
Putting together the last two inequalities yields the estimate above. Since the right-
hand side converges in L'(f2), the generalized Lebesgue’s dominated convergence
theorem implies that the first term on the right-hand side of (3.28) converges to
Jo fu'™7pdx. The estimates for the other terms of (3.28) are trivial. Thus, we get

/ z - Vupdr
Q

(3.29)
= / fulf"*godw—/ V|12V - V(up) de — / z-Voudz
Q Q Q
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for all nonnegative p € C1(Q). On the other hand, taking u, in (3.14), we have

/@|Vup\pdz+/up|Vup\p72Vup-V<pdx+/<p|Vup|qdz
@ @ @ (3.30)

+/up|Vup|q72Vup~Vg0dx:/fu}f”cpdx.
Q Q

To estimate the first term on the left-hand side, observe that the weak lower
semicontinuity of the functional u — [, [Vuledz with respect to the L'-
convergence yields

/@|Vu\dx§liminf/ o|Vu,|dz
Q =1t Jo

1 -1
< lim inf f/ ©|Vu, [P dz + lim inf b / pdzx
Q Q

p—1+ P p—1t P

= liminf/ 0| Vu,|P dz.
p— Q

1+

In the same way, the functional u — fQ ©|Vu|?dz is lower semicontinuous with
respect to the L9-convergence. Indeed, this is a consequence of the convexity
of the integrand and Serrin’s Lower Semicontinuity Theorem (see Serrin [28]).
Consequently, letting p — 17 in (3.30) and using (3.6), (3.18), (3.19), (3.25), we
get

/<p|Vu|dx—|—/uz-V@dx+/<p|Vu|qu
Q Q Q

—|—/Qu\Vu\q72Vu~V<pdx < /qulf'ygoda:.
From (3.29), we conclude that
/Q |Vu|pdr < /Q(z -Vu)pdz for all ¢ € CH(Q) with ¢ > 0.
This proves (3.23) and the assertion of the theorem. O

4. CONCAVE-CONVEX PROBLEMS

In this section we first study the solvability of the problem
—Apu—Agu=21+ "t inQ,
u>0 in Q (4.1)
u=20 on 0,

for small values of A\, where 0 <7y <1< p<g< N and g <r < ¢*. We are looking
for weak solutions u € W, %(Q) of problem (4.1) in the sense that

/ |Vu|P~2Vu - Ve dr + / |Vu|!™?Vu - Ve dr
Q Q

(4.2)
:/(pu_”yd:c—i—)\/u’"_l(pda:
Q Q
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is satisfied for all ¢ € I/VO1 (). To this end, we define the energy functional
In: W9(Q) = R of (4.1) by
1 1 1 A
I(u) = - Py = 71— ——— Y dr — S |ulln
) = IVl + 29l = = [l o= 2l
Since the functional I is not differentiable, we will make use of the Nehari manifold
method. For u € W, %(£2), we define the fibering function w,: [0, 4+00) — R by
wy (t) = I\(tu).

Then, the Nehari manifold related to (4.1) is defined by

Ny = {u € WhI(Q)\ {0}: Va2 + [Valg = /Q 7 de + Anun:}

= {u e Wy (@) \ {0}: w(1) = 0}.

As shown in the paper by Liu-Dai-Papageorgiou-Winkert [22, Proposition 3.1],
the restriction to Ny of the functional Iy is coercive. We split the Nehari manifold
into three disjoint parts given by

NR ={ueNa: (p+v = DIIVullp + (g +v = DIIVull§ = A+ = 1)llull}}
={u € Ny:w/ (1) =0},
Ny ={ueNa: (p+7=DIVullp + (g +7 = DIVull§ = Ar + 5 = D]lull; > 0}
={u e N,:wl/(1) > 0},
Ny ={ueNa: (p+y=DIVully + (g +7 = DIVulf = Alr + v = Dlul; < 0}
={u e N,:wl(1) <0}.
Our objective is to obtain a solution u, of problem (4.1) which belongs to Ny and

a second solution v, which belongs to N, . Our first result states that for small
enough A the component N, )t\) of the Nehari manifold N, is empty.

