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Abstract

We investigate boundedness and regularity properties of weak solutions to a class of
generalized logarithmic double phase equations with variable exponents. The consid-
ered operators arise from Musielak—Orlicz type energies of logarithmic double phase
type and exhibit nonstandard growth features. Under general structural assumptions,
we derive a priori boundedness estimates in the subcritical setting and establish bound-
edness of weak solutions also in the presence of critical growth terms. In addition,
we prove global Holder continuity up to the boundary by means of the De Giorgi
iteration scheme, localization arguments, and the frozen functional technique. The
obtained results extend several existing regularity results for double phase and related
nonstandard growth problems.

Mathematics Subject Classification 35J62 - 35J60 - 35B45 - 35B65 - 46E30

1 Introduction and main results

In a recent contribution, Arora—Crespo-Blanco—Winkert [2] introduced a new class of
double phase operators with logarithmic perturbation, namely
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; px)—2
div <|Vu| Vu + u(x) (log(e~|—|Vu|)~|— 20 + Val)

) |W|’N>—2w) ,
(1.1)

whose associated energy functional is given by

[V |PO) |V |9
U+ / — + ux) log(e + |Vul) | dx. (1.2)
e\ P& q(x)

Here, Q € RY, N > 2, is a bounded domain with Lipschitz boundary 92, e denotes
Euler’s number, p, g € C(Q) with 1 < p(x) < g(x) forallx € Q, and u € L (Q) is
nonnegative. The natural variational setting for this functional is the Musielak—Orlicz
Sobolev space WMoz (), generated by the generalized N-function

Hiog(x, 1) = 1P + 1(x)19™ log(e + 1) forall (x, ) € Q x [0, 00).

Logarithmic perturbations in variational integrals have been studied extensively over
the past decades. In the constant exponent setting, Baroni—-Colombo—Mingione [10]
established the local Holder continuity of gradients of local minimizers of

w > / [IDw|” + a(x) |Dw|” log(e + |Dw])] dx,
Q

under the assumptions 1 < p < oo and 0 < a(-) € C%*(Q). It is worth observing
that, when p = ¢ is constant, the functional above coincides with (1.2) up to a
multiplicative constant. More recently, De Filippis—Mingione [37] proved the local
Holder continuity of gradients of local minimizers associated with

w > / (|Dw|log(1 + |[Dw]) +a(x)|Dw|q)dx
Q

assuming that0 < a(-) € C 0. (Q)and1 < qg <1+ % The latter functional originates
from the model integral

w > / |Dw|log(1 + |Dw]) dx,
Q

whose regularity properties were investigated by Fuchs—Mingione [48], as well as
Marcellini—Papi [72]. Functionals of this type naturally arise in plasticity theory with
logarithmic hardening, see, for example, Seregin—Frehse [88], as well as the mono-
graph of Fuchs—Seregin [49], where variational methods for models arising in plasticity
and generalized Newtonian fluid mechanics are developed.

Another logarithmically perturbed energy closely related to (1.2) was considered
by Marcellini [70], namely

w > / (1 + [Dw|® 7 log(1 + |Dw]) dx.
Q
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This functional may be viewed as a prototype for variational integrals with nonstandard
growth. Such growth conditions were systematically introduced by Marcellini in the
seminal paper [70] and have since become a central topic in nonlinear regularity
theory. We refer to the works of Baroni [7, 8], Cupini-Marcellini-Mascolo [31], De
Filippis—Piccinini [40], Giannetti—Passarelli di Napoli [52], Marcellini [69], as well
as Ragusa—Tachikawa [86], for further developments and a comprehensive overview
of the current state of the art.

The functional (1.2) can be viewed as a logarithmically perturbed counterpart of
the classical double phase functional

/Q(|W|f’+u(x)|ww) dx (1.3)

which is associated with the standard double phase operator
—div(|Vu|P72Vu + w(x)|Vul? 2 Vu), (1.4)

see Crespo-Blanco—Gasinski—Harjulehto—Winkert [27] for more details of this oper-
ator. Functionals of this type originated in the pioneering works of Marcellini [70,
71] and were subsequently further developed by Zhikov [95]. A distinctive feature
of the functional (1.3) is that its ellipticity changes according to the behavior of the
coefficient . More precisely, on the set {x € Q: u(x) = 0} the energy exhibits
p-growth, whereas in regions where ©(x) > 0 the g-growth phase becomes active.
This interplay between two different growth regimes is precisely what motivates the
terminology double phase. From a modelling perspective, such functionals provide a
natural framework for describing strongly heterogeneous and anisotropic media. In
particular, when a body is composed of different constituents, the coefficient ;. may
be chosen to reflect their spatial distribution, thereby capturing transitions between
distinct mechanical responses. Owing to this flexibility, double phase energies have
proved useful in a variety of contexts, ranging from elasticity theory and duality the-
ory to the study of the Lavrentiev phenomenon, see, for instance, Zhikov [94-96]
and the monograph of Zhikov—Kozlov—Oleinik [97]. Over the past decades, dou-
ble phase problems have attracted considerable attention and have developed into
an active area of research. Beyond their mathematical significance, they have found
applications in several branches of mathematical physics. We refer, for example, to
the works of Bahrouni—Radulescu—Repovs [5] on transonic flows, Benci—-D’ Avenia—
Fortunato—Pisani [15] in quantum physics, and Cherfils—II’yasov [22] in the study of
reaction-diffusion equations.

It is worth emphasizing that double phase functionals of the form (1.3) represent
only a particular instance of the broader class of variational integrals with nonstandard
growth and (p, g)-growth conditions introduced by Marcellini in his pioneering works
[70,71].In fact, the regularity theory developed in [70] already encompasses the double
phase framework as a special case. We also refer to the more recent contributions
of Cupini—-Marcellini-Mascolo [31] and Marcellini [69], where nonstandard growth
problems with explicit dependence on the solution u are investigated, as well as to
Marcellini [68] for further developments in the theory and related references to recent
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advances in the field. Subsequently, the regularity theory for double phase problems
was significantly refined through a series of influential papers by Baroni—-Colombo—
Mingione [9-11] and Colombo—Mingione [29, 30]. A major achievement of these
works was the substantial relaxation of the assumptions imposed on the modulating
coefficient ©. More precisely, while the regularity results in [70] require u to be
Lipschitz continuous in the double phase setting, the aforementioned papers establish
analogous regularity properties under the considerably weaker assumption that u is
merely Holder continuous.

Further regularity results for double phase functionals, nonautonomous varia-
tional integrals, and related classes of nonuniformly elliptic problems have been
obtained in a large number of contributions. We refer, among others, to the works
of Baasandorj—-Byun—Oh [3], Baroni—Kuusi—-Mingione [12], Beck—Mingione [13,
14], Byun—Cho—Ryu [17], Byun—-Lee—Song [18], Byun—Oh [19], Byun—-Ok-Song
[20], De Filippis [32], De Filippis—Mingione [33-36], De Filippis—Nastasi—Pacchiano
[41], De Filippis—Oh [39], De Filippis—Palatucci [38], Harjulehto—H&sto—Toivanen
[55], Hasto—Ok [56], Kim—Oh [62], Nastasi—Pacchiano [74], Ok [81, 82], Ragusa—
Tachikawa [84, 85], Song—Youn [89], and Song—Youn—Zatorska-Goldstein [90]. For a
comprehensive overview of recent developments in the theory of nonstandard growth
and nonuniformly elliptic problems, we refer the reader to the survey article by
Mingione—Rédulescu [73].

It is worth noting that a substantial part of the regularity theory for double phase
problems concerns minimizers of variational functionals. In this setting, the varia-
tional structure provides a powerful tool for deriving Caccioppoli-type estimates and
comparison inequalities, which constitute fundamental ingredients in regularity argu-
ments based on the De Giorgi method. The situation is substantially different for
general weak solutions of equations of the form

—div A(x, u, Vu) = B(x, u, Vu).

In this case, the required energy estimates have to be derived directly from the weak
formulation. In particular, when suitable truncations are used as test functions, the
lower-order term involving B has to be controlled in a way that is compatible with the
nonstandard growth of the principal part. Obtaining Caccioppoli-type estimates with
the appropriate structure therefore represents a significant analytical difficulty and is a
crucial step in initiating the De Giorgi iteration. Comparatively few results seem to be
available for the Holder regularity of general weak solutions to double phase equations
with variable exponents. In this direction, we mention in particular the recent work of
Ri—Kwon [87], who considered the classical variable exponent double phase setting.

