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Abstract. In this paper, we investigate the existence and multiplicity of solutions to a class of nonlinear elliptic problems
governed by the logarithmic double phase operator and subject to nonlinear critical Neumann boundary conditions. By
employing variational methods in combination with topological tools such as truncation techniques and Krasnosel’skii’s
genus theory, we establish the existence of infinitely many weak solutions with negative energy sign. The results highlight
the rich solution structure arising from the interplay between the logarithmic double phase operator and the critical boundary
growth.
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1. Introduction

In numerous physical models, ranging from nonlinear diffusion processes and material mechanics to field
theory, partial differential equations involving nonlinear terms may exhibit critical growth. This critical
growth is associated with the lack of compactness in Sobolev embedding, reflecting, in physical terms, the
possibility of extreme energy accumulation or the formation of singularities. A similar critical behavior
arises in geometry, particularly in Riemannian geometry, as illustrated by the Yamabe problem, see
Yamabe [47], or in the existence of nonminimal solutions to Yang-Mills fields, as studied by Taubes
[42,43]. The pioneering work of Brézis—Nirenberg [14] marked the beginning of the systematic study
of critical elliptic equations. Since that time, critical problems have become a central research theme,
leading to significant developments and opening new directions in the study of nonlinear elliptic partial
differential equations.

A major advancement in the study of critical elliptic problems was achieved by Garcia Azorero—
Peral Alonso [28] who extended the framework of critical problems to include the p-Laplace operator. In
particular, they investigated the following critical p-Laplace problem

—div (|Vu[P~*Vu) = [ulP" ~2u+ Au|?%u inQ, uw=0 ond, (1.1)

where A > 0,1 <p < N, 1< q < p < p*, with p* denoting the critical Sobolev exponent given by
p* = NN—E). By employing variational methods and building upon the pioneering ideas of Benci—Fortunato
[10] as well as Garcia Azorero—Peral Alonso [27], the authors established that problem (1.1) admits
infinitely many solutions for all A € (0, \), where X > 0 is sufficiently small.

A further variant of the critical problem was introduced by Ferndndez Bonder—Rossi [23] who employed

variational techniques combined with topological arguments to establish a multiplicity result for the
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following problem
div (|VulP7>Vu) = [ulP?u in Q,

1.2
|VulP™2Vu - v = Mu|""2u + [uP*%u  on 09, (1-2)

where 1 < r < p, A > 0 is a real parameter, v(z) denotes the outer unit normal of 2 at x € 99, and

ps on the boundary of (1.2) is the critical exponent in the Sobolev trace embedding corresponding to
1 < p < o0, defined by p, = %.

In a more recent development, Farkas—Fiscella—Winkert [22] extended the results of Garcia Azorero—
Peral Alonso [28] by establishing a multiplicity result for the following quasilinear elliptic equation with

critical growth

—div (|Vu[P 72 Vu + p(2)|[Vu|T2Va) = Au|”"?u + lulP" "2y in Q,
u =0 on 012,

where A > 0 is a real parameter, 1 <9 <p<qg< N, ¢ <p*, 0<pu(-) € L*(Q) and
div (|VulP">Vu + p(z)|Vu|?*Vu)

is the so-called double phase operator with its energy functional
P q
W / (|Vw )|Vw| ) dz, (1.3)

where O C RV, N > 2, is a bounded domain with Lipschitz boundary 9. Double phase energy functionals
as in (1.3) appeared for the first time in a work by Zhikov [50] in order to describe models for strongly
anisotropic materials in the context of homogenization and elasticity theory, see also Zhikov [51,52].
Concerning regularity results of local minimizers of (1.3), we refer to the outstanding papers by Baroni—
Colombo-Mingione [6-8] and Colombo-Mingione [16,17], see also the references therein. We remark
that (1.3) represents a particular case of integral functionals with nonstandard growth, as originally
investigated in the seminal works of Marcellini [33,34]. An overview about the recent developments for
double phase problems and related functionals can be found in the paper by Mingione-Radulescu [36].

Recently, Arora—Crespo-Blanco-Winkert [4] introduced a new class of logarithmic double phase oper-
ators, defined by

Vul
div ( |VuP~2Vu + p(x <10 e+ |Vul|) + |) Vu q2Vu), 14
(1vuP=29u-+ ute) (togte-+ vy + LT ) vl (1.4
and studied the associated energy functional

= [vup® |v|oe u
HW—!(p + ey 2L w<+vn) (15)

defined on the logarithmic Musielak-Orlicz—Sobolev space W7oz (Q)) generated by the nonlinear function
Hiog(z,t) = tP + p(x)t? log(e + t),

where e is Euler’s number, 1 < p < N, p < ¢, and 0 < pu(-) € L*(Q). They established several
fundamental properties of the operator (1.4), including boundedness, continuity, strict monotonicity,
and the (S ) property, and further investigated the existence and multiplicity of solutions to equations
associated with this operator. Regularity properties of local minimizers of different functionals involving
a logarithmic perturbation as in (1.5) can be found in the papers by Baroni-Colombo-Mingione [7], De
Filippis—Mingione [20], Fuchs—-Mingione [25], Marcellini [33], Marcellini—Papi [35], see also the references
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therein. One motivation for studying functionals of the type (1.5) with logarithmic perturbations, for
example

u — /|Vu\ log(1 + |Vul|) dz,
)

arises from plasticity theory, in particular from models incorporating logarithmic hardening. For a com-
prehensive treatment of these issues and further background, we refer to the works of Fuchs—Seregin [26]
and Seregin—Frehse [38].

