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Multiple Normalized Solutions for
L?-Mass Supercritical Choquard Equations
Concentrating at a Potential Well

Yuxi Mengp, Xiaoming Hep, and Patrick Winkert

Abstract. In this paper we investigate the multiplicity of normalized solutions to
the Choquard equation

—2Au+V(2)u = u+e “(In* F(u))f(u) inRY,

subject to the prescribed mass constraint

/ |u|? dz = a?e™,
RN

where ¢,a > 0, a € (0,N), N > 3, I, denotes the Riesz potential, and the
parameter A € R arises as a Lagrange multiplier associated with the mass con-
straint. The nonlinearity f: R — R has L2-supercritical growth, while the po-
tential V: RY — R is assumed to be a C'-function. Under suitable assumptions
on V and f, we relate the number of normalized solutions to the topology of the
set where the potential V' attains its minimum. The proof relies on Ljusternik—
Schnirelmann theory. Our results improve and complement earlier works by Li-Ye
(J. Math. Phys. 55(12):121501, 2014) and Moroz—Van Schaftingen (Calc. Var. Par-
tial Differ. Equ. 52(1-2):199-235, 2015) by establishing multiplicity of normalized
solutions concentrating at the potential well V.
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1. Introduction and Main Results

We consider the following Choquard-type equation:
~Au+V(z)u= M+ (I, * F(u))f(u) in RY, (1.1)
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where aw € (0, N), N > 3, A € R is an unknown parameter, I, denotes the Riesz
potential defined by

r'(852)

[(2)r229

Aa
—a’ T € RN\{O}, where Aa =

I,(x) = N

and I' denotes the Gamma function. Equation (1.1) is usually referred to as the non-
linear Choquard equation and has been extensively studied over the past decades.
In the physical case N =3, a =2,V =1, A =0 and f(s) = s, Eq. (1.1) reduces
to the well-known Choquard—Pekar equation which goes back to the work of Pekar
[37] in 1954 on the quantum theory of a polaron at rest. The Choquard equation
reappeared in 1976 in the work of Choquard on the modeling of an electron trapped
in its own hole, arising from a certain approximation of the Hartree—Fock theory for
a one-component plasma discussed by Lieb [25]. For further physical background
on Choquard-type equations we refer to the papers by Moroz—Penrose-Tod [32],
Penrose [38], and the references therein. When looking for solutions to (1.1), two
distinct approaches can be considered. One may fix the frequency A € R, or treat
it as an unknown parameter while prescribing the mass. The former case is usu-
ally referred to as the fixed frequency problem. In the latter case, it is called the
prescribed mass problem, where A € R appears as a Lagrange multiplier associated
with the mass constraint.

In recent decades the fixed frequency problem has been extensively studied.
Lieb [25] and Lions [27] initiated a systematic study of Eq. (1.1). In particular,
Moroz—Van Schaftingen [33] proved the existence of a positive ground state solution
to the equation

—Au+u= (I * |uP)|uP~?u inRY, (1.2)

and established regularity and positivity of the ground states. They also obtained
qualitative properties and decay asymptotics of the ground states. In [35], Moroz—
Van Schaftingen studied semi-classical states for the Choquard equation

—?Au+ V(z)u = e Iy * [u|P)|ulP"2u  in RV, (1.3)

In that work they used variational methods together with a novel nonlocal penal-
ization technique. Under almost necessary conditions on the nonlinearity F' in the
spirit of Berestycki—Lions [6], Moroz—Van Schaftingen [33] investigated the existence
of ground states for (1.1) with V(z) = 0 and A = —1. Moreover, if I is even and
monotone on (0,00), then the ground state has constant sign and is radially sym-
metric. Further results on existence, nonexistence, non-degeneracy, multiplicity, and
asymptotic behavior of solutions to the Choquard equations (1.1), (1.2), and (1.3)
can be found in the works of Clapp-Salazar [10], Gao—Yang [13], Ghimenti-Van
Schaftingen [14], Li-Ma [21], Moroz—Van Schaftingen [34,35], and the references
therein.

From the perspective of physics, considering Eq. (1.1) with a prescribed mass
fRN u?dr = a® > 0 and with A € R appearing as a Lagrange multiplier is par-
ticularly significant and challenging. The prescribed mass represents the power in
nonlinear optics or the total number of atoms in a Bose—Einstein condensation.
Besides its importance in physics, the fixed mass problem is mathematically more
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difficult than the fixed frequency problem. We note that there has been increasing
research on normalized solutions of the Choquard equation (1.1) in recent years.
It is worth emphasizing that in the study of normalized solutions to the following
Choquard equation

—Au =M+ (I % [uP)[uP~%u  in RY, (1.4)
three exponents play an important role and must be distinguished: the Hardy-

Littlewood—Sobolev lower critical exponent p, the Hardy-Littlewood—Sobolev upper
critical exponent p, and the L?-critical exponent p*, given by

_ N+a _  J+oo if N=1,2, « N+a+2
P=7N 7 PP\ N PT TN

Since for p < p* the functional J: H'(RY) — R, defined by

1 1
Ju:/ Vu2dx—/ I, * |u|?)|ulP dz,
W=y | Vudr =g | (o)
is bounded from below on the sphere
S, = {u € HI(RN): l|lull2 = a},

while for p > p* the functional J is no longer bounded from below on S, see Luo [30]
and Ye [43] for more details. In particular, Ye [43] obtained a ground state solution
for (1.4) by considering a minimizer of J constrained on S, when p < p < p*.

When mixed nonlinearities are considered, there are also many interesting re-
sults for the following equation

—Au = M+ (I * [uP)|uP~?u + plu|? % in RY. (1.5)

Li [20] proved the existence and orbital stability of ground states for normalized
solutions of (1.5) when N > 3, v =1,2 < g < 2+ %, and p = p. Later, for
the L2-critical or L?-supercritical perturbation term p|u|?2?u, Li [19] studied the
existence, nonexistence, and symmetry of normalized ground states for (1.5) by
virtue of the mountain pass theorem, the Pohozaev constraint method, the Schwartz
symmetrization rearrangement technique, and polarization methods. In [45], Yao—
Chen-Radulescu—Sun investigated the existence of normalized solutions for (1.5)
with NV >3, v=-1,2<¢q <2 := 27_1\/27 and p = p. Moreover, Ye-Shen—Yang
[44] and Shang-Ma [39] studied the following upper critical Choquard equation with
nonlocal perturbation

—Au = u+ (I * [uP)ulP"2u + (I * |uP)|uP~2u  in RY, (1.6)

where p < p < p*. They proved that Eq. (1.6) admits normalized ground states
and mountain-pass type solutions. Furthermore, Cao—Jia—Luo [7] investigated the
equation

—Au = M+ p(|z] 7 * |ul®)u + (2|77 * [u/*)u  in RY, (1.7)
where N > 3. Under different assumptions on v and 3, they established the existence
of normalized solutions for (1.7) when 0 < a < 8 < min{4, N}, and further analyzed

their asymptotic behavior. Later, Jia—Luo [17] studied the normalized solutions of
(1.7) with N > 5,0 < o < 4, and § = 4.
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For the Choquard-type equation with a more general nonlinearity
—Au=Xu+ (Io * F(u))f(u) inRY, (1.8)

Li—Ye [23] proved, by using the minimax method together with the concentration
compactness principle, that Eq. (1.8) possesses at least one normalized solution
under a set of assumptions on f. In particular, when f takes the special form

f(s) = Cils|" s + Cofs|P~2s,

their result requires that p* < r < p < p. Later, for N > 1, Bartsch-Liu-Liu [5]
further obtained a normalized ground state and infinitely many normalized solutions

o0 (1.8). As far as we know, external potentials V' inevitably arise in many problems
coming from practical physical models. Accordingly, many authors introduced such
external potentials into Choquard-type equations, namely

—Au+V(2)u =M+ (I * [uP)[uP~%u  in RY, (1.9)

and investigated the existence of normalized solutions for (1.9). For the mass sub-
critical case, we refer to Cao-Wang-Zou [8] and Ye [43], while for the mass critical
case we mention the work of Li-Xiang—Zeng [22]. In these works, the presence of a
trapping potential allows one to obtain the compactness properties required in the
variational analysis. In [29], Long-Li-Rong proved that the Choquard-type equation
admits a positive normalized ground state solution via comparison arguments under
suitable assumptions on V. Besides, Ao—Zhao—Zou [1] considered a class of nonlinear
Choquard equations with more general nonlinearities and proved the compactness
of every minimizing sequence together with the existence of normalized solutions
for the equation

—Au+ (V4 Nu=(Iy*F(u)f(u) inRY,

under appropriate conditions on V and F', where f = F’. Under suitable assump-
tions on the potential V', Meng-Wang [31] demonstrated the multiplicity of nor-
malized solutions for the Choquard-type equation in the mass subcritical case. For
further results we refer to the works of Gao—He [12], Guo—Zhang [16] and Long—Feng
[28], as well as the references therein. Moreover, we mention the following recent
results on normalized solutions for different classes of problems, see the papers by
Chen-Tang [11], Jin—Yang—Zhou [18], Liang-Ma—Shi-Song [24], Wei-Song [42] and
the references therein.

Motivated by the aforementioned works, in this paper we are concerned with
multiplicity of solutions to the equation

—?Au+V(z)u=u+e (I, * F(u))f(u) inRY, (1.10)

with the prescribed mass constraint
/ lu|? dz = eV a?, (1.11)

RN

where €,a > 0. The main purpose of this paper is to establish the multiplicity of
normalized solutions for the problem (1.10)-(1.11) when the nonlinearity has L?-
supercritical growth. In particular, we relate the number of normalized solutions
to the topology of the set where the potential V' attains its minimum. This will
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be achieved by applying the Ljusternik—Schnirelmann theory. Recall that Alves—
Thin [3,4] first studied the multiplicity of normalized solutions for the Schrédinger

equation
—?Au+V(z)u = u+ f(u) inRY,

by means of the Ljusternik—Schnirelmann category theory. In their results the non-
linearity f is a continuous function with L?-subcritical growth satisfying the follow-

ing assumptions:
(C1) The function f: R — R is continuous, odd and lim_.o ‘L{q(% = a > 0 for some
qo € (2, 24 %)
(Cs) There exist constants c1,cz > 0 and p € (2,2 + =) such that
If(s)] <1 +colsP™ for all s € R.
(C3) There is q € [go,2 + &) such that the function s — f(s)/s?"! is increasing on
(0, +00).
In [4], the potential V' is assumed to satisfy the local condition:
(A1) There exists a bounded open set A C RY such that
inV(z) < min V(z) = V.
minV(z) < min V(2) = Vs
While in [3], the function V' is supposed to verify the global condition:
(Az) V € C(RYN,R) N L®(RY) with V(0) = 0 such that
0= inf V(z)< liminf V(z) = V.
reRN |z|—4o00
We note that, since the nonlinearity f is L2-subcritical growth, the energy of the
normalized solutions obtained in [3,4] are negative. Recently, the main results and
methods in [3,4], have been extended to the Choquard equation by Wu-He [41],
and to the logarithmic Schrédinger equation by Alves—Ji [2].
In this paper we impose the following assumptions on f and V:
(f1) f: R — R is continuous and odd.
(f2) There exist some numbers r,p € R satisfying
N+a+4 cr<p< N+«
SRR L e
N =PSNZy
such that
0<rF(s) < f(s)s <pF(s) forall seR\{0}.
(f3) The function

F(s):= f(s)s — N;a

is of class C! and the map

F(s)

F(s)

s |s|(N+a+2)/N

is nonincreasing on (—o0,0) and nondecreasing on (0, +00).
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(Vl) Ve Cl(RN),
V()= inf V(z)< lim V(z)= sup V(z)=0,

zERN || —4o0 2ERN
and there exists
c (o Nr—N—-a-14
o1 " Nr—N-a
such that
V(z)|ul? dz| < 01| Vul|3, for all u € H'(RY).
RN
(V2) Set W(z) := 2(VV(z),z) with W(0) = 0 and | |lim W (z) = 0. There exists
x|—+o0
0y € <07min{N+ap(N2), (1-0)('N-N-a) 1})
2p 2
such that
W(z)|u|?dz| < oo||Vul|2, for all u € H'(RY).
RN
(V3) The gradient VW () exists a.e.in RV and coincides with the weak gradient of
W (z). Define
N+2-—-N-—
V(@)= "0 W (@) + (VI (), 2),

2
and assume lim Y (xz) = 0. There exists

Jf oo
N — (N 2
03€<0’r ( 2—|—a+ )>

such that

Yi (@) uf? do
RN

< o3||Vul|3, forall u € HY(RM).