Proposition 4.1. Let 0 <y <1 <p<qg< N and q <r < q*. Then, there exists
A1 > 0 such that NY =0 for all X € (0,Ay). The number A1 does not depend on p.

Proof. Let us suppose that A > 0 is such that there exists u € Y. Since u € N,
we get

(r 4y = DIVl + (r +5 = 1) Vul§
=(r+7- 1)/9 lul' =7 da + Ay — 1) |Juln
Substituting this in the expression w!/(1) = 0, we get
(= IVull+ (= D Vully = (7= 1) [ ol 7o

Since r > p, we may ignore the first term in the left-hand side. The right-hand
side can be estimated via Holder’s inequality and the Sobolev embedding theorem.
From this, we get a constant ¢; > 0 such that

(r=a)lIVulg < er(r +v = D[ Vulg™.
Thus, we can find co > 0, which does not depend on A nor on p such that
[Vaullg < ca. (4.3)
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On the other hand, since u € N, we have
(¢ +7 = DIVull§ <A+ = Dfulll < esA(r +v = 1)[[Vullg,
for some c3 > 0. Consequently,
AM[Vullg™ > ea.
Here, ¢4 does not depend on A nor on p. Using (4.3), it follows that
ca < ey 1.

Therefore, A > 4. This proves the result. O

r—q
C2

Proposition 4.2. Let 0 <y <1 <p<qg< N and q <r < q*. Then, there exists
Ay > 0 such that N # 0 for all 0 < A\ < Ag. This number does not depend on

p. Furthermore, for each u € Wol’q(Q) \ {0}, there exist unique numbers ty,ta > 0
such that tyu € N/{" and tau € Ny .

Proof. We follow arguments similar to those in the paper by Liu—Dai—
Papageorgion-Winkert [22]. Let u € Wy9(€) \ {0} and consider the function
¥y 1 (0,400) — R defined by

Du(t) = 1977 V| — 177 / Ju|' 7 da.
Q

Since 0 > g — 7 > 1 — 1 — ~, there exists o > 0 such that zZu(tAo) = max;>g @u(t)
Moreover, 1!, (Z\O) = 0, and consequently,

- Cr+7DLﬂmlﬂh>”*1
0o— .

(r—a)|[Vullg
Moreover,
r4y—1 a(rt+y—1)
~ ~ gty —1( r—q \TT |[Vull!
1pu(ﬁo): r— (7’+ 1) r—q °
q vy (fQ ‘u|1—’y dx) a1

On the other hand,

1—~
e < ( NG dx) TP = e
Q Q

Sy ullf. < [[Vull?,

where S, is the best constant of the Sobolev embedding W, '%(Q) — L1 (Q).
Combining the preceding estimates, we obtain

and

r+y—1 —r—o+1
—1

~ o~ g+v—1 r—q a+r—1 S,
'Q[Ju(t()) 2 ( ) WHU

r
q**

r—q 7"+’}/— 1 (q+v—1)q*

Hence, 9y (fo) > Cq.rl|ullg- for some constant ¢, that does not depend on p.
Thus,

T

7abu(?O) = Ml > Cqmv”u q*-

u

(o) b
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‘We conclude that if

)\ < cq,’r,'y
o
then
Bulfo) = Mull] > 0.
Now let

vult) = 0TIVl + 6 |l =0 [l da
Q
Since 0 >q—1r >p—71>1—1r—r, there exists ty > 0 such that
bu(to) = max y(t).
Moreover,

bulte) — Allullm >0 forall 0 < A < IQCIq%

Thus, for each X in this range, there exist t; < ty < t2 such that
Yu(tr) = Mull; = u(tz) and o, (t2) <0 <y ().

Arguing as in [22], one can conclude that t;u € Ny and that tou € Ny and that
t1 and to are unique. This shows the result. O

Theorem 4.3. Let 0 < v <1 <p < q< N and g <r <q*. Then, there exists
Ay > 0 which does not depend on p such that for all 0 < A < Ag, problem
(4.1) has at least one weak solution u* € Wy9(Q) such that u* € N and
I(u*) = min,q+ Iy <0.