In this paper, inspired by the contributions in [4,22,23, 28], we study logarithmic double phase prob-
lems with critical growth on the Neumann boundary given by

divG(u) = |u|P"2u in £,
G(u) - v = Nu|*?u+ |[ulP*"?u on 99,

where div G is the logarithmic double phase operator defined in (1.4), v(z) denotes the outer unit normal
of Q at x € 90, X\ > 0 is a real parameter to be specified and

(1.6)

) V|2V u. (1.7)

Further, we assume the following assumptions:
(H) 1<a<p<N,p<q<q+n<p*:% and 0 < p() € L*(2), where k = 5~ with ¢y being
the unique positive solution of tg = elog(e + tg).
A function u € WhHiee(Q) is said to be a weak solution of problem (1.6) if

/ {|Vu|p2Vu+u(z) <10g(e+ |Vul) + p [Vl ) |Vu|q2Vu} -Vodr
Q

(e + |Vul)

+/|u|p_2uvdx:/()\|u|a_2u+|u\p*_2u)vda
Q 89

is satisfied for all v € W1 s (Q).
Our main result is stated as follows.

Theorem 1.1. Let hypotheses (H) be satisfied. Then, there exists a constant \* > 0 such that, for every
A € (0, A*), problem (1.6) admits infinitely many weak solutions with negative energy sign.

The proof of theorem 1.1 combines variational methods with topological tools, notably truncation
techniques and Krasnosel’skii’s genus theory. The primary analytical difficulty stems from the presence of
a nonlinear term with critical growth, which severely hinders the compactness properties of the Sobolev
trace embedding. This lack of compactness prevents the direct application of classical critical point theory,
especially in variational frameworks involving critical Sobolev exponents. To overcome this difficulty, we
perform a careful convergence analysis of the gradients, inspired by the approach of Boccardo-Murat [11],
who developed a method to deal with weak convergence in Sobolev spaces under limited compactness.
By adapting their approach to our context involving logarithmic double phase structures, we are able to
recover a suitable form of compactness sufficient for the variational framework.

Moreover, in attempting to apply Krasnosel’skii’s genus theory which is a fundamental topological
method for establishing the existence of infinitely many solutions, one encounters an additional diffi-
culty since the associated energy functional of problem (1.6) is unbounded from below. This lack of
boundedness prevents the direct use of standard minimax theorems and requires the development of a
refined variational framework adapted to this situation. In order to overcome this difficulty, we make
use of a truncation method first introduced by Garcia Azorero—Peral Alonso [28]. The idea is to suit-
ably modify the nonlinearity in such a way that boundedness from below is restored, while the essential
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structural features of the original problem are preserved. This approach has been successfully adapted
in various settings, including the works of Farkas—Fiscella-—Winkert [22], Ferndndez Bonder-Rossi [23],
Figueiredo—Santos Junior-Suérez [24], Zhang-Fiscella-Liang [48], and more recently by Arora—Crespo-
Blanco-Winkert [3]. On the other hand, in the context of problems involving the double phase operator
with logarithmic perturbation, we highlight the recent contributions by Bahrouni-Fiscella—Winkert [5],
Borer—Gasiriski-Stapenhorst—Winkert [12], Carranza—Pimenta—Vetro—Winkert [15], Guo—Ling-Lin—Pucci
[29], Radulescu—Stapenhorst—Winkert [39], Tran—Nguyen [44], Vetro [45], Vetro-Winkert [46], Zeng—Lu—
Rédulescu [49], and Zhong—Vetro—Chen [53], in which new analytical techniques have been developed
to address the complex role of logarithmic terms both in the differential operator and in the associated
variational formulation. Finally, we also mention the papers by Ambrosio [1], Ambrosio—Isernia [2], and
Isernia [31], which deal with Kirchhoff-type problems involving different leading operators.

2. Preliminaries

We begin by recalling the basic properties of the logarithmic Musielak—Orlicz spaces L™z (Q) and
WhHes (), together with the main analytical aspects of the associated logarithmic double phase op-
erator. The presentation follows closely the recent contribution of Arora—Crespo-Blanco—Winkert [4]. For
a comprehensive background on Musielak—Orlicz spaces and related topics, we refer to the monographs
by Diening-Harjulehto-Hést6-Ruzicka [21], Harjulehto-Hé&sto [30], and Papageorgiou—Winkert [37], as
well as to the work of Crespo-Blanco—Gasinski-Harjulehto-Winkert [19].