In the present paper, we investigate boundedness and Holder continuity properties
of weak solutions to a broad class of generalized logarithmic double phase problems
of the form

—divA(x,u, Vu) =B(x,u,Vu) inQ, u=0 ondf. (1.5)
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Our framework encompasses a large family of nonuniformly elliptic equations
whose principal part exhibits variable exponent logarithmic double phase growth.
A prototypical example is provided by the operator

. — n|Vu| 2
div ( a(0)|Vu PP ~2Vu + b(x) <10 (8+n|Vu|)+7) [Vuli®=2vy ),
( ¢ g(x) 3+ nIVul)

which extends the logarithmic double phase operator and the classical double phase
operator introduced in (1.1) and (1.4), respectively. A distinctive feature of our setting
is that the reaction term B is allowed to exhibit critical growth with respect to the
underlying Musielak—Orlicz—Sobolev structure. More precisely, our assumptions are
compatible with the continuous embedding WI’S(Q) into LS” (£2), where wls (2)
denotes the Musielak—Orlicz Sobolev space generated by the generalized N-function

S(x, 1) = a()tP® + b(x)t9%) log(s + nr) for (x,1) € 2 x (0,00),  (1.6)

and LS (Q) is the corresponding Musielak—Orlicz space generated by the associated
critical growth function

%

1\ X)
+ ((b(x) log(8 + nt)) 7 t) (1.7)

*(x)

S*(x, 1) = <a(x)ﬁt)p

for (x,1) € Q x (0, 00). Here, «*(x) := NN _'(,5)(2) denotes the Sobolev conjugate of

k € C(R). For precise definitions of these spaces, we refer to Sect. 2.
We impose the following general assumptions:

(Ho) () @ c RN, N > 2, is a bounded domain with Lipschitz boundary 0€2;
(i) p,q € C(Q) with1 < p(x) < q(x) < N forall x € Q;
(i) a,b € LY(Q), a,b > 0, a(x) + b(x) > d > 0 foraa.x € Q, and
1<6§<e,n=>0,4+n>1.

In order to obtain optimal compact and continuous embeddings for whS(Q), in
addition to assumption (Hyp), we further assume the following:

(Hy) () p,q € C*'(Q) anda,b e CON(Q);
(ii) % <1+ 4 forallx € Q.
First, we are interested in a priori bounds for problem (1.5) under the following
subcritical growth conditions:

(Hp) The functions A: € x R x RY — RN and B: @ x R x RY — R are
Carathéodory functions such that

@ [Ax,1,8)l

N—1 x) N-1 q*(x)
< ar[a@) AT 7 4 (b) log (8 + ) 99 |1 7

+ (gD + b(x) 17 log (5 + nlg]) + 1]
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(11) A(.X, tv é:) : é
> ana(x)[E]PY) + b(x)[£]9% log (8 + nl€])]

— ) 5 11" + () Tog (5 + 1))

s(x)
1 11]
(iii)
|B(x, ,8)]

< B[a) PO 1771+ (bx) log (8 + nle])) 90 |1 D! 4 a7 T jg) 0

1 1 g
+ (b(x) log (8 + nl1])) 799 (b(x) log (8 + nl&])) '@ |&]s'® + 1],

for a.a.x €  and for all (z,&) € R x RY | where a1, a2, a3, B are positive
constants, r, s € C(Q) satisfy g(x) < r(x) < p*(x)andg(x) < s(x) < g*(x)
forall x € Q, and «/() := K(K.(zl for «(-) > 1. Furthermore, when § = 1, it
also holds that b(x) < Ca(x) for a.a.x € 2 for some constant C > 0.

We say that u € WOl ’S(Q) is a weak solution of problem (1.5) if

/A(x,u,Vu)~V<pdx:/B(x,u,Vu)(pdx (1.8)
Q Q

forall ¢ € W(}’S(Q), where S is given in (1.6). Based on Proposition 2.10 along with
hypotheses (Hp), (H;) and (H»), we know that all terms in the weak formulation (1.8)
are well defined.

We have the following first result.

Theorem 1.1 Let hypotheses (Hy), (Hy), and (Hy) be satisfied. Then, every weak

solution u € WOI’S(Q) of problem (1.5) belongs to L°°(Q) and satisfies the a priori
estimate

@) = € max {Jull§ g el g} (1.9)

where C, 11, Ty are positive constants independent of u, and || - ||w.q denotes the
Luxemburg norm of the Musielak—Orlicz space generated by

s(x

1\ X) 1 ) _
W(x, 1) = (a(x) I t) + ((b(x) log(8 + nt)) 7o t) for (x,1) € A x [0,00).  (1.10)

Next, we extend Theorem 1.1 to the critical case. We impose the following
assumptions:

(Hz) The functions A: @ x R x RY — RV and B: @ x R x RY — R are
Carathéodory functions such that

@ [Ax,1,8)l

)2

™ (x) N-l @
e (b(x) log (3 + 77|f|)) N=4®) |¢] ¢ @

N-1
< i [ato T

+ (gD + b(x) 179 log (5 + nlg]) + 1],
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(11) A(.X, tv E) : g
> ana(x)[E]PY) + b(x)[£]9% log (8 + nl€])]

P * 7*(x) «
— o3 [a(x)l”(” [P (b(x)log (5 + nlel)) @ |¢|? @ 4 1]’
(iii)

[B(x, 1, &)

JLal3)

* o) * P
= Bae) 7 11777 4 (b log (8 + 1)) T 1199+ a() W || 7

1

1 (x)
+ (b(x) log (8 + 7lt])) 7 (b(x)log (8 + nl€l)) @™ ] o) + 1],

fora.a.x € Qand forall (r,&) € R x R where a1, a2, a3 and B are positive
constants. Furthermore, when § = 1, it also holds that b(x) < Ca(x) for
a.a.x € Q for some constant C > 0.

The definition of a weak solution of problem (1.5) under hypothesis (H3) is the same
as in (1.8). Again, by Proposition 2.10 together with hypotheses (Hp), (H;) and (H3),
this definition is well defined.

We have the following result.

Theorem 1.2 Let hypotheses (Hy), (Hy), and (H3) be satisfied. Then, every weak
solution u € WOI’S(Q) of problem (1.5) belongs to L*°(£2).

The proofs of Theorems 1.1 and 1.2 rely heavily on the celebrated De Giorgi—
Nash—Moser theory, which provides powerful iterative techniques based on truncation
arguments for deriving a priori estimates for solutions of partial differential equations.
The foundations of this theory were laid in the seminal works of De Giorgi [42], Nash
[80], and Moser [78]. Since then, these methods have become indispensable tools in
regularity theory and have led to fundamental results such as local and global bound-
edness, Harnack and weak Harnack inequalities, as well as Holder continuity of weak
solutions. For comprehensive accounts of this theory and its applications, we refer to
the classical monographs of Gilbarg-Trudinger [53], LadyZenskaja—Ural’ ceva [65],
LadyZenskaja—Solonnikov—Ural’ceva [66] and Lieberman [67]. The boundedness
results established in Theorems 1.1 and 1.2 generalize a number of previous bounded-
ness and regularity results, including those of Borer—Gasinski—Stapenhorst—Winkert
[16], Ho—Kim [57], Ho—Sim [60], Ho—Kim—Winkert—Zhang [58], Gasiriski—Winkert
[50, 51], Kim—Kim—Oh-Zeng [63], Marino—Winkert [75, 76], Winkert [91], Winkert—
Zacher [92, 93]. In a related direction, we also mention the boundedness results
obtained by Barletta—Cianchi—-Marino [6] in the framework of Orlicz spaces.

In the last part of the paper, we are interested in the Holder continuity of weak
solutions to the elliptic equation

—div A(x, u, Vu) = B(x, u, Vu) in Q. (1.11)
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32 Page80f61 K.Hoetal.