From conditions (V1)-(V3s), we see that ||V||p~ := sup,cp~ |V(2)] < co. In
order to relate the number of solutions to (1.10)—(1.11) with the topology of the set
of minima of the potential V', we introduce the set of global minima of V' given by

M = {:1: cRY: V(z) =V(0) = Igﬁ{fN V(x)} :

Note that M is compact. For any § > 0, we define
M = {z € RN : dist(z, M) < §}.
Now we can state our main result.

Theorem 1.1. Assume N > 3, the nonlinearity f satisfies (f1)—(f3), and the potential
V' satisfies (V1)—~(V3). Then, for any § > 0, there exist eg > 0 and Vi > 0 such
that if ||V~ < Vi, problem (1.10)—(1.11) admits at least catp, (M) pairs of weak
solutions (uj, \;) € H'(RN) x R for all ¢ € (0,e0), with [ |uj|*dz = a®e™ and
)‘j < 0.
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By the change of variables z = ex, problem (1.10)—(1.11) is equivalent to the
problem

—Au+V(ex)u = M+ (I * F(u))f(u), in RN,
(1.12)
/ |u|? dz = a?.
RN

To obtain solutions of (1.12) by the constrained mass method, we search for critical
points of the energy functional J.: H'(RY) — R defined by

J.(u) = ;/}RN Vul? do + % /RN V() uf? dz — % /RN(Ia v F(u))F(u) da

restricted to the sphere
Sa={ue H'RY): [lul2 = a}.

where || - ||, denotes the usual norm in L(RY) for ¢ € (1, +00).

Recall that if Y is a closed subset of a topological space X, the Ljusternik—
Schnirelmann category catx(Y) is the smallest number of closed and contractible
sets in X that cover Y. If X =Y, we write cat(X). For more details we refer to the
monograph by Willem [40].

Remark 1.2. (i) To the best of our knowledge, there are few results on the mul-
tiplicity of normalized solutions for the Choquard equation (1.10) obtained
via the Ljusternik—Schnirelmann theory, except for the work by Wu-He [41].
In that paper the nonlinearity f has L2-subcritical growth and the potential
V satisfies the local condition (A7). In the present paper we complement the
results of Wu-He [41] by considering nonlinearities f satisfying (f;)—(f3) and
potentials V satisfying (V1)—(V3). In particular, the energies of the normalized
solutions obtained for problem (1.10)—(1.11) are positive.

(ii) Our results improve those of Li—Ye [23] by establishing the multiplicity of con-
centrating normalized solutions in the presence of a nonconstant potential V.
Moreover, our work extends the results of Moroz—Van Schaftingen [35] in the
sense that we investigate the multiplicity of normalized solutions concentrating
at the potential well V.

(ili) As will be seen in the sequel, several new difficulties arise in our analysis.
In particular, the presence of a nonlinearity f with L2-supercritical growth
implies that the functional associated with (1.10)—(1.11) is unbounded from
below on S,. Consequently, the direct minimization method cannot be applied.
To overcome this difficulty, we shall introduce a new constraint set.

This paper is organized as follows. In Sect. 2, we study the autonomous problem
associated with (1.10)—(1.11). In Sect. 3, for the nonautonomous case, we analyze
the Palais-Smale condition on the Pohozaev manifold P, , (see (3.7)) for the energy
functional J. and establish several technical lemmas that are useful for proving a
multiplicity result. In Sect. 4, we prove that J. possesses at least cat s, (M) critical
points on P; , by applying the Ljusternik—Schnirelmann category theory.
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2. The Autonomous Case

In this section, we first study the autonomous problem
—Au+ pu =M+ Iy * F(u))f(u) inRY, (2.1)

under the normalization constraint

/ lu|? dz = a?, (2.2)
RN

where a > 0, V(0) < p <0 is fixed, « € (0, N), N > 3, I, is the Riesz potential,
A € R appears as an unknown Lagrange multiplier, and f: R — R fulfills (f;)—(fs).

It is easy to see that normalized solutions to (2.1)—(2.2) correspond to critical
points of the energy functional

() = ;/RN Vel? dz + & /RN fuf? dz — % /RN(IQ v F(u)F(u) dz,
restricted to the constraint
Se={uc HYRY): |Jullz = a}.
The main result of this section is stated as follows.

Theorem 2.1. Assume that f satisfies (f1)—(fs). Then, for any a > 0, problem (2.1)—
(2.2) admits a solution (u,\) € H'(RY) x R for every fived V(0) < pu < 0.

In what follows we present several lemmas that will be useful in the proof of
Theorem 2.1. One of the main tools in our analysis is the Hardy—Littlewood—Sobolev
inequality which can be found in the book by Lieb-Loss [26, Theorem 4.3].

Lemma 2.2. Let r,t > 1 and a € (0,N) satisfy % + % = 1+ &. Assume that
f € L"RY) and h € LY(RYN). Then there exists a sharp constant C(r,t,a, N),
independent of f and h, such that

f(@)h(y)
e dody < C(r.t o, N[ fll- 2] 9.3
//RQN 7= ygpi-a Wwdy = COnt o Nl 1Al: (2.3)
Moreover, if r =t = ii\fa, then

vee T(8) (TE\ Y
C(ryt,a, N)=m 2 F(%) <FEN;> )

In this case equality in (2.3) holds if and only if f = Ch and

N+ao

h(z) = A(y* + |z — b]*) 72
for some A€ C, v € R\ {0}, and b € RV,

We also recall the well-known Gagliardo—Nirenberg inequality, see Nirenberg
[36].
Lemma 2.3. Let N > 3. For any u € H'(RY) we have
1-8)t , N(t—2)
lulli < Cllulls™ " I Vulls,  with =5,
for some positive constant C = C(N,t) > 0, where 2 < t < 2*.

(2.4)

@ Springer



Multiple Normalized Solutions for L?-Mass

Lemma 2.4. Let N > 3 and assume that f satisfies (f1)—(f3). If u € HY(RY) is a
weak solution of (2.1), then u € P, where

P = {ue H'(RY): P(u) =0}

and
N N
P(u) := ||Vul|3 + ;—a/ (IQ*F(U))F(u)dx—E (Io % F(u)) f(uw)ude.
RN RN
Proof. Let u € HY(RY) be a weak solution of (2.1). Then we have
IVull3 + (e = Ml - /RN(Ia * F(u)) f(u)udz = 0. (2.5)

Moreover, by the Pohozaev identity, we also deduce that

N -2 N+«
— y /R (T F(w)F(u) dz = 0.

Combining this equality with (2.5) and eliminating the unknown parameter A, we
obtain

IVull3 +

N
IVals + 5 (v = Mlullz -

N+«
2
Hence, u € P. ]

Tu(tz) for (t,u) € RT x HY(RN),

/ (I % F(u))F(u)dz — % (Io * F(u))f(u)udz = 0.
RN RN

We now recall the fiber map (t xu)(z) =t
which preserves the L?-norm. Define

Juu(t) = J,(t*xu).
A direct computation shows that
(Jo) (1) = %P(t ). (2.6)
For a > 0, we set
P, =S, NP.

Lemma 2.5. Let u € S,. Then, t € R is a critical point for J, ,(t) = J,(t xu) if
and only if t xu € P,.

The proof of Lemma 2.5 follows directly from (2.6).

Lemma 2.6. Let u be a critical point of J,, restricted to Py. If (J,.)" (1) # 0, then
there exists A € R such that

Ji(u) = Au=0 in H'(RY).
Proof. Let u be a critical point of J,,(u) restricted to P,. Then, by the Lagrange
multiplier rule, there exist A\, A\g € R such that
J(u) = du— X P'(u) =0 in H'(RY). (2.7)
We claim that Ag = 0. To this end, suppose that u satisfies (2.7) and u must satisfy
the corresponding Pohozaev identity

)y = P g
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where ¢(u) := J,(u) — 2A|[ul|3 — AoP(u) is the corresponding energy functional of
(2.7). Indeed, we observe that

Pu(t) =t xu) = J(t*xu) — %)\HUH% — Ao P(t*u)

1
= Tualt) = Al = Aot(J) (1)

Consequently,

(1) = P (1 A (1) — Aol ()

Evaluating at t = 1, we obtain
0= ()" (1) = (1 = 20) (Jyo,u)' (1) = Ao (Jpuu)" (1)
= (1= 20)P(u) = Ao(Jpu)" (1)
= =20 (Jpw)"(1).
Since (J,,,,)" (1) # 0, it follows that Ao = 0. Therefore,
Ji(u)—Au=0 inH "R"Y).
O

Lemma 2.7. Let N > 3 and assume that f satisfies (f1)—(f3). Then, for any a > 0,
there exists 6, > 0 such that

inf [|[Vullz > 0.
u€P,

Proof. Since u € P,, we have the Pohozaev identity

IVull3 = 5 / (Lo () Fw) da.

Using assumption (fz), the Hardy—Littlewood—Sobolev inequality (2.3) (see Lemma
2.2), the Gagliardo—Nirenberg inequality (2.4) (see Lemma 2.3) and the Sobolev
embedding inequality, we deduce that there exists a constant C' > 0 such that

N Il rN—N-—« —N—-«o
5 [ e Fa) P de < € (1Pl 4 [vulg¥=> =) . @8)
which means that

IVul3 < € (IVullg¥ =¥ + [Tuls> V=)

Since p > r > %, we have
pN —N—-a>rN—-—N—-—a>2,
which implies that there exists d, > 0 such that ||Vullz > d, > 0. O

Lemma 2.8. Assume that N > 3 and f satisfies (f1)—(f3). Then the functional J,
restricted to P, s coercive, that is,
lim  J,(u) = 4o0.

uEP,,
IVullz2—+00
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Proof. Let u € P,. By assumption (f), we have that
N ~ N —N —
V|2 = / (I * F(u))F(u)dz > To‘/ (I * F(u))F(u) dz.
2 Jan 2 .