For this purpose, we denote by L"(2) and L"(£;RY) the usual Lebesgue spaces equipped with the
norm | - ||, for 1 < r < oo and WH(Q) stands for the corresponding Sobolev space endowed with the
equivalent norm | - |1, = (V- |5+ | - |7)* for 1 < r < co. Furthermore, let o denote the (N — 1)-
dimensional Hausdorff measure on the boundary 9f), and consider the boundary Lebesgue space L"(952)
for 1 < r < oo endowed with the norm

1
[wllr00 = /Wda . u € LT(09).
Q

In the following, we avoid explicit reference to the trace operator v and understand all restrictions of
Sobolev functions to d€2 in the sense of traces.
Let us assume that the assumptions (H) are satisfied. Then, we consider the nonlinear function
Hiog: 2 % [0,00) — [0, 00) defined by
Hiog(x,t) =t + p(z)t? log(e + t),
where e denotes Euler’s number. Note that Hiog(-,t) is measurable for all t > 0, Hiog(x,0) = 0 and
further Hiog (-, t) > 0 for all t > 0. Moreover, one can readily verify that Hj.e satisfies the Ag-condition.

Denoting by M (€2) the space of all measurable functions u: @ — R, the Musielak—Orlicz Lebesgue space
LMoz (Q) is defined as

L7ex(9) = {u € M(Q): prg, (u) < o0}

g, = inf {ﬁ > 0: pros, (g) < 1} ,

where the modular function is given by

pr, () ::/Hlog(ac, |u|)da§:/(|u\p—|—,u(a:)|u|qlog(e+|u|))dx.
Q Q

endowed with the norm
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Note that L™0s((Q) is a separable and reflexive Banach space. Next, we can introduce the logarithmic
Musielak-Orlicz-Sobolev space W7es () defined by
WhTtes(Q) = {u € L™=(Q): |Vu| € L™es(Q)},
equipped with the norm
ull1 100, = Ntllre, + IVl -

From Arora-Crespo-Blanco-Winkert [4, Proposition 3.6], we know that W1 s (Q) is a separable, reflex-
ive Banach space.
The following embedding results can be found in [4, Proposition 3.7].

Proposition 2.1. Let (H) be satisfied, then the following hold:

(i) WhHee(Q) — WLP(Q) is continuous;

(i) WhHes(Q) < LP"(Q) is continuous and WMo (Q) < L7(Q) is compact for all 1 < r < p*;
(iii) WhHos(Q) «— LP=(0Q) is continuous and WhHee(Q) — L*(00Q) is compact for all 1 < s < p..

We endow the space WMo (Q)) with the following equivalent norm, see Borer—Gasiniski-Stapenhorst—
Winkert [12, Proposition 3.1],

|u||=inf{ﬁ>o:p(g) 31}
:mf{mﬂ/(\vﬂuim

wl?
+ —| dz <15,
/‘ﬁ }
Q

where the associated modular function p is given by

p(u) = / (|Vu|p + pu(z)|Vu|?log(e + |Vu|)) dz + / |ul? dz.
o) Q

@qlo (e+’Vu
g| 8 3

)

The next result, due to Arora—Crespo-Blanco-Winkert [4] and later extended by Borer—Gasiriski—
Stapenhorst—Winkert [12], provides a useful characterization of the relation between this norm and the
associated modular function.

Proposition 2.2. Let hypotheses (H) be satisfied, 3 > 0 and v € W1 Mes(Q). Then the following hold:

(i) |lull = B if and only if p (%) =1 foru#0;

(i) |lull <1 (resp.=1, > 1) if and only if p(u) <1 (resp.=1, >1);
(iii) 4f [lull <1 then ||lul|"™ < p(u) < |[u]?;
(v) if flull > 1 then ul|P < p(u) < [Juf 7+
(v)

v) |lu|l = 0 if and only if p(u) — 0.

Throughout the paper, for any s € [1, p.], we denote by Cs > 0 the constant given by Proposition 2.1
(iil), such that
l[ullf o0 < Csllull® (2.1)
for any u € W1z (Q).

The lemma below is essential for the arguments presented in the subsequent section, see Arora—Crespo-
Blanco-Winkert [4, Lemma 5.4].
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Lemma 2.3. Let Q > 1 and define the function
t

Qe+t)logle+1t)
Then h attains its mazimum at a point ty > 0 and this maximum value is 5, where tg and k are the

same as in (H).

h:[0,00) = [0,00), h(t) =

Next, we recall the following classical inequalities, which will be used later, see Crespo-Blanco [18] or
Simon [41]:
K.|&—n|" if r>2,

r—2¢ =2, . _ _ 2.2
(IEl"=2€ = [n""n) - (€ = m) > KM f1eren 22)
n

for any ¢, n € RV with a constant K, > 0. The inequality (2.2) has been generalized by Arora-Crespo-
Blanco—Winkert [4, Lemma 4.2] in the following way.