We say that a function f: @ — R is log-Holder continuous on € if there exists a
constant Ciog(f) > O such that

_ 1
= f(x) = fIloglx — y| < Ciog(f) forallx,y € Qwith0 < |x — y| < 5
(1.12)

1 J—
We denote the set of all such functions by ¥ g (2). We impose the following
assumptions, recalling the definition of S given in (1.6):

(Hy) () p,g € C" o (@);
(i) 0 <a() e L®(Q)and 0 < b(-) € C**(Q) for some « € (0, 1].

(Hs) The functions A: € x R x RY — RN and B: @ x R x RY - R are
Carathéodory functions such that

) A, 1, 8)] <ar(|t]) (sCx, [ED) + 1);
(i) A, t,8)- &= ax(tDS(x, |E]) — az;
(i) |B(x,t, &) < b1(|t]) (S(x, E]) + b2)

for a.a.x € Q and for (r,£) € R x RV, where a3, b are positive con-
stants, ap, by: [0,00) — (0, 00) are nondecreasing continuous functions,
az: [0, 00) — (0, 00) is a nonincreasing continuous function, and

s(x,1) == 3 S(x, 1) = p(x)a(x) "~ + g (x)b ()7~ log(s + nt)
nb(x)tq(")
5+ nt

for (x, 1) € Q x [0, 00).

We say that u € WS (Q) is a weak solution of problem (1.11) if
/ A(x,u,Vu) - Vodx = / B(x,u, Vu)p dx (1.13)
Q Q

for every ¢ € WI'S(Q) N W(}’I(Q).
Our main results on Holder continuity are as follows.

Theorem 1.3 Let hypotheses (Hy), (Hy), and (Hs) be satisfied. Assume further that

C, = sup 191 TPOI=¥ [o0(8 4+ pr) < 400. (1.14)
(x,0)eQx[1,00)

Letu € WI’S(Q) be any bounded weak solution_ofproblem (1.11) withu € C%Po(3Q)
for some By € (0, 1]. Then, u belongs to CYB(Q) for some B € (0, Bol.

Theorem 1.4 Let hypotheses (Hy), (Hy), and (H3) be satisfied. Then, every weak
solution u € W&’S(Q) of problem (1.5) belongs to CYB(Q) for some B € (0, 1].

@ Springer
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It is worth pointing out that if 1 < § < e and n = 0, then condition (1.14) is
equivalent to

g(x) < p(x)+a forallx e Q,
which is precisely the balance condition appearing in the Holder continuity result of
Ri—Kwon [87] for the classical variable exponent double phase setting with a right-

hand side of growth not exceeding the p*(-)-critical level. If n > 0, then (1.14) is
satisfied if

g(x) < p(x)+a forallx € Q.

We next derive three direct consequences of Theorem 1.4 for relevant classes of
double phase operators. For | <§ <eandn > 0withé 4+ n > 1, set

Hs p(x, 1) i= PO 4 p(x)r9% log(s + nt) for (x, 1) € Q x [0, 00).
Corollary 1.5 (Generalized variable exponent logarithmic double phase problem) Let

QCcRNVN N>2, bia bounded domain with Lipschitz boundary 02, p, q € co! (5),
and0 < u € CY1(Q). Assume that

1 _
1l <px)<qkx)<N and M<1+ﬁ forall x € Q.

p(x)

Let1 <8 <eandn > 0satisfy § +n > 1. Suppose that f: Q x Rx RY — Risa
Carathéodory function such that

[f(x,1,8)
)

= C[WD*(X)_1 + (;L(x)log(a + ;7|;|)) a0 |,|q*(x)—1

1

p(x) 1 q(x)
+E1PTE 4 (1(x) 1og(8 + nlr)) 7 (1(x) log(8 + lg1) e [&| @ w + 1]

for a.a.x € Q and for all (t, &) € R x RN, where C > 0 is a constant. Then every
weak solution u € WOI’H‘S’" () of

. _ n|Vul )
—div [ |VuP® 2Vu+u(x)<log(5+n|Vu\)+7> [Vu|f®2vy
( q(x)(8 + n|Vul)

= f(x,u,Vu) inQ,

with u = 0 on 02, belongs to Co'ﬂ(ﬁ)for some B € (0, 1].

In particular, by choosing § = e and n = 0, we obtain the following result for the
variable exponent double phase operator.
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32 Page 10 of 61 K.Hoetal.

Corollary 1.6 (Variable exponent double phase problem) Let 2, p, g, and p be as
in Corollary 1.5. Suppose that f: Q@ x R x RN — R is a Carathéodory function

satisfying

p(x)

* FAlCIRu—
£ GO < O[O ()T 119707 g 7T

LJF 1 q(x)
+ M(x)fﬂx) (%) (x) |g:|(q*)’(x) + 1]

fora.a.x € Qand forall (t,€) € R x RN, where C > 0 is a constant. Then every
weak solution u € WOI’H(Q), where

Hx, 1) = 1P 4 (0™,
of
—div (|Vu|P<X>*2w + M(x)|Vu|‘1<X)*2Vu) = f(x,u,Vu) inS,
u=2~0 on 092,

belongs to CcOB(Q) for some B € (0, 1].

Choosing § = e and n = 1 in Corollary 1.5 gives the corresponding result for the
variable exponent logarithmic double phase operator recently introduced by Arora—
Crespo-Blanco—Winkert [2].

Corollary 1.7 (Variable exponent logarithmic double phase problem) Let 2, p, ¢,
and w be as in Corollary 1.5. Suppose that f: Q x R x RN — R is a Carathéodory
function satisfying

|f(x,2,8)]
/AE))

=< C[lllp*(x)*1 + (n(x) log(e + |t])) 7@ [¢]4" D!

p) e

1 1 q(x)
+ JE1T + () logle + 1) 7 (1(x) log(e + [£) T [T +1]

foraa.x € Qandall (t,§) €e R x RY, where C > 0 is a constant. Then every weak
solution u € W()I,ng (), where

Hiog(x, 1) := 17 + p(x)19™) log(e + 1),
of

i - |Vul )
— div  [Vul?D VU + pu(x) <10 (e + |Vul) + —> IVu|1® =2y
( ¢ 4Ge + [Vl

= f(x,u,Vu) in <,
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with u = 0 on 32, belongs to C%P (Q) for some B € (0, 1].

We also point out the recent work of Missaoui—Bahrouni—Ounaies [77], who estab-
lished Holder continuity results for a broad class of nonlinear elliptic equations.
However, the assumptions imposed in [77] do not encompass the double phase frame-
work. Finally, the paper by Crespo-Blanco—Vélez-Santiago—Winkert [28] also deals
with global Holder regularity for elliptic and parabolic double phase problems, but
with special right-hand sides. The approach in that paper is completely different from
ours and it also does not cover the logarithmic double phase operator.

We emphasize that the contribution of the present paper is not simply the passage
from constant to variable exponents. Rather, we develop boundedness and global
Holder regularity for general weak solutions within a generalized logarithmic double
phase framework with variable exponents. Our setting also allows critical growth
with respect to the associated Musielak—Orlicz Sobolev structure and covers both
nondegenerate and degenerate logarithmic regimes. To the best of our knowledge, this
combination is not covered by the existing regularity results discussed above.

The paper is organized as follows. In Sect. 2, we collect some preliminary material
on Musielak—Orlicz and Musielak—Orlicz Sobolev spaces and present a continuous
embedding result that serves as a key tool in the subsequent analysis. Section3 is
concerned with a priori estimates for subcritical logarithmic double phase problems,
while Sect.4 addresses the boundedness of solutions under critical growth assump-
tions. Finally, in Sect. 5, we establish Holder regularity of bounded weak solutions to
problem (1.11) and of weak solutions to problem (1.5).

2 Preliminaries

In this section, we present the properties of the underlying function spaces and tools
that are needed in the sequel. Most of the results are taken from Arora—Crespo-
Blanco—Winkert [1, 2], Chlebicka—Gwiazda—Swierczewska-Gwiazda—Wréblewska-
Kaminska [23], Diening—Harjulehto—Hasto—Riizicka [43], Fan [45], Fan—Zhao [47],
Harjulehto—Histo [54], Ho—Winkert [61], Kovacik—Rakosnik [64], Musielak [79], and
Papageorgiou—Winkert [83].

Let 2 be a bounded domain in RY, N > 2, with Lipschitz boundary 9€2. Denote
by M (2) the set of all measurable functions u: Q2 — R.