Proof. The proof of this result follows the same steps as in Propositions 3.6 and 3.7
by Liu-Dai-Papageorgiou-Winkert [22]. Here we only give a sketch. We first choose
Ag = min{Ay, A3}, so that Propositions 4.1 and 4.2 are applicable for 0 < A < Ay.
For any such A, we define

m;\r = inf I,.
N
Proposition 4.2 implies that m;\r is well defined. Furthermore, one can check that
(see [22, Proposition 3.2])
m;\~'<0 for all 0 < A < Ag.

Thus, one can consider a minimizing sequence {uy }neny C N, ;‘ . The coercivity of
the restriction of Iy to Ny implies that {uy}nen is uniformly bounded in Wol’q (Q)
and thus there exists u* € Wol’q () so that, up to a subsequence,

u, = u* weakly in W,9(Q).
Next, it can be shown that this convergence is actually strong, so that I)(u*) =

mj\r < 0. Finally, one can show that u* > 0 a.e.in Q and that u* is a weak solution
of problem (4.1) which belongs to N;'. This finishes the proof. d

Our goal is now to obtain a second solution of problem (4.1) which belongs to

Ny .
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Lemma 4.4. Let 0 < v < 1 <p < qg< N and g <71 <q*. Then, there exists
As > 0 such that the restriction of I to N is positive for all 0 < X < Az. The
number A3 does not depend on p.

Proof. First, by the definition of N, together with the embedding WO1 Q) —
L7(£2), one has

A(r+v = Dlulls = (¢ +7 = DIVull§ = (g +v = Dljullf for all uwe N,

for some ¢; > 0. Thus,

1
cflaty-D\77 _«¢
P> = 22T for all . 4.4
llull _<)\(T+7_1)) e or all u € N, (4.4)
On the other hand, since
1 1 - Ay oo 1
—[|Vul|l == [ |u] "7 dz + = |lull; — =[|[Vul5  for all u € Ny,
q q Ja q q
we get

11 11 B 11\, .,
nw = (5= ) Ivalp+ (5 - 7= ) [ praeea (3 2) ik

for all u € N;". We may ignore the first term on the right-hand side while the second

one can be estimated via Holder’s inequality with exponents ﬁ and 7%:;771 This
gives
I(u) > A (1 — 1) [|lu||r — Cyi’THuﬂl_” for all u € Ny
= q r r 1 — v r A

with ¢y, > 0 not depending on A nor on p. Using (4.4) it follows that

_ 1 1 b Coyr
B >l (3 (5 = 7 ) Il - 22

4.5
1—~ 1 1 Cng’rY’yy;l Cy,r ( )
2 Hu”r 57; )\q+»y—1 - 1_7 .
r—q

Therefore, I(u) > 0 for all u € N provided

-9 (- )an\"
0< A< I=A3.

Cr,r

Next we obtain the existence of a second solution.

Theorem 4.5. Let 0 <7y <1 <p<q<N and q<r <q*. Then, there exists
Ao > 0 which does not depend on p such that for all 0 < XA < Ag, problem (4.1) has
a weak solution v* € Wy'*() such that v* € Ny and I (v*) = miny, - I > 0.

Proof. We choose Ag = min{Ag, A3}. The rest of the proof works in a very similar
way as in [22, Propositions 3.8, 3.9 and 3.10]. O
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Now we are interested in solving the problem
—Aju—Agu=2L 4+t inQ,
u>0 in Q (4.6)
u=20 on 0f.

In order to do this, we will show that the solutions of problem (4.1) converge to
solutions of problem (4.6) as p — 1. First, we establish uniform estimates.

Lemma 4.6. Let 0 < y<1<p<g< N, g<r<g* and {u,} be the sequence of
weak solutions of problem (4.1) obtained in Theorem 4.3. Then, {u,} is uniformly
bounded in W, (€2).