Since r > ME2E2 it follows that, as ||[Vulls — +oo0,
1 2 H 2 1
Ju(u) = = |Vul|*dz + = lul*dz — = [ (Io* F(u))F(u)dx
2 RN 2 RN 2 RN
1 1 W
= <2 - M) IVull3 + 5”“”3 — +00.
Hence,

lim J,(u) = +o0.
i u(u)
IVull2—+oo

0

Lemma 2.9. Assume that N > 3 and f satisfies (f1)—(f3). Then (J,.)"(1) <0 for
any u € P, and consequently P, is a natural constraint for J, restricted to S,.

Proof. A direct computation shows that
(Jie)" (1)
N(N+a+1) N =, N
= [|Vull3 + T oiNTatz /RN(IQ * F(t2w))F(t2?u)de

- — (Inx F(tzu))f(tzu)tzu+ (In x F(tzu))F'(tzu)tzu) dz.
v o ( )

Thus,

(o) = V0l + 5 [ (o ) |V + 0+ DF () - 5 F)a] o

N? -
- /RN(Ia « F(u)) f(u)udz.

For any u € P,, we have the identity
N ~
IVull? = / (I * F(u)F(u) da. (2.9)
2 Jan

Using (2.9) together with (f3) and (f3), we deduce that

(o) = 9l + 5 [ (s ) |V 40+ DF () = 5 F (] do
N2 ~
— 4/RN(ICY * F(u)) f(u)udx
<IVulg =" [ (o s F)Pl)da

+% <(N+a+1)—N+2a+2> /RN(Ia*F(U))ﬁ(U)dx
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N+4+a+2 rN
—IVul+ (4 a+ ) - T2 T pougg

(N+a+2)—rN
- ] I7ul3

and by Lemma 2.7, we have

@hQ%U:(N+aZ”_TNﬁ<0. (2.10)

Since r > %

Therefore, by Lemma 2.6, the set P, is a natural constraint for .J,, restricted to S,.
O

Lemma 2.10. Let {up }nen C Pq be a bounded sequence such that J,,(u,) approaches
a possible critical value. Then, by an argument similar to that in Lemma 2.6, we
can deduce that

, —1 /N
J/;(un) — Ay, — 0 in HH(RY)
for some bounded sequence { A, }nen C R.

Proof. Let {u,}nen C P, be such that J,(u,) approaches a possible critical value.
Then, by the Lagrange multiplier rule, there exist A, A\¥ € R such that, as n — +o0,

I} (Un) = Aptin — Ay P'(up) — 0 in HH(RY).
By Lemma 2.6, we have
AZ(Jﬂvun)//(]‘) - O
By Lemma 2.7 and (2.10), it follows that

N 2)—rN
(1) « HOE2 N0

Hence, A\ — 0. Since {uy, }nen is bounded in HY(RY), we deduce that, as n — +o0,

I} (un) = Aptiy — 0 in H-H(RY).

O

Lemma 2.11. Assume that N > 3 and f satisfies (f1)—(f3). Then, for any u €
HY(RN)\ {0}, there exists a unique t, > 0 such that t, xu € P,. Moreover, t,, > 0
is the unique critical point of the functional J, ,,and satisfies

Ju(ty xu) = max Ju(t*u).

Proof. Let u € S,. Since u € HY(RY) \ {0}, we have ||[Vul]z > 0. A direct compu-
tation shows that

, N
(i)' (8) = t]|Vuul|3 —

SiNTtatl RN(Ia * F(t2w)F(t2u)de

:t@vm@—§¢@07

B *zw%w F(t>u) N
w= [, (Ia (tg)w) o)

where
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For any s € R\ {0}, assumptions (f2) and (f3) imply that the functions

F(ts) F(ts)
o MY N Tty /N
are nondecreasing for ¢ € (0, +00). Moreover, since r > W and
F(ts) _ F(ts) o Nta+a
t(N+a+2)/N — 4r ’

we deduce that mf«(mii‘?)/zv is strictly increasing in ¢ € (0, +00). Hence ¢ +— (%) is

strictly increasing for ¢ > 0, and therefore there is at most one ¢ > 0 such that
(Juu)'(t) = 0. From (fy), for s € R, we have

tPF(s) < F(ts) <t"F(s), if0<t<1, (2.11)

t"F(s) < F(ts) <tPF(s), ift>1. (2.12)
Combining (2.11) and (2.12), we obtain

F(ts) F(ts)

i ey =0 and  lim oo toN

<T_ N]‘VFO‘) F(s) < F(s) < (p— N;“) F(s)

and (N + a +2)/N < r < p, we also have

= +o0. (2.13)

Since

) F(ts _ F(ts
}1—1?(1) t(N+a+2))/N =0 and tilfrnoo 75(1\/+a+2))/1\7
From (2.13) and (2.14), we deduce that ¢ (t) — 0 as t — 0 by Lebesgue’s dominated
convergence theorem. Hence, (J,.)'(t) > 0 for t > 0 sufficiently small. So, there
exists t; > 0 such that t — J, ,(t) is increasing on (0, ;).
On the other hand, by Fatou’s Lemma, we have ¢ (t) — +oo as t — +o00. Hence
there exists t9 > t; such that

= +00. (2.14)

Juu(te) = max J, ,(1).

>0
It follows that (J,.) (t2) = 0, and therefore to x u € P, by Lemma 2.5. Assume
by contradiction that there exists another t3 > 0 such that ¢35 x u € P,. Then,
by Lemma 2.9, both t; and t3 are strict local maxima of J,, ,(-). Without loss of
generality suppose that t3 > t5. Then there exists some t4 € (t2,¢3) such that

Lw@@:uﬁgd%m@-

Hence, t4 is a local minimum of J, (t), so (Ju.)'(ts) = 0. Thus t4 *u € P, and
(Jptaxn)” (1) = (Jpuu)”(ta) > 0, which contradicts Lemma 2.9. Therefore the critical
point is unique. O

Lemma 2.12. The following minimax structure holds

Yy i= uienga Ju(u) = uiélga max Jyu(t*u).
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Proof. Let u € P,. By Lemma 2.11, we have

Ju(u) =Ju.(1) = max Ju(t*u) > ulélga max Ju(t *u),

which implies

inf J,(u) > inf maxJ,(t*u). (2.15)

UEP, ueS, t>0

Conversely, let v € S,. By Lemma 2.11, there exists ¢, such that ¢, xu € P, and
Jyu (tu % u) = maxyso Jy,(t * u). Therefore,

. < _
ulen7£a Ju(u) < Jy (tu % u) I?fgju(t*u)’

which yields

u16n7£a Ju(u) < ulélsfa max Ju(t*u). (2.16)

Combining (2.15) and (2.16), we conclude that

ulen7£a Ju(u) = ulélsfa max Ju(t*u).

O

Corollary 2.13. Assume that N > 3 and f satisfies (f1)—(f3), V(0) < p1 < p2 <0,
and there exists some V, > 0 such that |V (0)| < V... Then, 0 <Y, o < Ypya-
Proof. Let ug € P, be such that J,,(ug) = T, q. Then, we have

T,ul,a < Jl—Ll (U’O) < Ju2(u0) = T,ug,a-

Similar to the proof of Lemma 2.8, we can derive the estimate

1 1251 1
Jpu, (u) = Q/RN |Vu|? dz + 5 | lul? dz — 3 /RN(Ia x F(u))F (u) dz

1 1 %51
s (f__ + 2, M1 2
> (3 o= ) IVl + Sl

N+a+2
N

From r > and Lemma 2.7, we obtain

1 1 9 1 1 9
e >z ———— .
(2 rN—N—a)”VUH2_<2 rN—N—a>5a>O

Hence, we infer that

1 1 V(0)
> R I v BT SO )
J‘“(u)_<2 rN—N—a)5a+ 2 ¢
1 1 VIl
_<2 rN—N—oz) “ 2 a*>0,
under the condition
262 (1 1
”Wm<”-az@‘mwmua>
So, we have T, , > 0. O
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Lemma 2.14. Assume that {uy }nen C Py is a minimizing sequence for X, ,. Then
there exist a sequence {yn }nen C RY and constants R > 0, k > 0 such that

/ U, |? dz > k.
BR(yn)

Proof. Assume by contradiction that the statement is false. Then, by the Lions
vanishing lemma, we obtain

/ lupPdz — 0, asn — +oo, for 2 <p < 2",
RN

Using condition (fz), the Hardy-Littlewood—Sobolev inequality (2.3) and Lebesgue’s
dominated convergence theorem, we deduce

/ (Io * F(up))F(up)dx — 0 and / (Io % F(un)) f(up)u, de — 0,
RN RN

as n — 4o00. Since u, € P,, we obtain

0 = Pluy) = [[Vun |2 + 212 / (I * F(up))F(uy) dz
RN
—g (Lo % F(wn)) f (tn)tn dz (2.17)
RN

= [Vun|3 + 0n(1).
However, by Lemma 2.7, there exists 6 > 0 such that § < ||Vu,||3, which contradicts
(2.17). Hence the result follows. O

2

Lemma 2.15. Fiz p € R and let 0 < a1 < az < 4+00. Then, T, 4, < %T%al. In
1

particular, if p =0, then Yo 4, < Yo,q4,-

Proof. Let 0 < a1 < as < +o0 and set § = Z—f > 1. For any u; € S,,, define

uz(x) = uy (0~ ~x). Then,

_a
Va3 = 6> ¥ [[Vur |3, ualls = 6w |5 = a3,

and

/ (L, % F(us)) Fus) dz — 02+5 / (L % F(u1)) Fuy) dz.
RN

]RN
By Lemma 2.11, there exists ¢,, > 0 such that t,, x us € P,, and

max Ju(t xug) = Jyu(ty, *us2).

Hence,
Thap < max Jy, (5 uz)

= Jﬂ(tuz * u2)

1 I 1 N N
— itiQHVmH% + §||u2||g - W /RN (Lo * F(tiyuz)) F(ti,ug) do

1 _a
= S8,6° ¥ V|3 + 567w 3
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- 9>+ (1. *F(t%u ))F(t%u ) dx
2t,{>;+a . « ug Wl u W1

1 4
= 02 (b % ) + 5 (077 = 0%V (ty )3

_ Ligern —92)/ (Lo # F (b, % 11))F (t, 5 1) da
RN

Z

2
< GQJM(tuQ *ul)
< 6? max Ju(t*ur).

Since uy € S, is arbitrary, we have

2

a
Tya, <0° inf maxJ, (txu;)=—2T
ay
72

a1+
w1 €8,, >0 o

If £ =0, let again 0 < a1 < a2 < +00 and set 6 =
us(z) = 672 uy(0~a). Then,

> 1. For u; € S,,, define

IVualls = [Vull3,  luzll = 0%[lur]|3 = a3,

and

/ (I % F(ug))F (up) dz = N+ / (I« F(°2
RN

RN
Using Lemma 2.11 again, we can find ¢,, > 0 such that ¢,, x us € P,, and

max Jo(t *u2) = Jo(tu, * uz).
Therefore
Yo, < max Jo(t x uz)

= Jg( us *UQ)

N

1 N N
2
,t HV’U/QHQ 2t1]LV2+a /]RN (Ia * F(t’U?Q’U/Q))F(t’LEQUQ) dz

1 N o2_N N o2_N
= 7t2 ||V 1”2 N+a9N+a/ (Lo * F(t5,0 2 uy))F(t3,0 2 uy)de
2tu, RN

1
Qti\’;—a

1 N N
< *t2 ||VU1H2 2t1]:[2+a /RN(IQ *F(tlfzul))F(tuQQU/I) dz

N N
< 42 Va2 - pN+a-p(N-2) /R (Lo Pl F(tdn) o

= J[)( Us * Ul)
< max Jo(t xuy).
—t>0 0( 1)
Since u; € S, is arbitrary, we have Yo 4, < Toq,- O

Proof of Theorem 2.1. Let {uy, }nen C Py be such that J,(u,) — Y, 4. Let @, () :=
Un (2 +yn), where {y, }nen is the sequence given by Lemma 2.14. Clearly, J,(4,) —
Y, and 4, € P,. By Lemma 2.8, the sequence {uy,}nen is bounded in H!'(RY).
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Hence, up to a subsequence, we may assume that there exists 7 € H*(R") and such
that

i, —a in H'(RN),

Up, — @ in LY

(RN) for 1 < ¢ < 2%,
Up — @ a.e.in RY.