Definition 2.1 Let ¢: Q x (0, +00) — R. We say that

(i) ¢ is almost increasing in the second variable if there exists C, > 1 such that
@(x,s) < Cup(x,t)forall0 < s <t and for a.a.x € Q;

(ii) ¢ is almost decreasing in the second variable if there exists C, > 1 such that
Cap(x,s) > @(x,t)forall0 < s <t and fora.a.x € Q.

Definition 2.2 Let ¢: 2 x (0, +00) — R and p, ¢ > 0. We say that ¢ satisfies

(alnc), if 17 P@(x, t) is almost increasing in  for a.a. x € Q;
(aDec), if t79¢(x, t) is almost decreasing in ¢ for a.a.x € Q.

Next, we give the definition of a generalized strong ®-function.
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Definition 2.3 A function ¢:  x [0, +00) — [0, +00] is called a generalized strong
®-function if it is measurable in the first variable and increasing in the second variable.
Moreover, for a.a.x € €2, the function ¢(x, -) is continuous on [0, co] and convex. In
addition, it satisfies
¢(x,00=0, lim ¢(x,7) =0, and Ilim ¢@(x,?) = 4o0.
t—0t t—+00

The set of all generalized strong ®-functions is denoted by ®(£2).

We use the adjective “strong” in accordance with the terminology of [1, 2, 54], in
order to distinguish this class from generalized weak ®-functions.
For each ¢ € ®(2), we define
LY(Q) = {u € M(Q): 0p,0(ru) < oo for some A > 0},

equipped with the associated Luxemburg norm
. u
lulgg = inf {2 > 0: 00 (5) = 1}
where

0p, ) = '/S;w(x, lu(x)]) dx.

It was shown by Harjulehto—Hasto [54] that (L“’(Q), || - ||¢,Q) is a Banach space.
We also define Musielak—Orlicz Sobolev spaces associated with ¢ as follows. The
space W1-¢(Q) is defined as

Whe(Q) = {u € LY(Q): |Vul € LY(Q)},

equipped with the Luxemburg norm

. u
el .0 = inf {2 > 0: o140 () = 1}

where
Q1p.0) = /Q lo(x, u(@)]) + @(x, [Vu(x)])] dx.
We will also work with the space
Wol,w(Q) _ W\HM,%Q’

where C3°(2) denotes the space of infinitely differentiable functions with compact
support in 2.
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These spaces w2 (Q) and Wé ?(Q) are indeed Sobolev spaces, see Harjulehto—
Histd [54] for a proof.

Proposition 2.4 Let ¢ € () be such that LY () C LI]OC(Q). Then both spaces

w9 (Q) and WOl "Y(Q) are Banach spaces. If ¢ satisfies (aDec)y for some g > 1,
then they are separable. If ¢ satisfies (alnc), and (aDec), for some p, q > 1, then
they possess an equivalent uniformly convex norm and hence are reflexive.

Throughout the paper, we write 04 (+), 01,6(), Il - I, and || - [|1,¢ insteadgfg(p’g(~),
01,0,2C¢), || - llg,@ and || - [l1,p,2. respectively. Furthermore, for r € C(£2), we set

r~ =min g r(x), r* = max _gr(x), and define

Ci(D={reC():1<r}.

The next proposition establishes the relationship between the modulars and the
corresponding norms, see Arora—Crespo-Blanco—Winkert [2].

Proposition 2.5 Let ¢ € ®(L2) satisfy (alnc), and (aDec),, with1 < p < g < oo.
Then,

L.
o min {2 i) < o) < Cmax {lullf. Nullg)} . forallu € L¥()
and

1
cmin {1l ], | < 01000 = Conax [l .l } . for attu e Wi (@),

where C is the maximum of the constants appearing in (alnc), and (aDec),.

Define the function S: © x [0, c0) — [0, 00) as in (1.6). We have the following
result, see Arora—Crespo-Blanco—Winkert [1].

Proposition 2.6 Assume that (Hy) holds. Then S € ®(2), LS(Q) C Llloc(Q), and S

satisfies (alnc) ,- and (aDec),+ 1. Consequently, the spaces LS(Q), WhS(Q) and
WO1 ’S(Q) are reflexive Banach spaces.

Furthermore, the relations between the norms and modulars on LS (2) and
WS(Q) are stated in the following proposition. The result is taken from Arora—
Crespo-Blanco—Winkert [1].

Proposition 2.7 Assume that (Ho) holds, and let (X,ox,| - |lx) be either
(LS(Q), 05, || - Is) or (WS(Q), 015,11 -1l1.s) - Let u € X, then the following
assertions hold:
() Ifu 0, then |ullx = n if and only if ox (%) = 1.
) ox(w) <l(or=1or>1) < lullx <1 (or=10r>1).
“en + -
Gii) If fullx < 1. then llul ' < ox(u) < flully -
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. - +
(v) If llullx > 1, then |ully < ox() < llull% i
W) llullx — Oifand only if ox(u) — 0.

(vi) ||lullx — oo ifand only if ox(u) — oo.

From the definition of the norm || - ||; s and Proposition 2.7(i), we easily obtain

1
27 Mullrs < lulls + IVulls <27 Julys. forallu e WhS(Q).

Hence, W!5() can be equipped with the equivalent norm ||u|s + || Vul|s.
For the estimates in the following sections, we require a sharper estimate of the
modular in terms of the norm. To this end, we first establish the following result.

Proposition 2.8 Assume that (Hy) holds. If 5 = 1, additionally assume that a €
L*®°(Q) and b(x) < Ca(x) for a.a.x € Q with some constant C > 0. Let WV be
defined by (1.10), where r,s € C1(2). Then, ¥ satisfies (alnc),,- and (aDec),,+ .
for every ¢ > 0, where m(x) := min{r(x), s(x)} and n(x) := max{r(x), s(x)} for all
xeQ.In particular, it holds that

| - + - +
o min { el el ) < 0w o) < Comax [l iy ¢} oratiu e LY @),
&

where Cy is the constant appearing in (aDec),+ ..

Proof Let (Hp) hold. Obviously, W satisfies (alnc),,- with C, = 1. We next verify
that W satisfies (aDec),,+. for any given ¢ > 0, that is, we show that there exists a
constant C; > 1 such that

fx,t) <Cof(x,t) foraa.x € Qandforall0 <1 <t < 00, 2.1
where
Fle, ) =t Ow(x, 1),

We distinguish between the following two cases.
(i) Case § > 1. For any o > 0, define

log(§ + nt)
o

& (1) == for t € (0, 00).

We first show that there exists a constant C, > 1 such that
8o(t) <Cygs(r) forall0 <1 <t < 00. 2.2)
Indeed,

t—a—l
8+ nt

) = [nt(1 — o log(8 4 nt)) — o8log(8 + nt)].

@ Springer



Holder regularity for logarithmic double phase problems Page 15 of 61 32

Thus, g, (1) < 0for0 < ¢t <« 1 or 1 « ¢. From this and the continuity of g/ on
(0, 00), we find 11, and 12 With O < #; » < 12, < 00 such that g/ () < O for all
0, 11.0]U [12.0, 00). Then, by setting Cy = il ol $7(6)
tel0, 0 2,0, 00). Then, by setting C, = Mieclry o .01 80 )’
(2.2).

q

Finally, to see (2.1), by taking o with 0 < o < () and rewriting

we easily obtain

s(x)

r@) s 4o S
fx,t) =a(x)r® t’(x)—"Jr—S + (b(x)go (1)) 4 tS(X) nt+o 55 8’

we easily derive (2.1) from (2.2).
(ii)Case § =1, a € L*°(2), and b(x) <Ca(x) for a.a.x € Q with some constant C.
In this case, it is clear that

r(x)
a(x)r® >ayp >0 foraa.x e Q,
with some positive constant ag. We have

1, W(x, 1) — (nt +e)W(x,1)

< —eapt"™ + (s(x) n : —
q(x) 1+ nt log(1 + nt)

s(x)
e) (b(x) log(1 + nr)) it ).