Proof. Indeed, since Iy (up) < 0 for all p, we know that
1 1 1 A
—[[Vup2 + = | V|| < —— 7 de + S lup ||
SIVuply+ 21Vl l—v/gwp‘ @+ —lupll
On the other hand, u, € Ny, and thus
M|y = [IVupllf + [[Vupllg = /ﬂ Jup|' ™7 da.

This leads to

1 1 1 1 1 1
i P - _ = q _ - _ = 1—y
(p7)w%m+Q mem<@_7r)LM|dx

Since 0 <y <1<p<qg<rand |u,'77 <1+ |u,l|, we get

1 1 1 1 1 1
P q -  _ = -  _ =
(q 7") ”Vup”q < (1 — 7,) €+ (1 — 1") S1lVupllg,

where we have also used the embedding Wy'?(€2) < L'(€). Thus, {u,} is uniformly
bounded in W, "9(Q). O

Next, we show the same result for the solutions v, which have positive energy.

Lemma 4.7. Let 0 <y <1<p<qg< N and g <r < ¢* and {v,} be the sequence
of weak solutions of problem (4.1) obtained in Theorem 4.5. Then, {v,} is uniformly
bounded in Wy (52).

Proof. 1t is clear from the previous proof that it is enough to find a constant a; > 0
independent of p such that

In(vp) <ap forallp>1. (4.7
Recall that Iy(v,) = min,- I, and that for all u € Wy9(Q) \ {0} there exists

a unique t > 0 such that tu € N, . Let w € C2*(Q2) be a smooth function with
compact support. Then tow € Ny for some ¢y > 0, and thus

I (vp) < sup I (tw).
>0

On the other hand, we have

tP e = AT
I(tw) = —||Vw|? + =||Vw|? = =7 qg — r
Atw) = Vel + [Vl PWAMI e Tl

T

4 M
< (1 +29)(1 + sup [Vw|?)|Q] + ;IIVWHZ = lwlly = o0
Q
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as t — oo. Thus, there exists a; > 0 such that

sup I (tw) < a; for all p > 1.
t>0

Observe that a; depends on A but does not depend on p. This proves (4.7). O

From Lemmas 4.6 and 4.7, we know that there exist ug, vy € W, ?(Q2) such that
ug, Vo > 0 in Q and, up to subsequences,

u, = up and v, = vy weakly in Wy 9(Q),
up —ug and v, > vy in L7(Q) forall 1 <n<gq*.

Lemma 4.8. Let 0 < v <1< p<qg< N and qg<r <q*. Then, the functions

ug, vy are nontrivial and uav,va7 S LIIOC(Q). In particular, ug,vg > 0 a.e.in §2.

Proof. Let w, € W,9(Q) satisfy
/ |Vw, [P~2Vw, - Ve dr —|—/ |Vw, |7 2Vw, - Vo dz
Q Q

= / ew, Y dx for all p € Wy t() N L ().
Q

Such a sequence of functions exists due to Theorem 3.3. Choosing ¢ = (w, — u,)™*
as a test function (this function belongs to L>({2) because w, € L>(Q)), we get

/Q |Vw, |P~2Vw, - V(w, — u,)t da —1—/9 |V, |92V, - V(w, —u,) " dz
= /Q(wp —up)tw, 7 dz

< /Q(wp —up)Tu, T dz 4+ A /Q up ™ (wp — up) T da

= / VP2V, - V(w, —up) T do + / |V, 12V, - V(w, — up) T da.
Q Q

Thus, (w, — u,)*T =0 and so u, > w,. Since w, — w a.e.in Q and w7 € Ll ()
(see Theorem 3.6), we conclude that ug > w. Therefore, ug is nontrivial and

ug ' € L, (Q). A similar argument can be made for vg. The result is proved. O

Theorem 4.9. Let 0 < v <1 <p<qg< N and g <r <q*. Then, the sequences
up and v, converge strongly to uy and vo, respectively, in Wol’q(Q),

Proof. We prove the result only for ug, the proof for vy is analogous. Taking
wpy = U, — Up as test function in (4.2) yields