We claim that @ # 0. Otherwise, a direct computation gives

/ i ()] da = / (e + o) dz = / it (2)? dt = 0 (1),
Br(0) Br(0) Br(yn)

which contradicts Lemma 2.14. By Lemma 2.10, we know that
on(1) = <J,/L(Un) — )\nun,un>
= HVunH% + (1 — /\n)HunH% - /N(Ia * F(upn)) f(un)u, dz.
R

Since {uy, fnen is bounded in H(RY), by assumption (fy), the Hardy—Littlewood—
Sobolev inequality (2.3), the Gagliardo—Nirenberg inequality (2.4) and the Sobolev
embedding inequality, we deduce that

= Anla® < [ Vun 2 + / (T # F () (ttn Yt 2 + 0 (1)
RN

rN—N—«a N—N-—
< Vuall3 + Cr(lVunl5™ =% + [[Vun|b “) +on(1)
S 027

for some C7,Cy > 0. Therefore {\, }nen is bounded. Passing to a subsequence if
necessary, we may assume that A, — A for some A € R.
Again by Lemma 2.10, we have

J)(un) = Aty — 0 in HH(RY).
Thus, for any ¢ € H'(RY), we get
<=],;(ﬂn) - Anﬂna ¢>

= V&n-v¢dx+(u—)\n)/

RN R

N Up¢dx — /RN (Lo * F(ty)) f (U)o dz

— [ Vun(e) Vo — o) dz+ (u— An) / Un(2)$(z — y) da
RN RN

~ /RN(Ia & F(un (1)) f (1 ()6 — ya) da

= (T} (un) = Anttn $(- = )
= 0,(1),

which implies that
J) (i) = Aplin — 0 in HHRY). (2.18)
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For any ¢ € H'(RY), by the definition of weak convergence, it follows that

Vi, - Vedr — Vi -Vedz, asn— +oo. (2.19)
RN RN
Since A\, — A, we also have
)\n/ Uppdr — )\/ apdz, asn — +oo. (2.20)
RN RN

By the Sobolev embedding theorem, {7, }ney is bounded in L2(RN) N L2 (RY).
Using (f2), the sequence {F(uy,)}nen is bounded in L%(RN). Hence, F(u,) —
F(a) in L¥ta (RY). Since the Riesz potential defines a continuous linear map from
L~+a (RY) into L¥-a (RY), we get In # (F(iy)) — Lo+ (F(@)) in L¥-s (RY). Again
by (fz), the sequence {f(@,)}nen is bounded in L%(RN) and f(u,) — f(a) in
Ll‘g% (RN). Therefore, for every ¢ € C§°(RY),
/N(ICY « F'(t,)) f(t,)pde — / (Iox F(u))f(a)pdr — 0.
R R

N

Moreover, by Holder’s inequality, the sequence { (I, * F(Uy))f(tn) }nen is bounded
in L%(RN), because

[ W @) ) 2 da

N—«
2N N+2 2N N+2
s(/ ua*mn)\w—adx) (/ \f(anﬂwdx) -
RN RN

Since C§°(RY) is dense in L%(RN ), we conclude that
(I % F(@n)) f(@n) = (Io * F(@))f(d@) in L¥2 (RY). (2.21)

Consequently, for all p € H'(RY), by virtue of (2.18), (2.19), (2.20), and (2.21), we
obtain

on(1) = <J;¢(an) — A, ‘P>
:/ Vﬂn'Vgode—/ ,uftncpdx—)\n/ Upp dx
RN RN RN

—/ (Io x F(ty)) f(Uy)pdx
RN

—/RNVﬁ~chda;+/RNuﬁg0dx—)\/H{Nﬂcpdx
_ /RN(Ia « F(@)) £ (@) dz + o (1).

Hence, @ satisfies

— AU+ pte = N+ (Io * F(@))f(@) inRY, (2.22)
Testing (2.22) with @ € H}(RY), we have
Va3 + (n—Nlall3 - /RN (Lo * F(a))f (@)@ dx = 0. (2.23)
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Moreover, by the Pohozaev identity, we also deduce that

N -2 N+« N -
Mo : /RN(Ia ¢ F(@)F(@)dz = 0. (2.24)

Combining this identity with (2.23), we get
N -
IValg =5 [ T+ F@)F(@ s,
2 RN
that is, P(a) = 0. Moreover, by (2.23), (2.24) and (f2) we have

= Wlulg = [ os F@) (S5 F@) - 25 @) do

> [ aera) (Y0 - ) s

_ N _
IVals + 5 (= Mlals -

> 0,

which implies 1 — A > 0, and so A < p < 0.

We next prove that ||@||2 = a. Assume by contradiction that ||@|2 = [ # a. Since
Up, — @ in L2(RY) and ||t |2 = a, we necessarily have [ € (0,a). Set v, = 1, — @
By the Brezis-Lieb splitting lemma, we have

Va3 = [Vou |3 + Va3 + on(1),
Hﬂan = anHg + H"FLH% =+ On(l)'

Arguing as in the proof of Lemma 2.17 in Li-Ye [23], we also have

/ (I + (i) F(iiy) dz = / (I + F(v,))F(v,) da
RN

RN
+ /N(Ia * F (1)) F (@) dz + 0,(1).
Furthermore, by Lemma 2.15, we have thaﬂi
Ty = Ju(Un) + 0n(1) = Ju(v) + Ju (@) + on(1)
2 Lo ffonlls + Loz + 0n (1)

: (2.25)
[onll2
= ;2 Tpia + Ty fill, + 0n(1)-
Let h2 = |lv,]|3. Passing to a subsequence, we may assume that h? — h2. Since
|@]|3 = 1, we have a? = h? + [?. Letting n — +oo in (2.25), we get
h2

Twa 2 5 Tua+ Tyl

Since [ € (0,a), Lemma 2.15 yields

h? 12 <h2

12
Ta > ?Tu,a + gTuﬂ = a2 a2

2) T,u,a = T,u,a,

a contradiction. Therefore, ||ii|s = | = a. It follows that %, — @ in L2(RY). By
interpolation, we have that

U, — 4 in LYRY), forall 2 < ¢ < 2%

+
a
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Consequently,
/RN(Ia « F'(t,))F (ty,) dz — RN(IQ « F'(a))F(u)dz
and
/RN (Lo * F(Uy)) f () ty, de — RN(IQ « F(a))f(a)udz.
Since P(ii,) = P(@) = 0, we deduce that ||Vi,||3 — ||Vil|3. Therefore, i, — i in
H'(RY). This completes the proof. O

3. The Nonautonomous Case

In this section, we consider the nonautonomous Choquard problem
—Au+V(ex)u = M+ (I * F(u))f(u) inRY, (3.1)

subject to the normalization constraint [ |u|?* dx = a?, where g,a > 0 and A\ € R
is an unknown parameter appearing as a Lagrange multiplier. We will prove some
properties of the functional J. given by

1 1

Jew) = /RN IVl dz + ;/RN Vien)ul dz - /RN(Ia ¢ F(u))F(u) dz

on the constraint set S,.
Lemma 3.1. Assume that N > 3, f satisfies (f1)—(f3) and V satisfies (V1)-(V3). If
u € HY(RY) is a weak solution of (3.1), then u € P-, where

P = {ue H'(RY): P.(u) =0}

and

N -
P.(u) := ||Vul|5 — / W(ex)u? do — 0} (I * F(u))F(u)dz.
RN RN
Proof. Assume that u € H*(RY) is a weak solution of (3.1). Then it holds that
IVl + [ Vol de =Nl + [ (T P)f@uds. (32)
RN RN
Additionally, by the Pohozaev identity, we deduce that

N -2 N 1
THVUH% + 2/ V(ex)|ul? da + / (VV (ex), ex)u? da
RN RN

2 (3.3)
- g)\HuH% LNt /RN(Ia ¥ F(u))F(u) dz.
Combining (3.2) and (3.3), we conclude that
V2 — /RN W (ex)u? da — g [ 1+ F@) P do =0,
Thus, u € P.. O
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We introduce the scaling map
(txu)(z) =t u(tz), for (t,u) € RT x H (RYN),

which preserves the L2mnorm of u. For every u € H*(RY), define the associated
fiber map

Jeu(t) = Je(t xu).
A straightforward computation yields
1
(Jeu) (t) = ;Ps(t * ). (3.4)
For a > 0, we set
Pea =58 NPe.

Lemma 3.2. Letu € S,. Thent € R" is a critical point of J. ,,(t) = Jo(t xu) if and
only if txu € Peq.

Proof. The result follows directly from (3.4). O

Lemma 3.3. For any critical point of Je|p, ., if (Jeu)"(1) # 0, then there erists
A € R such that

J(u) = =0 in HHRY).
Proof. Let u be a critical point of J. (u) restricted to P; ,. By the Lagrange multiplier
rule, there exist A\, A\g € R such that
J(u) — M — NoPL(u) =0 in HY(RY). (3.5)

It suffices to show Ay = 0. For this purpose, let u be a solution to (3.5). Then, u
must satisfy the corresponding Pohozaev identity

do(t * u)
W) (1) = />
@)= T
where ¢(u) := J.(u) — 2A|[ul|3 — XoP:(u) is the corresponding energy functional of
(3.5). In fact, we observe that
1
Gu(t) = @t xu) = Je(txu) = SA|ull3 = AoPe(t xu)

1
= Jeu(t) = SAull3 = Aot(Je) (8)-

Hence,

(6 (1) = 221

Evaluating at ¢t = 1, we obtain
0=(¢a) (1) = (1 = Ao)(Je,u) (1) — Ao(Jew)" (1)
= (1= X0)Pe(u) = Ao(Jew)" (1)
= _)‘O(Ja u)”(1>

= (1 - AO)(Je,u)/(t) - AOt(Je,U)N(t)-
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Due to (Jz)"(1) # 0, we get A\g = 0, which implies that
J(u) = =0 in H YRY).
(]

Lemma 3.4. Assume that N > 3, f satisfies (f1)~(f3) and V' satisfies (V1)-(V3).
Then, for any a > 0, there exists 6, > 0 such that

inf || Vullz > dq.

UEP: o

Proof. Since u € P; 4, we have

N
V2 - / W () ul? da = / (L, * F(u)) F(u) dz. (3.6)
RN 2 Jpn
By assumption (Vs), for any u € H*(RY), one has
IValli = | | Wieolul de = (1= o) Vul,
Combining this estimate with (2.8) and (3.6), we obtain

N -
(A= Vulp < 5 [ (as Fu) F(u)ds

< O (IVulls¥ = + [ Vulg¥ ).
Since
pN—N—-a>rN—N—-a>2 and 1-—o0y >0,

it follows that there exists ga > 0 such that

IVull2 > 8.
O

We decomposeP; , into the disjoint union
Pea =PI, UPL UP,, (3.7)

where
77;'@ ={u € P.o: (Jou)'(1) > 0},
Po = {u€Peat (Jeu)"(1) = 0},
Po={u€Pea: (Jo)" (1) < O}

Lemma 3.5. Assume that N > 3, f satisfies (f1)—(f3) and V satisfies (V1)—(V3).
Then, PZ, = Peq is closed in H'(RY) and it is a natural constraint for Jc|p, .