Thus, we find #1 ¢, t2 o With 0 < 71 < 1 < 2 such that
19U (x, 1) — (nt + &)W (x, 1) <0 foraa.x € Qandforall ¢ € [0, HelUlfe, 00).
It follows that
3 f(x, 1) =t~ D 13, W(x, 1) — (0t + )W (x, )] <0
fora.a.x € Qandforall ¢t € [0, #1 ] U [t2.¢, 00). Then, by using the estimate

maxse[ll,aslz,e] f(X, g)
minfe[l‘l,f;stls] f(-xv %‘)

flx, 1) < f(x,7) foraa.x € Qandforall0 <t <1,

we easily derive (2.1) with

N
t;én++s—n1_) (1 + log(1 + WZ,S))<5) Hgﬁ Y

Ce =

— _pt—
aot{lg nr—e

This completes the proof. O

The next proposition follows immediately from Propositions 2.5 and 2.8.
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Proposition 2.9 Assume that (Hoy) holds. If § = 1, additionally assume that a €
L*®(2) and b(x) < Ca(x) for a.a.x € Q2 with some constant C > 0. Let (X, ox, | -
Ix) be either (L (), @5, Il - lls) or (W'S(Q), 015, |l - ll1.5) - Then, for any given
& > 0, there exists a constant C, > 1 such that

. - + - +
cmin (Nl ") < ox) = Comax [l Nl ) forattu e x.

Following the arguments in the proofs of Arora—Crespo-Blanco—Winkert [1, Propo-
sition 3.8] and Ho—Winkert [61, Proposition 3.7], we obtain the following embedding
result.

Propositig\ 2.10 Let (Hy) and (Hy) be satisfied. Let ¥ be defined as in (1.10) with
r,s € C(RQ) satisfying 1 < r(x) < p*(x)and 1 < s(x) < qg*(x) forall x € Q. Then
we have the continuous embedding

whS(Q) — LY(Q). (2.3)

Furthermore, if r(x) < p*(x) and s(x) < g*(x) forall x € Q, then the embedding
in (2.3) is compact.

Regarding Proposition 2.10, we also mention the work by Cianchi—-Diening [26]
about compact embeddings in Musielak—Orlicz spaces and the papers by Cianchi [24,
25] about optimal embeddings in Orlicz spaces, see also Donaldson-Trudinger [44].

For a measurable subset E of R, we denote by | E| the N-dimensional Lebesgue
measure of E. For a measurable function f: E — R we write

sup f :=esssupg f, i%ff :=essinfg f, and oscg f :=sup f —i%f f.
E E

For a ball B, (xg) C RN centered at xo € RV with radius p, we set
Qp(x0) := QN By(xo), (352),(x0) := 0N Byp(x0), wn = [Bi(xo)l.

When xg is clear from the context, we omit it from the above notation. .
Let I" be either a portion of €2 or the whole boundary 92. We denote by C(} (2\I)

the set of functions in C'(2) with compact support in & \ T, and by W(} 1 Q\ D)
the closure of Cé (5\ I in Wh(Q). In particular, if I' = 02, then we define
Wyl(@) :=wy '@\ D).

Letu € WH1(Q). We say that # < 0 on I if max{u, 0} € W(}’](ﬁ\ I'). We say
thatu > OonI'if —u < OQonT. Foru,v € W“(Q), we say that u < v on I' if
u—v <0onTI. We define

supu :=inf{k e R: u <konTl}, irllfu::—sup(—u),
r r

sup |u| := max{— inf u, sup u}, oscr u := supu — inf u.
r r r r r
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Note that if 2 is a bounded Lipschitz domain in RN and ' = 92, then the above
definitions for u € W11(€2) coincide with the corresponding definitions for the trace
of u on 992.

In the remainder of this section, we collect several useful results that will be key
ingredients in our arguments for establishing the boundedness and Holder continuity
of solutions via De Giorgi iteration. The next lemma concerns the geometric conver-
gence of sequences of nonnegative numbers. A proof can be found in Ho—Sim [59,
Lemma 4.3].

Lemma2.11 Let {Z,},n = 0,1,2,..., be a sequence of nonnegative numbers,
satisfying the recursion inequality

Zuwr < KO (ZF9 4 Z072) n=0,1,2,...,

forsomeb > 1, K >0and ur > 1 > 0. If

1 - R =
Zo <min | Q2K) mbp ", 2K) mp "M m ],
then Z, — 0asn — o0.

The next three lemmas are taken from the book by LadyZenskaja—Ural’ceva [65],
see Lemmas 3.3, 3.5, and 4.8 in Chapter 2.

Lemma2.12 Letu € WH™(Q), m > 1, and let B, (xo) be a ball centered at xo € 92
with radius p. Then, for k > SUP(5Q2), (xo) - the function

i® (x) = max {u(x), k}, x € Qp(xo),
k, x € By(xo) \ £2,(x0),

belongs to W (Bp(x0)).

Lemma 2.13 Let B, be a ball of radius p in RN . Then, for every u € Wl’l(Bp) and
all numbers k and | satisfying k < [, the following inequality holds:

N
=kl < P |Vuldx,
1Bp \ Akpl Jac,\Ar,

where A; p :={x € By: u(x) >t} fort € {l,k} and B > 1is a constant depending
onlyon N.

Lemma 2.14 Let u be a measurable and bounded in a ball B, or in a portion of it,
Qo 1= By, N Q. Consider the balls B, and Byp,, where b > 1 is a fixed constant,
concentric with By,. Suppose that for every p < b~ po, at least one of the following
inequalities holds:

osco, U < cop®, oscq, u < 6 oscq,, U
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for some positive constants co, € < 1, and 6 < 1. Then, for every p < po,
oscq, u < cpy * p*,
where
o = minfe, —log, 0} and ¢ = b* max{copg. 0scq, u}.

Furthermore, in the following sections, we frequently make use of the following
elementary inequalities:

(i) Foralla,b>0,e >0,andn > 1,

n—

1 1 - o 1
ab < —ga + e - 1hnT < gql 4+ g n-Thn-T, 2.4)
n

(i) Forallt > 0and0 <a < B <y,

P <t 44" and P <tV +1. (2.5)

(iii) Forall¢t,n >0and§ > 1,
log(8 + nt) > min{1, t}log(s + n). (2.6)

(iv) Forallt > 0and §, y > 1,
log(d + yt) < ylog(§ +1). 2.7
Let us now fix our notation. We write Ny := NU{0} and for areal number¢ > 1, we
denote by t’ := t%] the conjugate number of . For a measurable function v: Q — R,

we set
v+ := max{v, 0} and v_ := max{—v, 0}.

By || - |lx, we denote the norm of a normed space X.

3 A priori bounds in the subcritical case
In this section, we establish a priori bounds for weak solutions of problem (1.5) in the
subcritical case under assumptions (Hyp), (H;), and (H»). The proof of Theorem 1.1 is

based on ideas used in Ho—Kim [57], Ho—Winkert [61], and Winkert—Zacher [92, 93].

Proof of Theorem 1.1 Let u be a weak solution of problem (1.5).
Step 1: Defining the recursion sequence and deriving basic estimates.
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For each n € Ny, we define

1
Kn = Kx (2 — 2—n> 3.1

with «, > 0 to be specified later, and
Up i= (U — Kp)y (3.2)

By using the standard mollifiers we can show that v, € WO1 S (£2), see Proposition 3.8
by Arora—Crespo-Blanco—Winkert [2]. Furthermore, we have

kn /" 2k, and k4 <k, < 2k, foralln € Np.