Proposition 2.4. Let f: [0,00) — [0,00) be an increasing function and r > 1. Then, for any &,n € RY

(FUEDIE2E = fmDInl™2n) - (€ = n) = Cr|& —n[" f(m)
ifr>2, and

(1€l + D> ™" (FUEDIET2E = F(ImD Il >n) - (€ = 1) = Cplé = nf* f(m)

if 1 <r <2, where m = min{|¢],|n|} and

o min{22-", 271} ifr > 2
" lr=1 ifl<r<2.

In the last part of this section, we recall some results developed by Krasnosel’skii [32] and concepts
that will be needed later as well. For this purpose, let X be a Banach space and let 3 denote the class
of all closed subsets A C X \ {0} that are symmetric with respect to the origin, that is, u € A implies
—u € A.

Definition 2.5. Let A € . The Krasnosel’skii’s genus y(A) of A is defined as the least positive integer n
such that there is an odd mapping ¢ € C(A,R") such that ¢(x) # 0 for any = € A. If n does not exist,
we set v(A) = co. Furthermore, we set (@) = 0.

The following proposition summarizes the main properties of Krasnosel’skii’s genus that are essential
for our approach in Sect. 3, see Rabinowitz [40].

Proposition 2.6. Let A, B € . Then the following hold:
(i) If there exists an odd continuous mapping from A to B, then v(A) < v(B);
If there is an odd homeomorphism from A to B, then v(A) = v(B);
If1(B) < oo, then 1(A\ B) > 4(4) — 7(B);
The n-dimensional sphere S™ has genus n + 1 by the Borsuk—Ulam theorem;
If A is compact, then v(A) < oo and there exists § > 0 such that N5(A) C ¥ and v(Ns(A)) = v(A),
with Ns(A) = {z € X : dist(z, A) < 6}.

Let X be a Banach space with its dual space X* and ¢ € C1(X). We say that {uy, }neny C WhTos(Q)
is a Palais-Smale sequence for the functional ¢ at level ¢ € R if

o(u,) — ¢ and ¢ (u,) — 0 in WHHMes(Q)*  as n — oo. (2.3)

We say that ¢ satisfies the Palais—Smale condition at level ¢ ((PS), for short) if any Palais—-Smale sequence
{tn Ynen of © at level ¢ admits a strongly convergent subsequence in W17 es (Q).
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3. Proof of the main result

In this section, we present the proof of Theorem 1.1, which establishes the existence and multiplicity of
weak solutions to problem (1.6). To this end, we begin by analyzing the corresponding energy functional

Uy WhHes(Q) — R of (1.6) which is defined as

1 1
Uy (u) = » / |VulP do + 7 /u(m)\vmqlog(e + |Vul) dz
Q Q

P«
P+,00°

1 A 1
Ml = 2l b, — —
o llelly = S lula o = 2=l

From the work by Arora—Crespo-Blanco-Winkert [4, Theorem 4.1] we know that ¥y € CH(W1es(Q))
and it is clear that the weak solutions of problem (1.6) correspond precisely to the critical points of the
functional W,.

We next study the compactness properties of the energy functional ¥, specifically the Palais—-Smale
condition.

Lemma 3.1. Let (H) be satisfied and {u, fnen C WhTes(Q) be a bounded (PS). sequence with ¢ € R.
Then, up to a subsequence, Vu,(x) — Vu(x) a.e.in Q as n — oo.

Proof. Since {u,}nen is bounded in Wh7es(Q) by the reflexivity of W1Hes(Q), Proposition 2.1 (iii)
and Brézis [13, Theorem 4.9], there exists a subsequence, not relabeled, and u € W1 7es(Q) such that

U, —u in WhHes(Q), Vu, = Vu in [L7s (Q)]N7
un, — u in L"(Q), Un(x) — u(z) a.e.in , (3.1)
up, — u in L(09), Up(x) — u(z) a.e.in 0Q, '
lun(z)] < h(xz) a.e.in
as n — oo with r € [1,p*), s € [1,p.) and h € L1(Q).
Next, for k € N, we define a truncation function 7 : R — R by
t if |t| <k,
Ti(t) :=
=4y It > k.
1
Fixing k£ € N and using the fact that {u,}nen is a (PS). sequence for ¥y, yields
On(l) = <\Ijl/\(un)a Ty, (un, — u)>
- / |Vun|p_2vun ' ka(un - U) dzx
Q
|V, | }
+ log(e + |V +
| e o+ v +
¢ (3.2)

X |V, |12V, - VI (u, — u) dz
+ / [ [P 200, T (1, — u) daz — )\/ | * 2 Ty (1, — u) dor
Q a0

_ / ln
o

P24, Ti(u, —u)do asn — oo,
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where we used the fact that {Tk (u, —u)}neny C WHes (Q) is bounded. Next, we introduce the functional
w: e (@] - [ 6w fan,
Q
where G is defined as in (1.7). It is clear that ® is linear and bounded.
Now, observe from (3.1) that V7T (u, —u) — 0 in [L7hes (Q)]N, S0 we obtain

nh_)rr;o G(u) - VI (uy —u)dz = 0. (3.3)

Q
Using the boundedness of {u, }nen along with Proposition 2.1 (iii), leads to

P«—ldo < Ck (3.4)