/ |V |P~2Vu, - Vw, dz + / |V 2Vu, - Vw, dz
Q Q

= / (up — uo)u, " dz + )\/ up ™ (up — up) da.
Q Q
Let us estimate the two terms on the right-hand side. First note that for any
ﬁ < n < ¢*, it holds that (7;%1)’7 < ¢* and thus u;*I is bounded in L%(Q)
Moreover, u, — 1o — 0 strongly in L"() for any such 7. Therefore, we have

(r=1)n L;l
dx < ||up — UO”Ln(Q) (/ upﬂfl dx) — 0,
Q

r—1

uy, (up = uo)




ON SINGULAR PROBLEMS INVOLVING THE (1, q)-LAPLACIAN

as p — 17. To estimate the singular term, observe that, for all § > 0,

/ (up — uo)u, " dx
Q

= / (up — uO)u;'Y dz + / (up - uo)u;'y dx
{uPS‘S} {“p>5}

< 59| —I—/ (up — uo)u, " dx.
{up>d}
Thus,

/Q |V, |P~2Vu, - Vw, dz + /Q |Vup,|T2Vu, - Vw, dz

< 514|Q| + / (up — uo)u;V dz + wp,
{up>d}
with lim,,_,;+ w, = 0. Since
lim (up —ug)u,"dr =0 forall 6 >0,

P10 Jiu, >0}

we conclude that
/Q |V, [P~ 2V, - Vw, dz + /Q |V, |72V, - Vw, dz
< Wp,s5

where lims_,o lim,_,;+ wp s = 0.
On the other hand, the weak convergence to zero of w, implies that

/ |Vuo|9™?Vug - Vw,dz — 0 asp— 1T,
Q
and thus

/(|Vup|q*2wp — |Vup|T2Vug) - Vw, dz

Q

<Wps — / |V, |P~2Vu, - Vw, dr,

Q

where again lims_.qlim,,_,;+ W, s = 0. Rewriting this inequality gives

/(|Vup|q*2Vup — V|2 Vug) - Vw, dz
Q

< @ps — / [V, [P dz + / |V, |P~2Vu, - Vug dz.
Q Q
Now we set
zp = |Vu, [P Vu,.

Since

/ [Vu,|P dz < C,
Q

21
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where C' > 0 is independent of p, we can argue as in the proof of Theorem 3.6.
Thus, up to a subsequence, there exists z € L>®(Q;RY) with |[z[|=(q) < 1 such
that

z, =z weakly in L*(Q;RY)

for every 1 < s < oo as p— 17. Letting p — 17 and § — 0 we obtain

lim sup/(|Vup|q*2Vup — V|2 Vug) - Vw, dz
Q

p—1t

fhmlnf/ |Vup|pdx+/z Vug dx

p—1t

g—liminf/ |Vup|pdw+/ |Vug| de,

p—1t

where we have used that z € L>®(Q) with [|z]jcc < 1. Observe that the weak
lower-semicontinuity of the norm implies that

/|Vu0\dx§hminf/ |Vu,| dz
Q =1t Ja

1 —1
< lim inf </ [Vu,|P dx + p|Q|>
p—1+t \ P Jo p

= liminf/ [V, [P dz.
Q

p—1t
We finally conclude that

lim | (|Vu,|72Vu, — [Vug|7>Vuyg) - Vw, dz = 0.
Q

p—1t

This proves the result due to Lemma 5 by Boccardo-Murat—Puel [8]. (]
Lemma 4.10. Let 0 <y <1<p<q< N and q <r < q*. Then it holds ug Z vg.
Proof. Since v, € N for all p > 1, we may use (4.5) to get

In(vp) > cllup |77, (4.8)

where the constant ¢ > 0 does not depend on p. Using Theorem 4.9, it holds that
Vv, = Vg a.e.in . This leads to

. 1 1 . Ao
T 13(0) = [Vl + 3t [Vl = 2 [ b7 e = Dl
On the other hand, since v, € N, we know that
Vel = [ fol' = da+ Mol = [ 90,15 for all p> 1,
and thus,