Proof. For any u € P, 4, we have

V2 - /RN W (ex)|uf? dz = JQV/RN(IQ « F(u)F(u) du. (3.9)

In view of (3.8), and assumptions (f2), (f3), (V3), together with Lemma 3.4, we
obtain

()" (1)
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— vzt Y /RN (L + F(u)) [(N +at 1) E(u) ];]ﬁ’(u)u] dz

- / (Lo x F(u) f(wpude + | W(ex)u®de
RN RN

+/RN<VW(€3:),ex>u2 dx

< vul3 - 2 /RN (I Fa)F(u)do + [ Wieapi?as
s 5 (a2 [ ) P as

—1—/RN<VW(533),sx>u2 dz

— IVulZ+ % ((N+ a+1)— W _ 7“5) /RN(IQ ¢ F(u)F(u) dz

+ W(ex)u? do + / (VW (ex), ex)u® dz
RN RN
= [|Vul|? +/ W (ez)u? dz +/ (VW (ex), ex)u? dz
RN R

N
N+a+2 rN

+ <(N+a+1)— > 2) (yvuug—/ﬂw W (ez)|ul? do)

N 2)—rN N+2—-N—
= (N+at+2)—r | Vul|3 + rvr a W (ex)|u|? dx
2 2 .
+/ (VW (ez), ex)u® da
RN
N 2)—rN
= (N+at+2)—r HVuH%—i—/ Y (ex)u® da
2 .

<

((N—i—a—i-Q)—rN

. +ag> 1Vul2 < 0.

Therefore, PS, = PP, = 0. Hence, P, = P-4 is closed in H*(RY). By Lemma
3.3, Pcq is a natural constraint of J.|p,_,. O

Remark 3.6. Let {uy, }nen be a (PS).-sequence of J.|p_, at level c. Then there exist
two sequences {A, }nen, {\} }nen C R such that, as n — +oo,

J(Un) — At — A5 P (up) — 0 in HH(RY).

By Lemma 3.5, we know that (J. ,,)"”(1) < 0. Arguing as in Lemma 3.3, we deduce
that, as n — 400,

J (up) = Aty — 0 in H™HRY).

Lemma 3.7. Assume that N > 3, f satisfies (f1)—(f3) and V satisfies (V1)—(V3).
Then, for every uw € S,, there exists a unique t, > 0 such that t, x u € Pegq.

@ Springer



Y. Meng et al.

Moreover, t, is the unique critical point of the function J.(t, xu), and satisfies

Jeu(ty) = max Jo(t *u).

Proof. Let u € S,. Since u € H'(RY), we have ||[Vullz > 0. By assumption (V3)
and a direct computation, we obtain

N

N =N
W RN(IQ*F(t2U)>F(t2U)d$

(Je)'(t) = ]| Vu]l3 ~

—t? W (ex)u?(tx) da
RN
N
2tN+a+1 RN

=t ((1 —09)||Vull3 - ];fg(t)> ;

B . F(t=u) F(t=u) N
o= (I“ (tz)w“) 5= ¢

By Lemma 2.11, we have g(t) — 0 as t — 0. By (V3), we have 1 — o3 > 0. Thus,
(Je,w)'(t) > 0 for ¢t > 0 sufficiently small. Hence, there exists ¢; > 0 such that J. ,, (%)
is increasing on (0,%1).

On the other hand, by (V1), we deduce

> (1= o2)t|Vul2 - (I * F(t2u))F(t2 u) dz

where

t2 9 1 9 1 N N
Joal®) = SIVul+ 5 [ Vo tswtar = o [ (1 s FEEw)FP(t ) as
< EIvul3 + DIV )l - o [ (e FGE w) PG u)d
S5 u||5 9 u)||5 2N Ta - o U u) dx

1404 1 N N

1404 1 N N
42 2
=t < 5 IVul|3 N Tat2 /RN(IO[*F(tzu))F(t2u) dx)

1+O’1 1
= (L2l - 510).

where

B . F(t>u) F(t>u) N
o= [ <Ia (tg)w> o)==

By Lemma 2.11, we have h(t) — +o00 as t — +o00. Hence, there exists to > ¢; such
that

Js,u (t2) = 1?35( Je,u(t)‘

It is clear that (J.) (t2) = 0 and t2 * u € P. , by Lemma 3.2.
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Suppose by contradiction that there exists another t3 > 0 such that t3xu € P, 4.
Then, by Lemma 3.5, both t2 and ¢3 are strict local maxima of J. ,(t). Without loss
of generality assume t3 > t5. Then there exists some t4 € (to,t3) such that

Jeu(ts) = min J. (%),

t€(ta,ts]

Thus, 4 is a local minimum of J. ,(¢). Hence, (J: ) (t4) = 0, which implies ¢4 x
u € Peq. Moreover (Je t,4u)”(1) = (Jeu)”(ta) > 0, which contradicts Lemma 3.5.
Therefore, t,, = to is unique. O
Lemma 3.8. Assume that N > 3, f satisfies (f1)—(f3) and V' satisfies (V1)—(V3).
Then, the functional J.|p,_ , is coercive, that is,
li J, = .
UegIsl,av E(U) +OO
IVullz—+oc0

Proof. For any u € P. 4, by (V2) and (fs), we have that

(1+ o) Vall? > [Vl - / W (ex)u? da
RN

N -
= — (Io * F(u))F(u)dx
2 Jen
N —N —
> 7’0‘/ (I * F(w))F(u) da.
2 -
Combining this estimate with assumption (V1) and the condition r > Y+a+2 we
obtain, as ||Vulls — +o0,
1 1 1
Jo(u) = Lvul2 + / V(ex)|uf2 dz — / (L + F(u))F(u) dz
2 2 RN 2 RN
1 1
> (1= on)|Vulld - /RN(IQ « F(u))F(u) dz (3.9)
1—o0 1409 9
> — .
_< 2 rN—N—a) [Vellz = oo
By the assumption
N —p(N—-2) (1-— N —N —
0y € <O,min{ +a —p( )’( o1)(r 04)_1}>,
2p 2
we deduce
1—o0 1409
2 ‘N—N—a 0
Hence,
li J. = .
UE%EUM E(U) +OO
IVulla—+oo
This completes the proof. U

Lemma 3.9. The following minimax characterization holds:

Yeo:i= uel%ga Je(u) = uiéléa max Jo(txu) > 0.
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Proof. For any u € P, o, by Lemma 3.7, we have

Je(u) = Je (1) = max Je(txu) > ulélbfa max J(t xu),

which implies

inf J.(u) > inf max J.(t xu). (3.10)

UEPe u€S, t>0

On the other hand, for any u € S,, Lemma 3.7 ensures the existence of ¢, > 0
such that ¢, xu € P, , and J; (t, x u) = maxysq J-(t x u). Therefore,

: < _
uen%{a Je(u) < Jg (ty *u) max Jo(t *u),

which implies

inf J.(u) < inf maxJ.(t xu). (3.11)

UEP: 4 u€S, t>0
Combining (3.10) and (3.11) gives

inf Je(u) = inf Je(txu).
Wb T = B g Tt

Finally, in view of (3.9) and Lemma 3.4, we deduce
Je(u) > 052 >0, foranyue€ P.,.
Hence, we have Y., > 0. O

Next, we establish some properties of Y. , that will play a crucial role in the
sequel.

Lemma 3.10. There exists €9 > 0 such that limsup, g+ Tco < Ty (0),q for all e €
(0,60).

Proof. Let ug € P, be such that Jy (o) (uo) = Yy (). By assumptions (Vi) and
(Vs), letting e — 0T, one has

W(er)ui -0 and V(ex)ud — V(0)ud a.e.in RV,
Using again (V1) and (V3), there exists some k; > 0 such that
W (ex)|ug < kyul and |V (ex)ud < [Volua.

Hence, by Lebesgue’s dominated convergence theorem,

lim W(er)uidr =0 and lim V(ez)ug dz = V(0)]|uo||3,
e—0t JrN e—0t JrN
implying that P.(ug) = o(1) as ¢ — 0T. By Lemma 3.7, there exists a unique
te.u, > 0 such that t. ., *ug € Pe.
Claim: lim+ teu, = 1.

e—0

Indeed, let t., = t;, 4,- If lim,, ;o te, =0, by Lemma 3.4, there exists § > 0
such that

0 <6< [[V(te, xuo)l3 =2 [[Vuol3 — 0,
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which is impossible. For any t. xug € P;,, q, we have

2ivult - [ w(22) P as
RN

S
. (3.12)
N N N N N N
= e [ U F w0 (£02 uo)rd - SRR ) ) dn
En R

By (f2), we obtain

1
2/ W(Wc) lug|? dz
2 Jan te.

N

N N N
- 9t N+at2 (Lo * F(t, uo)) (f(t82nu0)t52nu0 -
E'n/

VoI5 —

N+ «

N
F(t& uo)) dz

RN

N 5 5
= gV rat2 RN(I"‘ * F(t2,uo)) <7"F(tenuo) -

N N
_ rN — N — a/ s F(t2 up) I*'I’V(té'nuo) de
RN ( (

2 % Nta+2
ts,) N

N+«

N
F(t2, u0)> dz

If lim,, oo te,, = +00, by ¥E2+2 < and Lemma 2.11, we deduce that ||Vugl3 —
+00, which contradicts ug € H'(RY). Therefore there exist constants ¢y > 0 and
To < 400 such that

0 <ty <te, <To.

Passing to a subsequence we may assume that lim, .4 t., =7
Since ug € P,, we get

2, N
/]RN |Vup|®de = 5 /RN (I * F(ug))F (ug) dz. (3.13)

From 0 < ¢y < t., < Tp, we have tg < t., < Tp for n sufficiently large, and using
(f2) together with the Hardy-Littlewood—Sobolev inequality(2.3), we deduce that
there exists some Cy > 0 such that

N

N —(N+a) 2 V(42
to (Iq * F(t2,u9))F(t& up) dx
2 § RN

N N
<15 (I wolly, + 17 ol )
+a

N+«
and
N ~ N ~
toNEO ([, % F(62,u0))F(t2,u0) — T~ N9 (I, % F(T % ug)) F(T % ug)

a.e.in RY. Thus, by Lebesgue’s dominated convergence theorem,

N N ~ N
N i gV / (L + F(£2 u0)) F(£2 uo) da
2 n—+oo RN

(3.14)

N ~
= 2T_(N+°‘)/ (I, % F(T2 uo))F(T ug) da.
RN
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Using (3.12), (3.14) and (V3), we obtain

N N ~ N
T2 Vuolff = 5 7+ / (L # F(T% ug)) B (T ug) da.
RN
Combining this with (3.13) yields
F(T=>uo) \ F(T%up) ~
0= I, * ~T s i I * F(ug))F(u dx
/RN << (T%) +at+ ) (T%) +aot ( ( 0)) ( O) (3'15)
+ on(1).
By assumptions (fz) and (f3), we know that
F(t2s) F(t2s)
@y M Eye
are nondecreasing on (0, +00). Consequently, (3.15) holds if and only if 7' = 1. Thus,

tewy — 1 ase — 0"
Finally, we derive that

Te,a < Js(ta,ug *UO)
= JE(UO) + On(l)

- %HVUOH% + ;/RN V(ex)|ug|?* da — ;./RN (I, * F(up))F (up) dz + 0, (1)
= Ty (o) + 5 /RN(V(ex) —V(0))u2 dz + on(1).