/|un|p*72unTk(un —u)do| < k/ [un,
@ 09

for each n € N with a constant C' > 0 independent of n and k. Therefore, combining (3.1), (3.2), and
(3.3), we obtain

lim sup
n—oo

/ [[Vu,[P2Vu, — |VuP~*Vu] - VT (u, — u) dz

Vuy, -

[Vl

Q
[log e+ |Vul) + 7(6 VD

:hmsup/|un
n— oo
o0

Since the function ¢ — log(e + t) +

] |Vu|q_2Vu> VT (un, — ) dx]

P2y, T (u,, — u) do.

m is increasing, using Proposition 2.4, (3.4) and (3.5), we have

limsup/ (IVu, P2V, — |VulP~2Vu) - VT (u, — u) dz

n—oo

(3.6)

<hmsup/|u P24, Ti(u, — u)do

n—oo

< Ck.
For
en(@) = (|Vun ()P~ Vun (2) = [Vu(@)P~*Vu(2)) - V(un (@) — u(2)),
we see, due to (2.2), that e,(x) > 0 a.e.in Q. Let n,k € N be fixed. We decompose the domain 2 as
follows
SF={zcQ: |uy(x) —u(x)| <k} and GF ={z € Q: |u,(z) —u(z)| > k}.

Let w € (0,1) be fixed. By applying Holder’s inequality, and using both the boundedness of {e, },en in
L'(Q2) and estimate (3.6), we obtain

w w

/e‘; dz < /endx |SFI1= ¢ /endx |G-
5 ,

G

n

@ Springer



ZAMP Critical logarithmic double phase problems. . . Page 9 0of 19 122

< (KO)?[Sp|" ™ + ClGhl .
Since |G¥| — 0 as n — oo, we deduce that

0< limsup/ei dz < (EC)? Q.

Q
Since the right-hand side tends to zero as k — 0%, we conclude that e¥ — 0 in L*(2) as n — oo. This

implies, up to a subsequence, that e, (z) — 0 a.e.in €. Finally, using (2.2), we get the desired conclusion
of the lemma. O

In the following, let S be the best constant in the Sobolev trace embedding WP () < LP+(95), that
is,
[Vullp + [lullp

S = in
wewblr(\{0} |lu

(3.7)

P
P, 082
Lemma 3.2. Let (H) be satisfied and ¢ < 0. Then, there exists A\g > 0 such that for any A € (0, \g), the
functional Wy fulfills the (PS). condition.

Proof. From the assumptions (H), we have o < g + k < p.. Therefore, we can take Ao > 0 sufficiently

small such that
1 1\ 7= 11 \]7= b
100 ( - ) {/\0 < - )} < S, (3.8)
q + K D« « q + K

where S is given in (3.7).

Claim: Any (PS).. sequence for ¥, is bounded in W7es(Q).

To this end, let A € (0, \g) and let {u, }neny C WHHes(Q) be a (PS), sequence for ¥y. Suppose that
{tn }nen is not bounded in Wt ies (). Then, we may assume, up to a subsequence, not relabeled, that
lim,, o0 ||t || = 00. Then, there exists k € N sufficiently large, such that

lun|| >1  for all n > k. (3.9)

Applying Lemma 2.3 and (2.1), we deduce that

W, (1) — pi (W (1), )

*

1 1
= §/|Vun|pdx+;/u(w)|Vun|qlog(e+ |Vuy,|) de

Q Q
1 A 1
2 [ el do = Sl o0 = -l o0
Q

) [Vu,|?dz

1
Cpe e+ |Vug|)

Vuy,
[ 190l st [ o) (1oste + [Fual) + S
Q Q

+/|un|p dz — Mlun I3 o0 = llunlly o0
o)

1 1
> 5/|Vun|pdx—|—5/u(x)|Vun|qlog(e+ |Vuy,|) dz
Q

1/ A 1
+ = | |unPdz — —||unll§ 50 —
=l da = 2z 00—

*
Q

[[un Z:,BQ
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/WVunwdx+-(qZ“)(/jmw>VuMngw+wvmnDdx
Q Q

». 1

Py, 00
1 g+« 1 o

z(— >pww—x(—)cn%n
q qp« « y2

Thus, by (2.3), Proposition 2.2 (iv) along with (3.9), there exist constants c1, ¢ > 0 such that, as n — oo,

1

Dx

[ unl? do = Alual o0 ~ 1

1 + K 1 o
q+@wm+nanz(—q )u%w—x(—)cn%|
q @ p

which is a contradiction since p, > g+ x > ¢ > p > a > 1. This shows the Claim.