1 1 1
i, 130 = (1= D) 19wli+ (3= 2) [orar e (E- ) .
p—1+ q g 1-=7v/Ja q T

Letting p — 17 in (4.8) yields
1 1

0 < el < tim o) = (1= 2 Vel + (3= 20 ) [
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1 1
+A ( - ) [[voll7s
q T

where we used the fact that vy is nontrivial, see Lemma 4.8. We now estimate
I)(up). From Theorem 4.3 we know that I(up,) < 0 for all p > 1. Thus, since
Vu, = Vug a.e.in (Q,

1 1 1 _ 1 1
(1 - ) Vol + ( - ) [t as+ ( - ) ol
q qg 1-7)Jq qg T

= lim [ <0 lim I
pig{r Alup) < <pig1+ A(vp)

1 1 1 _ 1 1
. <1 . ) ITvoll + ( . ) [ ar s ( - ) ool
q q 1—v/Ja q T

Consequently, ug and vy must be different. This proves the result. (Il

We will now show that ug and vy are solutions of problem (4.6) in the following
sense.

Definition 4.11. We say that u € W,'%(Q2) is a weak solution of problem (4.6) if

u™7 € Ly (), (4.9)
and if there exists a vector field z € L=(Q; RY) with ||z]lso < 1 such that
—divz —Agu=u""+ " inD(Q), (4.10)
and
z-Vu=|Vu| ae.inQ. (4.11)

Proof of Theorem 1.1. We will prove the result only for ug, the one for vy is
analogous. From Lemma 4.8, we obtain (4.9). Let’s show (4.10). Recall that
ug is the weak limit of u, in Wy'?(Q) satisfying

/ |VUp|p72vup -Vedr + / |Vup|q72Vup -Vedr

o o (4.12)

= / ou, Y dx + /\/ u;’lgodx for all p € C°(Q).
Q Q

We estimate the left-hand side of (4.12). Let 2z, = |Vu,|[P~2Vu,. From Lemma 4.6
and the arguments in the proof of Theorem 3.6, it follows that there exists a vector
field z € L>(Q;RY) with ||z][ 1 (q) < 1 such that
z, =z weakly in L*(Q;RY)
for every 1 < s < oo as p — 17. Thus,
lim zp~Vg0dx:/z~V<pdz for all p € C°(Q).
p—1t Jo Q

Furthermore, Theorem 4.9 implies that Vu, — Vug a.e.in 2. From Lemma 4.6,
we know that {Vu,} is uniformly bounded in L9(£2). Thus,

lim / |V, |7 ?Vu, - Vedr = / |Vuo|! % Vug - Ve da.
p—1t Jo Q
We now estimate the right-hand side of (4.12). For the non-singular term, we have

lim [ wlpde = [ uj todr forall p € C°(9),
p—=1t Jo P Q ‘
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. . a* _ — . .
because ul,~! is bounded in L7 () and u},~' — uj~" a.e.in Q. For the singular

term, by linearity it is enough to consider nonnegative ¢ € C°(€2). Let 6 > 0.

Then,
/gou;”dx:/ tpu;"’dac—i—/ pu, " dz.
Q {up<d} {up>8}

Let Vs(s) be given by (3.13). Choosing V;(up)y as a test function in (4.12), we get

u, Tpdz
{upgfs}

< /Qu;”‘/g(up)go dz
< / Vs (up) | Vup|P~2Vu, - Vi dr + / Vi (up)|Vuy |92V, - Ve da.
Q Q
Letting p — 17, we get

limsup/ u, Tpdr < / Vs(ug)z - Vo da +/ Vs (uo)|Vuo|T2Vug - Vo da.
{up<d} Q Q

p—1t

Consequently,

lim lim Sup/ u, Tpdz = 0.
{upgfs}

§—0 p—1+

On the other hand, for almost every § > 0,

limsup/ u, pdr = / ug ' da,
p—1t  J{up,>8} {uo>6}

and thus

lim lim u*ﬂodx:/ u77<pdx:/u77<pdx.
0—=0p—1+t {up>8} P {uo>0} 0 Q 0

Here we used the fact that the set {ug = 0} is negligible with respect to Lebesgue’s
measure. This finishes the estimate for the singular term in (4.12). Taking
everything together and letting p — 17 in (4.12), we deduce that