We define the recursion sequence {Z,,},en, by

Z, ::/ W (x,v,)dx forn e Ny,

n

where
A i={x € Q:ulx) > «} fork e R. 3.3)

It is clear that

Ayyyy C Ay, and Z, < Z, foralln € Np. (3.4)
Using

Kn u(x)
u(x) — k, > u(x) (1 — Kn+1> = TS fora.a.x € Ay,

we obtain

ulx) < (2"+2 — Duv,(x) foraa.x € Ay,,, and for all n € Ny. 3.5)

Moreover, setting A, = k41 — k, and using (3.4), the estimate v, > A, on A
(2.6), we have

o oy \"
Zn > / [Mf“a(x)m (—)
A )Ln

Kn+1

Kn+1 and

s

(x) $)
+ )"Z(X) (b(x) log <5 + Ann (U_”>>> 1 (U_"> ] dx
on A

r(x) s(x)
> / [x;<x>a(x) PO 4 250 (b(x) log (8 4 Ann))1® } dx
A

Kn+1
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s+ 505

s(x)
> / [Ar(x)a(x) P + min {XY(") Ay W } (b(x)log (§ + n))tﬂx):| dx
A

Kn+1
s(x)

+ ) s()
> / min {A’(x) A5 As(x) "(”} [a(x) P@ + (b(x)log (8 + 77))‘1(”] dx
A

Kn+1

r(x) s(x)
> min {Azl , )\22} / |:a(x)l)<x) + (b(x)log (§ + r/))q<x)i| dx

Kn+1

where

q

ay = min{r_,s_} <a —max{r <s(q+1)> }

From this and the estimate

r(x) s(x)
a(x)P® + (b(x)log (8 + 1)) 1™

+ +
. G ra (5) (3.6)
>min{ 1, > s Elog(a—i—n) =:dy >0 foraa.x e,
we arrive at
Zy > domin {22, A2} A, |-
Thus,
2(n+1)a2 2(n+1)a2
|Ai,] < ( 4y _“2) 7 Z, 52(1—{—/(*_”2) Z, foralln € Ny.
0 0
3.7
Applying (2.5), we deduce from the assumptions on the exponents that
p(x)
fA [aGyul) + b Tog (6 + nus) vis | dx
Kn+1
< / [a(x) P 4 (b(x) log( + nuns1)) 7 ) + 2} dx.
AKVl+1
Combining this with (3.4) and (3.7) yields
(n+1Daz
/ S(x,vp41)dx <5 (1 + K*_‘lz) Z, foralln e Ny. (3.8)
A 0

Kn+1
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Next, we estimate the truncated energies in terms of Z,,. To this end, we test (1.8)
with ¢ = v, 41. This gives

/ A(x,u, Vu) - Vudx = / B(x, u, Vu)v,4 dx. 3.9)
A A

Kn+1 Kn+1

Note that on A, ,, we have u > v, > 0, and by (3.6),
1 r(x) ()
us - [a(x) P& u" ™) 4 (b(x) log (8 + nu)) ¥ us()‘)} + 1.
0

Using these estimates together with inequality (2.4), we derive from (H;)(ii) and
(Hp)(iii) that

/ A(x, u, Vu) - Vudx
A

Kn+1

> azf [a(x)|Vu|p(x) 4 b)) Vu 1Y) Tog (8 + r)|Vu|)] dx
A

Kn+1

rx) ()
— a3/ |:a(x) Py ") 4 (b(x)log (8 + nu)) 4 U™ 4 li|
A

Kn+1

and

/ B(x, u, Vu)v,y dx
A"n+l

r(x) st}
= ,3/ [G(X)Mur(x)—l + (b(x) log (5 + W))qm L1
A

Kn+1

LJ’_L )
+ a(_x) @) " (x) |Vu|r’(x)

1 _1 q&x)
+ (b(x)log (§ + nu))a® (b(x) log (8 + anuI))Wx) |Vu|6'q/(*> + 1j|u dx

<& [a(x)|Vu|p(X) + b()| V) log (5 + n|w|)] dx

A’(n+1

r(x) 5(x)
+C / [a(x)wu’(x) + (b(x) log (8 + nu)) 4@ u*™ + 1:| dx.
A

Kn+1

Here, and throughout the rest of the proof, C; (i € N) denotes a positive constant that
is independent of u, n, and «,. Plugging the last two estimates into (3.9), and then
using (3.5) and (2.7), we obtain

/ [a(x)wuv’(-‘) 15| Vul™ log (5 + anul)] dx
A

Kn+1
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< Cz[ [a(x) P ") (b(x) log (6 + r]u)) a0 5@ 4 l] dx
Attt

rix r(x)
<G / [a(x)ﬁ (@2 =)

A'(n+l
)

o 5(x)
+ (b(x) log (8 +n(2"** — 1)Un)) “ ((2”+2 - 1)vn)v ) ] dx + Ca| Ay, |

< C322(r++s+)n /

r(x) s(x)
[a(x)m Up) 4 (b(x) log(8 + nv,)) 7 U;W] dx + C2lAg, |-
Axn

This and (3.7) yield

f SCx, |Vul)dx < Ca(1 + k2220 7 foralln e Ng.  (3.10)
A

Kn+1

Step 2: Estimating Z,, ;| in terms of Z,,.

Let {B;}/_, be a finite open covering of Q, where B; (i € {1, ..., m})areopen balls
of radius R in RY such that Q; := BiNQ ( € {1, ..., m}) are Lipschitz domains,
see, for example, the book of Carbone—De Arcangelis [21, Proposition 2.5.4]. We may
choose R sufficiently small such that

1| <1 foralli € {l,....m}, G.11)
and
gt <r7 <r' < (p*);, and gt <s7 <s < (¢*); foralli e {l,...,m},
(3.12)

where, for a function f € C () andi € {1, ..., m}, we denote

fiJr ;=max f(x) and f; := min f(x).

xeQ; X€Q;

Letn € Ng. Foreachi € {1,...,m}, a > 0, and,é > 0, we define

T,i(@. B) = /Q | [a(xw V8| + (b)) 10g(8 + Nvp11)) 79 vfﬂ} dx

and

m; =min{r; ,s; }, n; = max{rlﬁ', sl.+}.

We have
_ [ Jato#) 5
Zn+1 = a(x)r®wv, 1+ (b(x)1og(d + nvp+1)) 4@ v, 5 | dx
Q
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m r(x)
<> / [a(x)pm V1) (b(x) log (s + Mon 1)) 409 v W} dx.
L Q
1
From this and (2.5) it follows that
m
Znti sZ ToiCry,s7) + Tt sH]. (3.13)

From (3.12), we can fix € so small that

0 <& < min mln{( )_ —r, (q*)._ —sm; —q'}). (3.14)
1<l<m 1 1 1 1 l
Leti € {1,...,m} and let » € {4, —}. By Holder’s inequality, we have

r¥

’* r* i *te r* r."l+£ P
(x) ,(\) +€ t r*+e
a(x)r® v dx < a(x)’ v a1 dx [Aw,y N 2%
Ae N Q

Kn+1

and

/ (b log(s+ o)) v dx
A .

Kn+1 n
*
si

Fte

*+ Y &
( /Q (b(x) 1086 + 1)) 57 0] 1dx) Ay O Q1T

From the last two estimates and (3.11), it follows that

Toi(rf,s) = / . [a(x)”“) Uy + (b(x) log(8 + nvn+1))‘1“) U ] dx

AK}1+1

_mj

<2|Ag,, N Q| st |:Q\1/ Qi (Wnr )™t + 0w, @, (Vng1) " “]

(3.15)
where

r s+£

W, (x,1) := a(x) o 7T 4 (b(x) log(8 + nt)) @ 5 He
Invoking Propositions 2.8 and 2.10 together with (2.5), we have

m H:iﬂﬂ
+e
ov,,Q; (vn+1)m te 4 ov,,Q; (Un+1)n +£ =< C5 <||vn+1”L\l/,,(Q ) + ||Un+1 ”Lw*(Q )

nj(n;+2e)
nj+e
S <||Un+1”W1$(Q)+ ”Un-H”WlS(Q)

(3.16)
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We set
Ruii= / [S (6. VoniiD) + S (v, vnsr) ] do.
Q;

Applying Proposition 2.9 to the case 2 = €2; and using (2.5) again, we obtain

n; (nj+2¢) _’:_1’. ”i_(’zi+25;
. T T T(nj+e
lons1 s g,y + lvntilly s, < C7| Ry + R, SR A
It follows from (3.14), (3.15), (3.16), and (3.17) that
Toi(r7,87) = CslAg |75 (i + R, (3.18)
where
R, = f [S (x, IVVpgi]) + S (x, vpg1) ] dx
Q
and
0 _ . m; ) ni(n; + 2e)
<yi:= mn — -l <y:=max ———1
I<ism q;" + ¢ I<izm p.~(n; + ¢)

Note that (3.8) and (3.10) imply
Ry < Co (1+41;92) 220"+ 7, forall n € N.
Consequently,

erl-H/l + erl-‘r)’z < Cyo (1 +K*_a2(1+y2)> 22(r++s+)(1+y2)n (Z;'ll+yl + Z;-H/Z) )

(3.19)
On the other hand, (3.7) yields
& 0 ___t ea __ &
|A’(n+l | rTrst4e < Cll (K* rt4st4e + Ky r++s++g) 27r++xi+£nzr:++s++£ . (320)
Plugging (3.19) and (3.20) into (3.18), we obtain
Ti(rfosh) = Cua (k7 +702) 0 (2340 4 7140, (3.21)
where
0<b £al b (1 +4p) + —2
<bl=—— <by:=a _
DT st ye 7 2 T st
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eap
r++s++€

| <b— 22(r++s+)(1+yz)+

and

&
O<bri=v1+FFTF——=<h=n+t+

rt4+st4¢e rt4+st4+¢

Finally, we make use of (3.21) to derive from (3.13) that
Zup1 < Cis (K;bl n /c;b2) % (z},*“l + Z,{*Sz) foralln e No.  (3.22)

Step 3: A priori bounds.