Taking the limit as ¢ — 07, one has

limsup Y¢ o < limsup Je(te,u, * uo) = Jy(0)(u0) = Ty (0),a-

e—0*t e—0*t
From (V1) and Corollary 2.13, we know that Yy (g, < Yo,.. Thus, there exists
g0 > 0 such that T, , < T, for any € € (0, ). O

Hereafter, we fix

1
p= i(TO’a — Yy (0),a) > 0.

The next two Lemmas will be used to prove that the (PS).-condition holds for
the functional J. constrained to P; , at levels ¢ < TV(o),a + p.

Lemma 3.11. Fiz e € (0,20) and let {uy fnen C Pe o be a (PS)c-sequence for Je|p, ,
with ¢ < Ty (0),a + p- If uy = uw in HY(RY), then u # 0 and J(u) > 0.

Proof. Let {uy }nen CPe,q be a (PS).-sequence for J¢|p, , at level c. Since {uy, fnen C
Pe o, Lemma 3.8 implies that {u, }nen is bounded in H!(RY). Passing to a subse-
quence if necessary, we may assume that there exists u € H*(R") such that

up —u in HYRY),

up, —u in LT (RY) for 1 < ¢ < 2%, (3.16)

Uy, — u  a.e.in RY.
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We claim that w is nontrivial. Suppose by contradiction that v = 0. By (Vy), for
any ¢ > 0, there exists R; > 0 such that

|V (x)| < (1, forall [x| > R;.
Thus, by (3.16) and the arbitrariness of (;, we deduce that

Te,a = Je(un)
1
= Jo(un) + / V(ex)|u,|? da
2 Jan
1 1
= Jo(un) + 2/ V(ex)|un|* da + 3 / V(ex)|un|* da (3.17)
BRI/E(O) B}C?/l/g(o)
1
> Jo(un) + 2/ V(ex)|un|* dz — C21/ |y, |? da
By /- (0) B, ,.(0)

= Jo(un) + on(1).
On the other hand, by (V2), for any (s > 0, there exists Ry > 0 such that
|W(z)| < {2, forall |x| > Rs.
Hence, by (3.16) and the arbitrariness of (2, we have

W(ex)|up|? dz = /

W(ex)|u,|? de +/ W(ex)|u,|? dz = 0,(1).
3%2/5(0)

RN BRQ/E(O)

Since u, € Peq, it follows that P(u,) = 0,(1). By Lemma 2.11, for each n there
exists a unique t,, > 0 such that ¢, *u, € P,. Arguing as in the proof of Lemma
3.10, we obtain

tu, =1+ on(1). (3.18)
Therefore, by (3.17), (3.18), and the assumption ¢ < Ty (o), + p, we have
Ty)atp>c

= Je(un) + 0n(1)

> Jo(un) + 0n(1)

= J(] (tun * un) =+ On(l)

Z T()ﬂ + On(1>.
Letting n — 400, we get

Tv(0),atpr>Yoas

which contradicts the definition of p. Hence, u # 0.
By Remark 3.6, we know that

(JL(un) = A, Un) = 0p(1).

The boundedness of {u, }nen in HY(RY) indicates that {\,}nen is also a bounded
sequence in R. Indeed,
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1
Al = 73
[[n 12

IVunlf+ [ VienlnPdo = [ (o ) flun)un do

RN

1 S o
Sa?(”V“n'|3+IV<0>|Hun||§+O(rwnnzN Nz ||V [N >>,

which implies that {A,},en is bounded. Passing to a subsequence if necessary, we
may assume ), — A for some \ € R. For any ¢ € H'(RY), we easily get

)\n/ Un(pdl'—>)\/ upde. (3.19)
RN RN

Moreover, by weak convergence,

Vu, -Vedr — Vu-Vedz. (3.20)
RN RN

By the Sobolev embedding theorem, {u, }nen is bounded in L?(RY)N L? (RY). By
(f2), the sequence {F'(uy)}nen is bounded in L%(RN), and hence

F(up) — F(u) in L¥+a (RY).

Since the Riesz potential is a continuous linear map from L ~ta (RM) to L Noa (RM),
we have

I # (F(up)) = I (F(u)) in L~ (RN).
Again by (f3), the sequence {f(u,)}nen is bounded in L%(RN), and

F(un) — f(u) in L (RY),

loc

Then, for any ¢ € C5°(RY), we conclude that

/ (Lo s Fu)f)ode — [ (Lx F@)f(w)pds =0,
RN

RN

Note that {(I * F(un))f(tn)}nen is bounded in L%(RN), because by Holder’s
inequality, we have

[V Plun) ) #2 da

N—«
2N N+2 2N N+2
< (/ |Io * F(uy,)| V-2 dx) (/ | f(uy)|o+2 d:n) .
RN RN

Then, since C§°(RY) is dense in L%(RN ), we deduce that

(Io % F(up)) f(up) = (In * F(uw))f(u) in L%(RN). (3.21)
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Consequently, for any ¢ € H'(RY), by virtue of (3.19), (3.20), and (3.21), it follows
on(1) = (JL(upn) — Aptin, @)

= Vun-Vgodx+/

V(ex)uppdr — )\n/ Unp dx
RN RN

RN

- / (L * F(n)) f ()i
RN

(3.22)

= Vu-V@dm—l—/ V(sx)ugodx—k/ wp dx

RN RN RN

- [ s F)swgeds + 0,01
RN
= (JL(u) = Au, ) + 0, (1).
Hence, u is a nontrivial weak solution of
—Au+V(ex)u = u+ (I * F(u)) f(u) in RY. (3.23)

Since u € H(RY) is a nontrivial weak solution of (3.23), it satisfies the correspond-
ing Pohozaev identity P.(u) = 0, where

N -
Pou) = |[Vul2 - / Weenpde— 5 [ (los P)F)de. (324
RN

RN

Using (f2), (V3), and (3.24), we deduce

(1+ 02) [ Vull2 > | Vull2 - / W (eryu? da
RN

_ N (I, % F(u))F(u)dz
2 Jan
rN—-—N—a«

>

22— /RN(IQ x F(u))F(u)dz.

Combining this with (V1) and 24242 < r_implies that

Jo(w) = S| Vul + % /RN V(ez)u? dz — % /RN (L, + F(u)) F(u) da

1-— 1

> 2PVl = 5 [ (e Fu)F(u) da
2 2 Jpy

1—o0y 5 1409 9 (3.25)
> -7
=9 [Vull3 "N — N — aHVUHQ
. 1-— o1 1+ g9 2
> 0.

This completes the proof. O

Lemma 3.12. Fiz e € (0,e0). Assume that N > 3, f satisfies (f1)—(f3) and V satis-
fies (V1)~(V3). For any a > 0, let {uy}nen C Peq be a (PS).-sequence for J.|p,
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at level ¢ < Ty (g),q + p. Then there exists a subsequence of {un tnen, not relabeled,
and a function v € HY(RYN) with u # 0 such that

—Au+V(ex)u = M+ (I * F(u)) f(u) in RY.
Moreover, one of the following alternatives holds.
(i) Either u, — u in H*(RY);
(ii) or there exists kg € NT, sequences {y*} C RN with |y*| — o0 as n — +oo for
each 1 < k < kg, and nontrivial solutions w"',...,w" of the problem

—Au =M+ Iy F(u))f(u) inRY, (3.26)
such that
ko
c=Jo(u)+ ) Jo(wh),
k=1
ko
Up — U — Zwk( yz) = On(l)a
k=1
ko
IVunl3 = Vull3 + > [ Vw3,
k=1
Here

T (u) = %HVUH% + % /RN V(ea)u® dz — % /RN (I + F(u))F(u) da

and
1

Tolw) = S Vulf — 5 /RN (I + F(u))F(u) dz.

Proof. By Lemma 3.11, there exists u € H*(RY) with u # 0 such that
up —u in HY(RY),
u, —u in L (RY) for 1 < ¢ < 2%, (3.27)

Up — u  a.e.in RV,
and v is a nontrivial solution of
~Au+V(ex)u =+ (I * F(u))f(u) in RY. (3.28)

Step 1. Set ul := u, — u. Then we have

ul =0 in HYRY),
ul — 0 in LL (RY) for 1 < ¢ < 2%,
ul -0 ae.in RY.

Set

L :=liminf sup / lul |? da
Bi(y)

n—-+oo yERN
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If L = 0, we claim that u, — u in H'(RY). By Lions’ vanishing Lemma,
ul — 0 in LP(RY) for every p € (2,2%). By the Brezis-Lieb splitting Lemma, we
have

IVunl3 = [IVunll3 + [[Vul3 + 0n(1). (3.29)

Moreover, by (f2), (f3), and Lemma 2.3 of Long—Feng [28], we have

/ (I * F(un)) f(un)uy de
RN

N

:/ (IQ*F(u}L))f(u}q)u}@d:U+/ (I *x F(u))f(u)udz + 0,(1) (3.30)
RN R
= /RN(IQ x F(u)) f(u)udz + o,(1).

Since v € H'(RY) is a nontrivial solution of (3.28), it satisfies the corresponding
Pohozaev identity P:(u) = 0, where

Po(uw) = | Vul2 - /R Wiy da % [ (s P@)Fads. 33

Since u,, € P; 4, we have

N -
V|3 — / W (ex)u? dz — 5 (Io * F(un))F (u,)dz = 0. (3.32)
RN RN
By (V3) and u, — u in L (RY), we get
W(ez)(u2 — u?)dz = 0,(1). (3.33)
RN

By Lemma 2.17 of Li-Ye [23] and Lemma 2.3 of Long-Feng [28], we obtain
/ (I % F(up))F(uy) dz = / (I * F(u}))F(ul) dz
RN RN
+ /RN (I, * F(u))F(u)dz + 0,(1) (3.34)
_ /RN (In * F(u))F(u) dz + op(1).