/z-Vgodx+/ \Vu0|q*2Vu0~V<pdx:/<pu67dx+)\/u6*1<pdx (4.13)
Q Q Q Q

for all ¢ € C1(Q), which proves (4.10). It only remains to show that (4.11) holds.
To this aim, let ¢ € C}(Q) be nonnegative. Taking (T)(ug)¢)* pe as a test function
in (4.13), we have

/ 2 (¢VTu(up)) * pe) da
Q

= [ = V(@) < p) o~ [ 2+ (Tulun) V) ¢ ) s
Q

Q

— [ (@w)e) = pe)ug” do X [ 7 (Tilwn)e) 5 o) da
Q Q

= [ 19wl uo - V(Tuluo)e) x p)do — [ 2+ (Ti(w) V) 5 pe) da
Q Q
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We will estimate all the terms in this equation. We start with the singular one.
Observe that
(Tk(wo)) * pe)ug " (z) = Ti(uo)ug "p(x) a.e.in Q ase — 0.
Furthermore,
((Th(uo)p) * pe)ug " < (% pe)kug "
Since ¢ * p. — ¢ uniformly in the norm || - ||c, we know that the right-hand

side converges in L'(€). Thus, the generalized Lebesgue’s dominated convergence
theorem implies that

/ (T (uo)p) * pe)ug ' dz — / Ty (uo)ug "o(z)dz  ase — 0.
Q Q

For the term involving the parameter A, we know that (Tk(uo)p) * pe — Tk (uo)p
in L9 (Q). Thus

/Q (T (o)) * pe) — T (o) o]

< [ |(Tiwo)e) ¢ p. — Tiuo)el d
) = g1
< ( [t dm) q ( (T (o)) % pe — Ti(ig)p| 5= dx) q
Q Q q*+7i_r
<C (/Q [(Tk (wo)p) * pe — Tk(uo)<p|q*iij—r dx) " 50 ase—so.

It is also clear that

/ 2+ (Tk(up) V) * pe) dz — / Ty (uo)z - Vpdz,
Q Q

/ \Vuo|q_2Vu0 -V ((Tk(uo)p) * pe) dz — / |Vu0|q_2Vu0 - V(T (ug)p) d,
Q Q

/Qz~ (VT (ug)) * pe) de — /Qz (eVTk(up)) de,

as € — 0. All together, we get

/onDVTk(uo)dx:/Tk(uo)uavcpder)\/ug_lTk(uo)godx
Q Q Q

— / |Vug |92 Vug - V(Tk(uo) ) dz — / z - Ti(up) Ve de.
Q Q

Thus, using Tj(up) — wug strongly in Wol’q(Q) and the monotone convergence
theorem for the singular term, and letting k — oo, we conclude that

/z~<qu0dx:/u(lfvgodm—i-)\/uggodx
Q Q Q

- / |Vuo|9™*Vug - V(ugp) do — / z-ugVedz.
Q Q

(4.14)

On the other hand, taking u,¢ in (4.12), we have

/@\Vup|pdx+/up\Vup\p_QVup~V<pdx
Q Q
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—|—/<p|Vup\qu+/up\Vup\qQVup-chdz
Q Q

= / uilfvgpdx + /\/ uypdr  for all p > 1.
Q Q
Letting p — 17 and using weak lower semicontinuity properties, we arrive at

/ ©|Vug| dx +/ uoz - Vdo —|—/ ©|Vug|? da —|—/ uo| V|1 ?Vug - Vo dr
Q Q Q Q

< / uy Vpdz + )\/ upp de.

Q Q
Using (4.14) yields
/ [Vuo|pda < /(z -Vug)pdz for all p € CH(Q) with ¢ > 0.
Q Q

This proves (4.11) and the result.
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