It is clear that (1.9) holds in the case u = 0. Let us now consider the case u # 0,
which is equivalent to fQ W (x, |[u])dx > 0. In this case, we employ an argument
similar to that used by Ho—Kim [57, Proof of Theorem 4.2] to derive (1.9) from
(3.22). Indeed, by Lemma 2.11, we have

Z,—> 0 asn —> o0 (3.23)

provided that

1 1 1 3 —8)

£ 2 3 - 2
Zofmin{(ZCB( —by +K—b2>> 3 b (2C13( b1+K—b2>> ny g

(3.24)
We note that
Z():/ W(x, (u — ky)4) dx 5/ W (x, |u])dx, (3.25)
Q Q
and that
~55 (D1 —by\ =57 _5%
JoW(x, [u)dx < 2C13) 1 (ke " 4 k5 2) b T,
1 L ns (3.26)
Ja W lubdx < 2C13) 2 6 ) b T2
is equivalent to
bl —by 1,75 =31
+r 2 <@C) b l(fgxy(x lul) dx) ", 327
P < 0 (o W, Jul) dx) 2
Clearly, (3.27) holds provided that
—by “l—F- 820 =8 -8
2w < C) TR mm{(fQ Wi, ul) dx) ™, (fy W Cx, Jul) dx) }

d—d1

2u? < (2C13) b R min {(fQ W, ful)dx) ", (o Wix, |u|)dx)_62},
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which is equivalent to

€1

L1, 838 s s
Ky > (4C13)0 bﬁ(ﬁ+ 252 ‘) max {(fQ\IJ(x, |u|)dx)ﬁ , (fQ W(x, |u|)dx)bf} ,

1, 59

Ky = (4C13)%bé(ﬁ+ 5 )max {(fQ W(x, |u|)dx)% , (fQ W(x, |u|)dx)’5’§} )
(3.28)

Therefore, choosing

1 1 1 (1, 855
Ky« — max {(4C13)bl’ (4C13)bz}bbl (61+ 8 )

3 )

X max (/ \IJ(x,|u|)dx>b2,</ \ll(x,|u|)dx)b] ,
Q Q

we obtain (3.28). Hence, (3.24) follows from (3.25) and (3.26). Consequently, (3.23)
holds. Moreover, by Lebesgue’s dominated convergence theorem,

Z, :/ W(x,v,)dx — / W(x, (u —2ke)4)dx asn — oo.
Q Q

Consequently, we obtain

/ W(x, (u —2kye)4+)dx = 0.
Q

Equivalently,

esssup u(x) < 2k,.
xe

Replacing u by —u in the above arguments, we obtain

ess sup(—u)(x) < 2k.
xeQ

Therefore,

9 )
5 o
lull ey < C1a max (/Qw<x,|u|)dx) ,(/Qw,mndx) . (329)

Applying Proposition 2.8 again, we derive (1.9) from (3.29). The proof is complete.
O
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4 Boundedness results in the critical case

In this section, we discuss the boundedness of weak solutions to problem (1.5) when
the nonlinearities exhibit critical growth in the sense of Proposition 2.10 under the
assumptions (Hp), (H1), and (H3). The proof of Theorem 1.2 uses ideas based on the
works by Ho—Kim—Winkert—Zhang [58] and Ho—Winkert [61].

Proof of Theorem 1.2 Letu be a weak solution of problem (1.5). We consider a covering
of Q consisting of balls { B;}7* | of radius R suchthateach Q; := B;NQ G =1,...,m)
is a Lipschitz domain. By (H;)(ii), we have ¢(x) < p*(x) for all x € Q. Therefore,
by taking the radius R smaller if necessary, we obtain

ql.+ :=max q(x) < (p*); := min p*(x) foralli € {1,...,m}.

XEQ,' XGQI‘

Hence, we have

s:=2 min ((pH; —q") > 0. 4.1

2 1<i<m

Let «, > 1 be sufficiently large such that

/ S(x, |Vul)dx +/ S(x, |u|) dx +/ S*(x, u)dx < 1, 4.2)
AK* AK* AK*

where A, for k € R, is defined in (3.3), and S and S* are given in (1.6) and (1.7).
Then, let {k,},en, and {v,},eN, be as in (3.1) and (3.2), respectively. Moreover, we
define

z :/ S(x,qul)dx+/ S*(x, vp) dx. @3)
A

Kn Al(n

Similarly to Sect.3, we easily obtain

Znt1 < Z, foralln € Ny “4.4)
and
22(n+1)(g")* 22(n+1)(g")*
Ak, | < —Z7Z, < Z, foralln € Ny, 4.5)
nt (p*) dl
1K«
where
*\ *\ T
. a5 ra (%)
d; :=min {1, 5 \ 3 log (6 +n) > 0. 4.6)
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In the following, we will establish recursion inequalities for {Z, },,cn,, which will then
imply the desired conclusion by Lemma 2.11. As before, throughout the remainder of
the proof, the symbols C; (i € N) denote positive constants that are independent of n
and .

Claim 1 There exists a constant ;& > 0 such that

20M%@Ht |
/ S*(x,vyp)dx < C12 Z,t* foralln € Ny.
A

Kn+1

Indeed, we have

J

Leti € {1,...,m}. From (4.2) and the relation between the norm and the modular
(see Proposition 2.9), it follows that

S'uindr= [ S ) [ Swod @)
@ i=1 7%

Kn+1

/Q_ S ve1) dx < une |4y
Applying Proposition 2.10 with Q = €; yields
[ S v dx = Callunsi g b g
Qi i
Next, applying Proposition 2.9 and recalling (4.2), we arrive at

/ S*(x, vy1) dx
Q;

"y
qi++6

< C3</ S(x,Ian+1|)dx+/ S(x, Un-H)dx)
Q,‘ Qi

<l

where ¢ is given in (4.1). Combining this estimate with (4.3), (4.4), and (4.5), we find
that

™)y
qur+E

S*(.X, Un+l) dx + |AKV,+1 |> s

S(x. [Vuns1]) d +/

A

Kn+1 Kn+1

BT A IS
q: +e

/ S*(x, vyp1)dx < Cs52 0 Z,
Q;
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Substituting this estimate into (4.7), we deduce that

20(pH T gHt |
/ S* (X, vpp1)dx < Ce2 @ Z,TH,
A

Kn+1

where

1

(PN
0 < @ := min T -
1<i<m qi + ¢

in view of (4.1). This establishes Claim 1.

Claim 2 It holds that

2097 @HT 50+
/ S(x, [Vul)dx < C72[ — 2@ ]n
A

Kn+1

n—1
To this end, we test (1.8) with ¢ = v,41 € WOI’S(Q), which gives

A(x,u, Vu) - Vudx = / B(x, u, Vu)v,,| dx.

A’(nJrl A

Kn+1

On A we have u > v,41 > 0, u > k41 > 1, and

Kn+1>

S*(x,u) > dju > dy,

ZMH foralln e N.