Using (3.31), (3.32), (3.33), and (3.34), we deduce that [|Vu,||3 — ||[Vul|3. It follows
from (V1) and (3.27) that

- V(ex)|ul)? dz = o0,(1). (3.35)

By (3.22) in Lemma 3.11, we know that

J(u) = =0 in HY(RY), (3.36)
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where A is the limit of the Lagrange multiplier sequence {\,, }, ey from Lemma 3.11.
Consequently, by combining (3.29), (3.30), (3.35) and (3.36), we get

(Ty(uk) = bt = (2ad) = Makoud) = [ Vi)l do
RN
= (JL (up,) — Auy,upy ) + 0n(1)
= (JL (un) = Mip, up) — (JL(u) = M, u) + 0, (1)
= on(1),

which implies that

IVl |2 - / (L * F(ul)) f(ulyul dz — A / Wl Pde = 0n(1).  (337)
RN R

N

Since (f5) and ul — 0 in LP(RY) for 2 < p < 2* imply
[ s Pt st do = o,(),
RN
it follows from (3.37) and ||Vu,||3 — ||Vu|3 that
)\/ lul|? dz = o0,(1). (3.38)
RN
Since u,, € Pe o and (JL(uy) — Aptp, un) = 0, (1), we have

Al = [ (o= Fn) fn ) do = [V

- V(ex)u? dz + 0, (1)
RN

> / (T F(tn)) f (1 )ttn d — [ Vet |2 + 0n(1)
RN

:/IRN(IQ*F(un))f(un)undx— W (ex)|un|? dz (3.39)

RN
I Uar Pl F(wn) d + 0,(1)
RN
_N+a-pN -2

- 2

/R (e F(un)) )

— W(ex)|u,|? dz
RN

and

N -
V3 — / W (ex)u2 dr = 2/ (I * F(un))F (uy,) dz
RN RN

Spr2Nfoz

(3.40)
/RN (1o * F(un))F(uy,) de.
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Combining (3.39) and (3.40) yields

N+a—p(N—-2)
nlhunl > P [ e )P, da

— / W(ex)|u,|? dz
RN

N+a—p(N—-2)
- pN-N-«a

—/ W (ex)|u,|? dz
RN
S N+a—p(N—-2)

(IVunl = [ Wieoyid da)
(3.41)

(IVunll3 — o2 Vunll3) — o2/ Vunll3

- pN-—-N-—«
B N+a—p(N—-2) 2p 5
_( DN-N-a pN-N_a%2)Vul:

By (Va2), (3.41) and Lemma 3.4, there exists § > 0 such that
a2 >6>0.
Hence, lim,, o A, = A < 0, and so, (3.38) gives u,, — u in L2(RY). Since | Vu,[|3 —

||Vul|3, we conclude that u,, — u in H'(RY).
If L > 0, then there exists a sequence {y!},en C RY such that

L
/ lut|?de > = > 0.
Bi(yy,) 2

Set wl(z) = ul(z+yl). Then, {wl}, ey is bounded in H(RY) and we may assume
that w! — w! in HY(RY). Clearly, w! # 0. Otherwise, local compactness would
imply

L
on(1) :/ Wk (2)2 dz :/ Pz > £ 5o,
B1(0) Bi(y1) 2

a contradiction.
Arguing as in the proof leading to (3.21), we have that, for all p € H}(RY)

[ 1o x Fubpsud)ode = o,(1) (3.42)
RN
and thus,

J(ub) = Aul — 0 in H7HRN). (3.43)

By (V1) and similar to the proof of (3.35), we have

o V(ex)ulo(x —yt)de = o,(1). (3.44)
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Hence, by virtue of (3.42), (3.43), and (3.44), for all ¢ € H(RY), we get
(Jo(wn) = Awp, )

:/ Vw,llVgod;U—/ (Ia*F(u;))f(u}l)npdm—/\/ Vuw; Ve dr
RN RN

RN

- / Vul (2 4 4}) Ve dr — / (I * F(ub(z + 1)) f(ud (z + 42) o da
RN RN

— )\/ Vu, (z +yL) Ve dr
RN
— [ V@Vl - uiyde = [ (T x Fub@)(uh(0)ple — 52 do
RN RN
A [ Vuba)els - o) do
RN
= (Jo(up) — My, o(x —yy))
= (Jl(uy) = Aug,p(z —yp)) = | V(ew)upp(e —y,) dz
RN
= o0,(1),
Therefore, J§(w}) — Aw} — 0in H~1(RY). Thus, the weak convergence implies that
JH(wh) = dwt =0 in H7YRY).

Moreover, since ul — 0 in H'(RY), we have |yl| — +o00. Otherwise, there would
exist Rg > 0 such that |yl| < Ry, and then

L
0<y= [ Ju@Pdrs [ jul@)Pde= o),
2 I Bis 1 (0)

which is a contradiction.
Step 2. Set u? := u,, — u — w!(- — yl). By the Brezis-Lieb lemma, we have

IVupll3 = [IVunll3 = [IVull3 = [V [13 + on(1),
lupll3 = lluall — l[ull3 — w3 + 0n(1),
Jo(up) = ¢ — Je(u) = Jo(w') + 0n(1),
and
Jy(u?) — X — 0 in HYRY).
Let

L := liminf sup / luZ | dz.
ntee yerN JBi(y)

Similarly to Step 1, if L= 0, then ||qu||H1(RN) — 0, that is,
Hun —u— wl(' - yrlL)HHl(RN) — 0.
Moreover,

IVunll3 = [Vull3 + [Ve'[|3 +o0n(1) and ¢ = Je(u) + Jo(w").
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If L > 0, then there exists a sequence {12 },en € RN such that

I
/ [uZ?dz > < >0
B1(y2) 2

In addition, there exists a nontrivial solution w? € H(RY) of (3.26) such that
w2(z) = v2(x +y2) = w? in HY(RY). Furthermore, u2 — 0 in H*(RY) implies
2| — +o0o. We claim that |y2 — y| — +00. Otherwise, there would exist Ry > 0
such that |y2 — y}| < Ro, and thus

L
0<Z< / Jur|* dz :/ jup (z) = w'(z = )| do
27 I B1(y3)

=/ Wiz —yl) — iz — y)) P da =/ ! — W2 de
B1(y2) B (y2—yl)

§/ lwh — w'?dz = 0,(1),
B

14+ R (0)

a contradiction.

Step 3. Repeating the above argument, we obtain nontrivial solutions w*, k > 1
of (3.26). Since V(ex) < 0, Lemma 3.11 implies that Jy is bounded from below
by a positive constant on nontrivial solutions, and therefore the iteration stops
after finitely many steps. Thus, for some ky € N, we obtain nontrivial solutions
whw? ... wko of (3.26) such that

ko
c=Jo(u) + ) Jo(wh),
k=1

ko
Up — U — Zwk(—yﬁ) = on(1),
k=1
ko
IVunll3 = [IVull3 + > V3.
k=1

Next, we establish a compactness result for the functional J..

Theorem 3.13. Assume that N > 3, f satisfies (f1)—(f3) and V satisfies (V1)—(V3).
Then there exists eg > 0 such that, for every e € (0,&¢), the functional J. restricted
to P-,q satisfies the (PS).-condition for ¢ < Yy (g),a + p-

Proof. Let {uy,}nen be a (PS).-sequence for J, restricted to P. , with

1
c<Yoo+p and 0<p= E(TO@ —Tv(0),a)-
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By Lemma 3.12, if case (ii) occurs, then kg > 1 (ko € N), and by (3.25) and (3.26),
we have

ko kO
c=Jo(w)+ Y JowF) >3 T jurs.
k=1 k=1

Moreover,

ko
a® = llun3 = [lull3 + > llw*|3
k=1

On the other hand, for each k € {1,...,ko}, Lemma 2.15 yields
To,jwklz > To.as

and so,
ko

c> ZTO»HW‘%”Z’ > To’a,
k=1

which implies that
1 1
ETO,a + §TV(O),(L =Ty)y,atp>c>Toa.

By Corollary 2.13, it is impossible. Hence, u,, — u in H*(RY). O

4. Multiplicity Result

In this section, we study the multiplicity of normalized solutions. Fix § > 0 and let
w be a positive solution of

—Au+V(0)u =+ (I * F(u))f(u), in RN,

/ lu|? dz = a?,
RN

such that Jy (o)(w) = Ty (0),qa- Let n: [0,400) — [0, 1] be a smooth cut-off function
defined by

For any y € M, define

T —y . v, (z
\Ils,y(m) =n(lex — y))w < ) , and \Ils,y(x) =a \I,y( )
e [Weyll2

We then define ®.: M — P, , by

(I)e(y) =tey* \i’e,y-
By construction, ®.(y) has compact support for any y € M.

Lemma 4.1. The map ®. satisfies
liné Je(®(y)) = Tv(0)y,a uniformly in y € M.
£—
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Proof. Assume by contradiction that there exist 6y > 0, a sequence {y, }nen C M,
and &, — 0 such that

‘Jgn (P, (yn)) — TV(O)@‘ >0y, forallneN. (4.1)

It is easy to see that @, (yn) = to, 4, *¥e, 4, and Do (yn) € Pe, o Arguing as in the
proof of Lemma 3.10, we show that lim,, .y ¢, ,, = 1. Indeed, if lim,, .4 tc,, 4, =
0, then by Lemma 3.4, there exists some # > 0 such that

0<0 <[V, (yn) 3 = IV (tepyn * Ver )13 =2, IV Ve, 13 — 0

EnsYn

for all ®., (yn) € Pe, 4, which is impossible.
For any @, (y,) € P-, q, we have

~ EnT ~
tgn,ynHv‘I’emyn”% /RNW< = > |‘1’emyn|2 dz

6n7y774
N oo
= % o (Ia * F(t2, 4, Ye, y,.)) (4.2)

N N N+a_ 5 =
X (f(tgnvyn‘ljfnyyn)tgnvynlllen»yn - N F(tgnvyn\ljfnyyn)> dx.

By (f2), we have

~ 1 EnT ~
HV\I’Emyan - t2 / W < ) |\I’En7yn‘2dx
RN

En,Yn tsnyyn
N N .
= W RN(Ia * F(t2, y, Ve, y,))
N N N+aoa _ ~  -
X (f(tgmynu)te?myn‘psmyn - NF(t&?nyyn\Ianyyn)) dx
N N - (43)
> W RN(Ia * F(t2, y, Ve, y,))

N N+a_ x -
X (TF(t&?nvyn\IlSn:yn) TN F(t52’n7yn\:[15nzyn)> dz

N ~ N ~
— rN — N — Ck\/ (Ia % F(t€2n7yn\:[15n7yn)> F<t52nyy7z\115nvyn) de.
RN

N o N o
2 (t2 ) R (t2 ) R
Since
2
n(lenzl)w(2)]” < lw(z)]* € L'(RY)
and

tm_[n(lens)uw()” = (), ae.in RY,

Lebesgue’s dominated convergence theorem yields

i [ enslu)f e = [ (o) ds = o,

n—+oo JpN RN
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which implies that

lim W, . (z)]* dz = d®. (4.4)

n—-+oo RN

Similar to the proof of (4.4), again by Lebesgue’s dominated convergence the-
orem, we can verify that

lim V., . [2de = / |Vw|? d, (4.5)
n—-+o0o RN RN

lim W < et ) [T, 4. |2dz =0 (4.6)
n—+o0 JrN €nsYn

and

N . N
I F(tgnaynqjenayn) F(tgnayn\ljenayn) d
N ok N Ntat2 N Ntat2
R (t&yn) N (t&yn) N

N N
F(tsznzynw) ) F(t&?,,“ynw)
(

= lim (Ia *

N N

n——+o0o o N N+a+2 N N+a42
R (tEQn 7yn) N tagn 7yn) N

lim
n—-+oo

X

(4.7)

If limy, 4 o0 Loy, = +00, then by r > NE2E2 together with (2.13), (4.3), (4.5),
(4.6), and (4.7), we would get ||Vw||3 — 400, a contradiction. Therefore there exist
constants tg > 0 and Ty < +oo such that

0<ty < temyn < T.

Passing to a subsequence if necessary, we may assume that lim,, . tc, ,, =71 It
remains to prove that T'= 1. Since w € P,, we have

? _E * r(w ~w x
/RNW“" dr = /RN(fa F(w))F(w) dz. (4.8)

Because tg < t., 4, < Ty for large n, assumption (fs), and the Hardy-Littlewood-
Sobolev inequality (2.3), imply that there exists C' > 0 such that

~ N

N > 2
SO [ o PR 0) Pt ) da
RN

2 En,Yn

N N
< 7+ <HT02 w2 + T3 wuiw)

p
N+a N+a
is uniformly bounded, and moreover
N ~ N
(T T F (12,5, 0))F (12, ,w)
— T-WN+a)([, % F(T2w))F(T? w), a.e.in RV.