From the Claim, Proposition 2.1 (ii), (iii), Lemma 3.1, Brézis [13, Theorem 4.9] and the reflexivity of
WhHiee (), there exists a subsequence, not relabeled, and u € WhHies(Q) such that

Uy —u  in WhHes(Q), Vu, = Vu in [LH1°g(Q)]N,
Vu,(z) — Vu(z) a.e.in Q, u, — u in L"(Q), (3.10)
up, — u in L°(09), un(x) — u(z) ae.in 09,
up(z) — u(z) a.e.in Q, lun — ullp. .00 — 7,

as n — oo with r € [1,p*) and s € [1,p,). Note that, by (3.10) and applying the Brézis—Lieb-type lemma
due to Arora—Crespo-Blanco-Winkert [3, Lemma 4.3], we have

1 1
5/|Vun\pd;v+g/u(x)|Vun|qlog(e+|Vun|)dx
Q Q

1
- [p / |Vu, — VulP dz
Q

1
+ 2 /u(x)|Vun — Vu|?log(e + |Vu, — Vu|) dz

) X (3.11)
_ f/|Vu|pdx+f/ ()| V| log(e + [Vau]) de + on (1),

/|un|pdx—/|un—u|pdx—/|u\pdaj+on 1),
/|u p*d07/|un p*dcf*/|u

P~ do + 0,(1),
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as n — o0o. By proceeding as in Arora—Crespo-Blanco-Winkert [4, pp.34/35], we obtain the following

inequality

/ |V, P2V, - (Vu, — Vu)dz
Q

|V, :| -2
+ z) |log(e + |Vu,|) + ——————| |Vu,|* “Vu,, - V(u, —u)dx
[ o) [oste+ 19, + el (tn — )

1 1
> — / |Vug|Pde — — / |Vul? dz
p p
Q Q
1 1
+ /u(x)|Vun|qlog(e+ Vup|) dz — a/u(as)|vu|ﬂog(e+ V) da.
Q

Now, due to Young’s inequality, we get

1 1
/|un|p_2un(un - U) der > - / ‘Un‘p dx — — / |u|p dax,
Q L Py

1 1
/‘un|p*—2un(un—u)dgz */|Un D dU—f/|u
p*BQ p*aQ

o0
Therefore, combining (3.10), (3.11), (3.12), and (3.13) it follows that
on(1) = (‘Il'/\(un),un —u)

= / |V, P2V, - (Vu, — Vu)dz
o)

P~ do.

|V, :| -2
+ x) |log(e + |Vuy|) + ——=—=| IVun|" *Vu, - V(u, —u)dx
[ ) [toste + 19 + el o (1 — )

Q
+ / |t [P~ 2 (0, — ) daz — )\/ |t |2y (U, — w) dor
Q a0

- / |un
oN

1 1 1
> Z;/|Vun|pd:r— ];/|Vu|pdx+5/u(z)|Vun|qlog(e+|Vun|)d:z:
Q Q Q

p*72un(un —u)do

1 1 1
- 6/u(x)|Vu|qlog(e+\Vu|)dx+§/|un\pdxf2;/|u|pdx

Q Q Q
1 1
—)\/|un|°‘_2un(un—u)do——/|un P da+f/|u
Dx DPx
o0 o0 o0

1 1
= » / |Vu, — VulP de + p /,u(x)|Vun — Vul?log(e + |Vu, — Vul) dx
Q

1 1
+f/|un—u\pdm—)\/|un|o‘_2un(un—u)da——/|un—u
p P+«
a0

Q oQ

D« dO.

Px do

(3.12)

(3.13)
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1 1
> —p(uy, —u) — —||un — ullP* o0 + 0n(1
Tl 1) = [~ o+ on)
as n — oo. Consequently, by (3.10) and (3.11), we infer that
P+ 0,(1) > p(uy —u) > / |V, — VulP do + / |, — u|P dz, (3.14)
Q Q

as n — 00.
We suppose now that 9 > 0. Then, using Proposition 2.1 (i), together with (3.7) and (3.14), we obtain
9P+ > SYP, which implies the estimate

9> Sws. (3.15)
For any n € N, by applying Lemma 2.3, we obtain

V() = o (W), 1)

1 1
- / Vua?do + / (@) [Vt | log e + [Viun]) de

Q Q

1 1
+ / unl? o = 2 o, = o [0n 7 00

[V, | )
Vunpdx—i—/ T (10 e+ |Vu,|) + ————— | [Vu,|?dx
J el dot [ ) (ose-+ 93l + 2y ) 9

4 [ unl? do = Aunl 0 ~ 1ual

P00
Q

1 1
> = [ 9w de s 2 [ @)V tloge + [V do
Q Q

1 A 1
‘e / [unl? A = = Junl .00 = = [0l 00

Q

/ VP de + (‘““) / () log(e + V)| Veun |7 da
Q

ﬂ+q

4 / ftn P 4z — [Jel|2 52 — 2 o0

1 1 1 1
=== V[P + [ = — —— ) [Ju, ||
(p f<«'+Q> [Veenly (p H'HI) lrenly
1 1 1 1
A== | g + [ —— — = ) |Jun|/P*
<a ,_Hq) unlla. o0 (,_Hq p*) |

P+,00°

Therefore, as n — oo, by (2.3), (3.10), (3.11), and using Holder’s and Young’s inequalities, we obtain

> — =) (P ) N o
= <Q+m p*> ( e 00 (a q+K) l[ull&, 00

1 1 11
> — =) (e = ) en
- <q+f<: p*> (19 P 69) A(oz q+/<:) 19

bx—

re ||ul|S

P, 00
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1 1 1 1
> (=) (7l n) - (2 = )
<q+l€ p*> D+ ,08 q+,{ Ds P, 00

1 1\ &= /1 1 \]i=
i) TP EERT
q+r P a q+r

Finally, by (3.15) we get

0>c

(o3 Px
1 1 s 1 1\ 7= 1 1 \]7~ =
> (o)t () PG e
g+K D« q+K D« a q+k

where the last inequality follows from (3.8). This leads to a contradiction and thus implies that ¥ = 0.
Hence, from (3.14) it follows that p(u, —u) — 0 as n — oco. Consequently, the result follows by Proposition
2.2 (v). O

As pointed out in the introduction, the energy functional Wy: W1Hes(Q) — R is not bounded from
below. To overcome this issue, we employ a truncation technique to obtain a lower bound for a suitably
defined truncated functional associated with Wy. Next, we consider u € W"es(Q) such that |lul| < 1.
From (2.1) and Proposition 2.2 (iii), it follows that

o) > Lo — 20l — 2 Jull>
q « Dx (316)
= 1 Jul]*(Callull 5 — Callull = — A) = ha([lul).
where
C=max{Ca,Cp}, C1=C, o= =2
. a Cq P

We now study the behavior of hy: [0,00) — R. To this end, we define
B(t) = CotITr™ — C3tP=—,

1
_ Px—(a+rR) . . .
M} 7 and the maximum value is given by

Note that § attains its maximum at ¢, = [ =)0

qtr—a
+r—a)C pe—(atr) p —q—K
q ) 2) el i

<~ B (

due to a < g+ Kk < ps, see (H). Then, for any A € (0, ), the function hy has exactly two positive roots,
R1(X\) and Ra(A) satisfying 0 < Ry (M) <t < Ra(X). Moreover,

Ri(A) =0 asA—0 (3.17)

and

h,\(t){>0 if t € (Ry(\), Ra(N)), (318)

<0 ifte(0,Ri(\)U(Ra(N),00).

By (3.17), there exists a sufficiently small constant A > 0 such that for all A € (0, X), we have

1 ate
R;(\)? < min {2q 2q} : (3.19)
We define

A i= min{ Ao, X, A}
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Next, for each A € (0, \,), we introduce the truncated functional Uy : WhHies () — R given by

~ A 1
Uy (u) = Jy(u) — 7(J1(u)) a/|u|°‘da+;/|up* do|,
90 “50

where

1 1 1

Ji(u) == / |[VulP dz + = /,u(a?)|Vu|qlog(e + |Vu|)dz + - / |ul? dz,
Pa 7 Pa

and 7 € C°(R) is a smooth cutoff function defined by

. )
o2 {1 S RO
0 if [t > 2R (V)P

Clearly, 0 < 7 < 1. It is easy to verify that Uy € Cr(WhHie(Q),R) and that

Wy(u) < Wp(u) for all u e WhHes(Q). (3.20)
Moreover, for all u € W1tHes(Q),
~ if >2 p
Gy (u) = ¢ 2l IS 2 2R (3.21)
\I/,\(u) if Jl (’LL) S R1 ()\)p

Lemma 3.3. Let (H) be satisfied and A € (0, \.). Then the following hold:

(i) If Ux(u) <0, then Uy(u) = U, (u);
(ii) Wy satisfies the (PS). condition for ¢ < 0.

Proof. Let A € (0,),) and suppose that u € W1Mes(Q) is such that Wy (u) < 0. We first claim that
|lu]| < 1. Indeed, assume by contradiction that ||u|| > 1, then, by Proposition 2.2 (ii), it follows that
p(u) > 1. Hence, we obtain

1 1 1
Ji(u) = §/|Vu|pdx—|—5/u(w)|Vu|qlog(e+\Vu|)dx+;/|u|pdx
Q Q )

> ému) > 2R (V).

by (3.19). Then 7(J(u)) = 0 gives a contradiction to (3.21) and Wy (u) < 0. Moreover, from (3.20) and
(3.16) it follows that hx(||u|]) < 0. Then, by (3.18), we have either |Ju| < Ri(X) or |lu]| > Ra(A) > t..
We now prove that the second inequality cannot hold. Indeed, assuming |lu| > R2(A) > t. and using
Proposition 2.2, we obtain

1 1
Ti(u) > ~plu) > ~[ul] 7T > Z44H5 > 2Ry (NP,
q q q

by (3.19). This contradicts the fact that \f/,\(u) < 0 since, by (3.21), we have ‘i\/,\(u) = Ji(u) for all u €
WhHies (Q) such that Jy(u) > 2R1(A)P. Therefore, we must have ||u|| < R1()\). Applying Proposition 2.2
(i), it follows that
1 1
Ji(u) < Ep(u) < §||u||p < Ri(W)P.