Hence, by Lebesgue’s dominated convergence theorem, we have
) )
~ N

N N N
5l 0 [ (e P )P 0 s
RN

2 n—+oo EnsYn

N ~
= 2T_(N+O‘)/ (I, * F(T*w))F(T*> w) dz.
]RN
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By using (4.2), (4.5), (4.6) and (4.9), we obtain

N N -~ N
2| Vul3 = Sr-Oe) /RN (L,  F(T% ) (T w) da.

Combining this with (4.8) gives
0= / ((Ia * F(Tfjglg ) F(T>w) — Iy * F(w))ﬁ’(w)) dx. (4.10)
RN ( -~

TR ) (8
From (f2) and (f3), we know that the functions
F(tzs F(t~
%4—(1)—0—2 and %ﬁlz
(t2) "~ (t=) "~

are nondecreasing on (0,+o00). Hence, (4.10) holds if and only if 7' = 1. Conse-
quently, we get

nl{rfoo Je, (®c,, (yn)) = nﬂrfoo Je,, (tsmyn * li/smyn> = JV(O) (w) = TV(O)W

which contradicts (4.1). This completes the proof. O
For any 6 > 0, let R = R(J) > 0 be such that Ms C Bg(0). Define the map

x: RY — R¥Y by
() z, if |z| <R,
€Tr) =
X e f |u > R,

Finally, we introduce the map f.: P. , — RY given by

 Jew x(ex)|ul? da
_ & _

Be(u)
Lemma 4.2. The map ®. satisfies

lir% B (P(y)) =y, wuniformly iny e M.
E—

Proof. Suppose by contradiction that there exist dy > 0, a sequence {y;, }nen C M,
and &,, — 0 such that

1B, (Pc,, (Yn)) — Yn| = do, for allm € N. (4.11)
By the definition of ®. (y,) and (., we can see that
ta * \ifs 2
/88,,7_ (@En (yn)) = / X(gnfl:) | n Yn - nayn| dx
RN a

_/ X< EnT > ’qjenzyn(x)i2 dx
RN tanyyn ||\I]5n7yn||2
2
[ (Bt e,
RN tenyn H‘Ilsn,yn‘b

EnZ+ Yn
LGB0 ) ) e az
RN EnsYn

1¥e, .13

=Yn + +0n(1).

@ Springer



Y. Meng et al.

Since {yp }nen C€ M, we have dist(y,, M) = 0. By the definition of Mjs, this implies
Yn € Ms. Hence, {y, }nen C Ms C Bg(0), which shows that |y,| < R. By (4.4), for
n sufficiently large, we deduce that

EnZtyn) _ 2DNw(2)|?
(e(52222) = g ) In(lenzl)u(2)| R e )

||\115n7yn ||§

and the right-hand side belongs to L' (R"). By Lemma 4.1, we know that

ngl}}oo tEnzyn =1

Since

((5=t2) = ) In(lenzDu ()2

. tE yYn 3 N
lim i =0, ae.inR
n—+00 ||\I]5nvyn ”% ’ ’

Lebesgue’s dominated convergence theorem yields

Jew (x (5252 ) = ) Inllenzlw(2)]? dz

tEn;!/n

lim =0
n—+00 H\Ilanyyn %
Therefore,
’ﬁgn (an (yn)) - y’I’L’ - 07
which contradicts (4.11). O

Lemma 4.3. Let €, — 0 and let {uy}nen C Pe, 0 be such that J., (un) — Yy (0),a-
Then there exists a sequence {ijn }neny C RY such that v, (z) = un(z + 9,) admits a
convergent subsequence in H'(RY). Moreover, up to a subsequence, i, = enfin — Y
for some y € M.

Proof. Similar to the proof of Lemma 2.14, there exist Ry, k > 0 and {#, }nen C RY
such that

/ |un|>d2z > K, forall n € N.
Brg (§n)

Let u, — u in HY(RY). By (V3), for any 6 > 0, there exists R > 0 such that
[W(x)| <6, forall|z| > R.
Thus, we have

/ W(enz)(u? — u?)da

%/en (0)

By (V2) and u,, — u in L?

loc

SH/ |u? — u?|d.

(RN), we get

/ W(enz)(u? —u?)dz = 0,(1).
BR/En (0)
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Since 6 is arbitrary, we deduce

W(epx)(u2 — u?)de| < / Wi(enz)(u2 —u?)da
RN % /e., (0)
(4.12)
+ / W(enz)(u? —u?)de
BR/En (O)

< 00,(1) + 0,(1) = 0,(1).
On the other hand, since |W (g, x)u?| € LY(RY) and lim,, ., { o |W (en2z)u?| = 0 for

a.a.z € RV, Lebesgue’s dominated convergence theorem yields

lim W (epz)u? do = 0. (4.13)

n—-4oo RN

Taking (4.12) and (4.13) into account gives

W(epz)u? dz
RY (4.14)
= W(enz)(u? — u?)da + W(epz)u? dz = o0,(1).
RN RN
Set vy, (x) = up(z + gp). Since u,, € Pe, , and (4.14), we deduce that
0= P, (uy)

N
= | Vun |3 — / W(epx)u? do — / (I * F(up))F (uy,) dx
RN 2 Jpw~

N ~
— Vo3 - N / (L # F(0,))E(vn) da + 0n(1),
2 Jan
which implies that

P(vn) = on(l).

By Lemma 2.11, there exists a unique t,,, such that ¢, *v, € P, and t,, = 1+0,(1).
Hence,

Tv0),a < Jv)(to, *vn) = Jvo)(vn) + 0n(1) = Ty (0),a-

Arguing as in the proof of Theorem 2.1, we know that t, xv, — v in H!(RY) and
ty, = 1+ 0,(1). Hence,

[0, * vnllar@yy = [Jvll g1 @y

and

/\V(tvn*vn)de—i-/ ]tvn*vn\de:t%/ |an]2dx+/ ]vn|2dx.
RN RN " JRN RN

As n — 400, we have that
anHHl(RN) - ||UHH1(RN)7

which leads to v, — v in HY(RY) and v € P,.
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Now, we prove that {y, }nen is bounded in RY. Suppose by contradiction, up
to subsequence, that |y,| — +o0o. Then, by (V1) and |y,| — 400, we have

lim V(epz+y,) =0

n—-+oo

and therefore

1
lim / V(ent + yn)|vn]? dz = 0.
2 Jan

n—-4oo

On the other hand, we also have

1 1
lim / Vo, |*dz = / |Vo|? da.
n—+oo 2 Jpn 2 Jrn

In addition, by (f;), (f2) and v,, — v in H'(R"), we also deduce that

/ (Io * F(vn))F(vy,) dz — (Io * F(v))F(v)de.
RN RN

Therefore, by v € P,, we have
1
Y=g [ VoPdo— [ (ax POIPO) > Too,
7 2 RN RN )

which contradicts Corollary 2.13. Thus, {y, }nen is bounded. Then, up to a subse-
quence, y,, — y in RV, Arguing as above, we get

1 1
Tvoa=y [ IVeldots [ V@hPdo- [ (T PE)F@)d 2 Trg

2 RN 2 RN RN
If V(y) > V(0), by Corollary 2.13, we know that

TV(O),a < TV(y),aa

which is a contradiction. Thus V (y) < V(0). In virtue of V(y) > V(0) for ally € RV,
we deduce that V(y) = 0. Hence, y € M and the proof is completed. (]

Let h: [0,4+00) — [0, +00) be a positive function satisfying h(e) — 0 as € — 0.
Define
755,:1 = {U € Pa,a: Ja(u) < TV(O),a + h(&‘)} :
By Lemma 4.1, for some y € M, we deduce that h(e) = ’Js (@(y) — Tv(0),a
is such that h(e) — 0 as ¢ — 0. Thus, ®.(y) € P., for all y € M.
Lemma 4.4. For any 6 > 0, let M5 = {x € RV : dist(z, M) < &}. Then there holds

lim su inf u) — z| =0.
— ue,ﬁ]i)aZEM5|/6€( ) |

Proof. Note that for any n > 0, there exist e1 > 0, such that

sup inf |Be(u) —z] <mn, €€ (0,e1).
uep,,, *SMs

For n given above, there exists u,, € 75576“ such that
n

inf |6.(uy) — 2 > sup it [B.(uy) — 2~ 3

)
# UEPe a 2
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which yields that
. . . n
> f —z| > inf —z| > f -zl - .
7> s B 15.0) =22 Il 10 ) =2l > s inf 1000 =2l =5

Therefore, if we set n = %, Ep = # and u, = u,, we have

inf Up) —z| = su inf Up) — 2| + op(1).
~EM; |Be,, (un) | ung%a ~EM; |Be,, (un) | n(1)

From the above equality, it suffices to find a sequence {y, }nen C Ms such that
hr_f |Be,, (n) — yn| = 0.

n—-+0oo

As in (4.14), we have [,y W(ex)|un|?dz = on(1), and thus P(u,) = 0,(1). By
Lemma 2.11, there exists t,, = 1+ 0,(1) such that P(¢,, *u,) =0, and so

Tv(0),a < Jv o) (tu, *x un) = Jy(0)(un) + on(1).
Since u,, € 7587“@, we have
Tv0),a < Jvo)(un) +0n(1) < Je, (un) < Ty (o),a + hlen)

for all n € N, which implies that J., (un) — Ty (0),q- By virtue of Lemma 4.3, there
exists {Jn fnen C RY such that y,, = £,9, — y for some y € M and v, (z) = u, (z+
n) is strongly convergent to some v € H'(RY) with v # 0. Then, {y,}nen C Ms
for n sufficiently large and

1
Berlin) =+ 5 [ (dnz +30) =)ol dz
a RN
Then, using Lebesgue’s dominated convergence theorem, this leads to

_ fRN(X(gnZ + Yn) — yn)lon[* dz
= "

ﬁsn (un) —Un — 0.

The proof is completed. O
Now we can give the proof of our main result.

Proof. Fix € € (0,g¢). Consider the inclusion map id: M — M;y. By Lemmas 4.1,
4.2 and 4.4, we can argue as in Section 6 of Cingolani-Lazzo [9] to conclude that
8. o ®. is homotopic to id.

Let M, My, 735,(1 be closed sets with M C Mj. Note that id: M — My, B.: M —
75541 and ©,: 75541 — M are continuous maps. Define H: M x [0,1] — Mj; by

H(y,t) =tf: 0 P (y) + (1 —t)id(y)

Then H(y,0) = id(y) and H(y,1) = [. o ®.(y), so [. o . is homotopic to the
inclusion map id. Hence

cat(Pe q) > catpr (M).

On the other hand, by arguments as in Lemma 3.9, we also have that J. is bounded
from below on P, , and by Theorem 3.13, we know that the functional J, satisfies
the (P S).-condition at level

c € (Tv(0),ao Tv(0),a + I(€)).
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Therefore, by the Ljusternik—Schnirelmann category (see the books by Ghoussoub
[15] and Willem [40]), J. has at least catps, (M) critical points on P 4. This com-
pletes the proof. O
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