The assertion (ii) follows directly from Lemma 3.2. This completes the proof. O
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Lemma 3.4. Let (H) be satisfied and X € (0, \i). Then, for any n € N there exists € = £(A\,n) > 0 such
that

gl (@XE) >n,
where (I\J;E = {u € WhHos (Q): W) (u) < *f—:}.
Proof. Let A € (0,\,) and n € N be fixed and let Y,, be an n-dimensional subspace of W1z (Q). Since

the norms of W1Hes(Q) and LY(9N2) are equivalent on Y,,, we can choose a constant &, > Ry(\)™P > 1
large enough such that

S lull® < JJullg o for all u € Y.

Thus, for any u € Y,, such that ||ul|? < 6, < 1, it follows from Proposition 2.2 and the inequality above
that

~ 1 A
U < S|P = 267wl 3.22
au) < pllull o 0n [l (3.22)

Next, we take two positive constants r and R such that

—1,\ ==
r < R < min {(5;1, (m) } (3.23)

«
Define
S, ={ueY,: |u|=r}.

Note that S,, is homeomorphic to the (n — 1)-dimensional sphere S™~!. Hence, by Proposition 2.6 (iv)
we have ¥(S, ) = n. Moreover, from (3.22) and (3.23), it follows that, for u € S,

Ux(u) <r® (rp_a - /\6;1) < R* (Rp—a _ >‘5;1> <.
p « p [e%

Therefore, we can find € > 0 such that 7 a(u) < —e for any u € S,,. Thus, S,, C ‘f/;a. It then follows from
Proposition 2.6 (i) that

v (‘T’f) = 7(Sy) =n.

Next, for each n € N, we define the sets
Y, = {A C Whes(Q)\ {0}: A is closed, A = —A and y(4) > n},
K. = {u e WhHes(Q): W) (u) = 0 and U, (u) = c}
and the corresponding minimax level

¢, = inf sup W (u).
" Aeznueg A( )

It is easy to see that ¢, < ¢,41 for all n € N.

Lemma 3.5. Let (H) be satisfied and X € (0, \y). Then, for every n € N, the level ¢, satisfies

—o0 < ¢, < 0.
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Proof. Let n € N be fixed. By Lemma 3.4 there exists € > 0 such that ’y( N ) . Since \Il)\ is even
and continuous, it follows that U} \° € Xy. Moreover, as U, (0) = 0 we have 0 ¢ W, ©. Using the fact that
SUP,, G @A(u) < —¢ and that \Tl)\ is bounded from below, we conclude that

—00 < ¢, = inf sup\IJA( ) < sup \I/>\( )< —e<0.

€Xn ueA uey®
O
The following lemma is crucial to prove the multiplicity result.
Lemma 3.6. Let (H) be satisfied, A € (0,\,), and n € N. If
C=Cp=~Cpp1 = ... = Cni¢
for some ¢ € N, then
Y(EK) >+ 1.
Proof. From Lemma 3.5 we know that ¢ = ¢, = ¢,41 = ... = ¢p4¢ is negative. From this and Lemma

3.3 (ii), it follows that the set K. is compact.
Assume that y(K.) < ¢. Then, by Proposition 2.6 (v) we can find § > 0 such that v(Ns(K.)) =
v(K.) < £, where

Ns(K.) = {u € Whes(Q): dist(u, K,.) < ).

By a standard deformation lemma (see Benci [9, Theorem 3.4]), there exist ¢ € (0,—c) and an odd
homeomorphism n: WHies () — WHee () such that

7 (@§+E \N(;(Kc)) C e (3.24)

On the other hand, by the definition of ¢ = ¢;,4¢ there exists A € 3,4, such that sup,c4 \/I\/,\(u) < c+e,
that is A C W$*e. Hence, from (3.24), it follows that

n(A\Ns(K.)) € (B57\ No(K) ) © B57~. (3.25)
Taking Proposition 2.6 (i), (iii) into account we obtain
7((AN\ Ns(Ke))) 2 (AN Ns(Ke)) = 7(A) = 7(Ns(Ke)) = n.
Thus, we have that (A \ Ns(K.)) € ¥,, and so

sup  Un(u) 2 e, =c,
uen(A\Ns(K.))

contradicting (3.25). O

Now, we are in the position to give the proof of theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.5 we know that ¢, < 0. Hence, from Lemma 3.3 (ii), it follows that
the functional W A satisfies the Palais—Smale condition at level ¢, < 0. Thus, ¢, is a critical value of 7 A
for any n € N, see Rabinowitz [40].

We distinguish two possible situations. If

—o< << ...<cp<cCpy1 <...,
then U, has infinitely many distinct critical values. If there exist n, £ € N such that

Cp =Cpt1 = ... = Cpyy = C,
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then y(K.) > ¢+1 > 2 by Lemma 3.6. Consequently, the set K, has infinitely many points, see Rabinowitz
[40, Remark 7.3], which are infinitely many critical values for U, by Lemma 3.3 (ii). It then follows from
Lemma 3.3 (i) that all these critical values correspond to negative critical values of U, = U, as well.
Therefore, problem (1.6) admits infinitely many weak solutions. U
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