(4.8)

where d is given in (4.6). Using these estimates and (2.4), we infer from (H3)(ii) and

(H3)(iii) that

A(x,u, Vu) - Vudx

AKnJrl

> a2/ S(x, |Vul)dx — a3 / [S*(x,u) +1] dx
A’(n+1 A"n+l

d 1
20{2/ S(x,|Vu|)dx—¥ S*(x,u)dx
AK)H»I 1 A"n+l

(4.9)
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and

/ Bx, u, Vu)v,41 dx
A

Kn+1
< ,3/ [a(x) B yp* -1
"n-H
PAe)) | _pk)
+ (b(x) log(s + nu)) T o= +a(x) o |Vu| 757
q(x)
+ (b(x) log(s + nu))m (b(x)log (8 + nlVul)) e |Vu| @@ + 1}, dx
0]
< = S(x, |Vu|)dx+C8/ S*(x, u)dx.
2 AKIH—] AK"-H
(4.10)
Combining (4.9) and (4.10) with (4.8), and then using (3.5), we arrive at
f S(x, |Vul) dx
AKn-H
< C9/ S*(x, u)dx
AK}H»I
FalC R, pr(x)
<Gy a@) 7 (@2 = v, )
AK}H»I

+ (b(x)log (6 +n@"% - 1)v,,)> a0 ((2n+2 _ l)vn>q &) } .

Using (2.7) once more, the last inequality gives

J

Applying Claim 1 with n — 1 in place of n, and absorbing the resulting fixed factor
into the constant, proves Claim 2.

S(x, |Vul)dx < 61022<q*>+”/ S*(x, vy) dx.

Kn+1 A/(n

Using Claims 1 and 2 along with (4.4) gives
Zps1 < Cb"Z)H foralln €N, A.11)

201" T * +]
where b 1= 2[ q @)

> 1. This implies
Zomin < CLib™ 1 Z) T forall n € No.
Thus, defining 21 = Zp, and b= b2, we obtain
Zny1 <bC1B"ZIH forall n € Ny, (4.12)
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In view of Lemma 2.11 for the case w; = upy = u, it follows from (4.12) that

Zow="2n—0 asn— oo (4.13)
provided that
Zo < bCi) H bR (4.14)
We further infer from (4.11) that
Zom+1)+1 < Cllbz("H)Z;:fl for all n € Ny,
which can be rewritten as
Znp1 < bCyp"ZIH forall n € Ny, (4.15)

where Z,, := Z,,1 and again b= b Applying Lemma 2.11 once more to (4.15),
we conclude that

Zong1 = Zn — 0 asn — 00 (4.16)

provided that

1

Zo < (BCi) T B A 4.17)

It is clear that
Zo=21<Zo=Zo < / S(x, |Vu|) dx +/ S*(x, u) dx.
Ay Ay
Therefore, choosing k., > 1 sufficiently large, we ensure that

~ — L
/ S(x, |Vu|)dx+/ S(x,|u|)dx+/ S*(x, u)dx fmin{l,(bCH)*i b Mz}.
Acs

Ay Kk

Consequently, (4.2), (4.14) and (4.17) are satisfied. Hence, (4.13) and (4.16) follow,
namely,

Z,,:/ S(x,|Vu|)dx+/ S*(x,u —ky)dx = 0 asn — oo.
AKn AKn
As a consequence,

/ S*(x, (u — 2Kc4)4) dx = 0.
Q
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Therefore, (u — 2x,)+ = 0 a.e.in 2 and hence

esssupu < 2ky.
Q

Replacing u by —u in the above argument, we likewise obtain

esssup(—u) < 2ky.
Q

Combining the two estimates, we conclude that
lull Lo (@) < 2.

The proof is complete. O

5 Holder continuity

In this section, we present the proof of Theorem 1.3 by combining ideas from
LadyZenskaja—Ural’ceva [65], Fan—Zhao [46], and Ri-Kwon [87]. More precisely,
we adopt the strategy of Ri-Kwon [87] for treating double phase growth, which com-
bines the classical De Giorgi iteration scheme of LadyZenskaja—Ural’ceva [65] and
Fan—Zhao [46] with the frozen functional technique, a standard tool in the regularity
theory of minimizers of double phase functionals.

We first collect some preliminary results that will be used throughout this section. It

1 J—
is readily seen that, if f € C 0- Tiogr1 (R2) (see (1.12) for its definition), then there exists
a constant L(f) > 0 such that

R™oC2re0 [ < L(f), forall Qg(xo) # 0. (5.1)

Moreover, for y € (0, 1], we denote by C 0.7(Q) the space of all f € C(Q) such that

[flo,y == sup M < 00
xyee X —yl¥
xF#y

Let (Hop) hold. The conjugate function of S, defined in (1.6), is given by

S(x, 1) :=sup{rt — S(x,r)} for (x,t) € Q x [0, 00).

r>0
Furthermore, set
ts(x,t _ . 1s(x, t
st = sup ( ), 5 = inf ( ), 5.2)
(x.0eQx[0,00) S(x, 1) (x,.)eQx[0,00) S(x, 1)
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where s(x, 1) := 9,S(x, t) as given in (Hs), and

. — st
5t .= 5= .
’ st —1

The next lemma follows directly from the definition of the conjugate function, see
Bahrouni—-Bahrouni-Missaoui [4].

Lemma5.1 Forr,t, 7 > 0 and x € Q, the following assertions hold.
@ rt <SG, r) + S, 0
(i) S(x,s(x, 1) < (s — 1)S(x, 1);

(iii) min ir5+, 5 } S(x,1) < S(x, tt) < max {r5+, 7% } S(x, 1);

(iv) min =r3+, 5 } §(x, 1) < g(x, Tt) < max {TE+, T° }g(x, 1).

In the remainder of this section, we assume that the hypotheses of Theorem 1.3 are
satisfied. Let u € WI’S(Q) N L*°(2) be a weak solu_tion of (1.11), and let M > 0O
be such that [u|l @) < M. Furthermore, let y € 2 and R € (0, 1] be such that
|[BR(y)| < 1.Forr > 0, we set

By =B, (y), Q:=B,(y)NQ, (0Q),:= B, (y)NoQ.

Fori =1, 2, define

Si (1) :=tP" + bot? log(§ + nt) fort >0, (5.3)
where
bo :=inf b
0 1S121R
and

fii=inf . foi=supf for f € (p.qb
QR Qr

It is clear that the function ¢ +— % with 0 < y < p; is nondecreasing on (0, 00).

Furthermore, t — S;(¢) is convex on (0, 00) since

S/'(1) = pi(pi — D172 + bogi(gi — 1)t% 2 1og(8 + nt)

D9 4 §gi19i]
1N + by n(gi — 1) +2q,
S+ nt 6+ nt)

+ bogit?™ >0, forallt e (0, 00).

Moreover, by (2.7), we have
Si(tt) < rqﬂrlS,-(t), forallt > Oand 7 > 1. 5.4)
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Finally, we note that condition (1.14) implies
110 log(8 + nt) < Cot?F 4 log(8 +1n) forall (x,1) €  x [0,00).  (5.5)

5.1 Interior Holder continuity

In this subsection, we establish the Holder continuity of « in an interior ball B C .
Our first step is the following Caccioppoli-type inequality.

Proposition5.2 Let0 < v <t < R and let w = tu. Then, for any k > supg, @ —
oM, where

o :=min {2, —3;121)(1]‘34) } , (5.6)
the following assertions hold.:
W If
bo < 4[blo.« R, (5.7)
then

R \* —k\"
/ Vol dx <y ( ) / (a) ) dx + ¥ Ak.l, (5.8
Akx r—1 Ags r—T

where Ay, :={x € By: w(x) > «} forr > 0andk € R,

y' =y (data, a1 (M), a2 (M), b1(M)), v = y| (data, a1 (M), ax(M)) .

(i) If
bo > 4[blo.o« R*, (5.9)
then
" o—k "
Si([Vo|)dx <y / S ( ) dx + yy [Aksl, (5.10)
Ak Ag.t I—t
where

y" =y"(data, a1 (M), ax(M)), y{ =y, (data, a1 (M), ax(M)).
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Proof Let0 < 7 <t < Randletk > 0.Lets™ be givenby (5.2), and let ¢ € C'(RM)
be a function satisfying

2 N
0<c(x) <1, |V§(x)|§—t_1_ forx € R, (5.11)

t((x) =1 forx € B;, supp¢ C By.

Taking ¢ = §5+ (w — k)4 as a test function in (1.13), we arrive at

/ §5+A(x,u,Vu)~Vudx
Akt
- (5.12)

¢ B(x, u, V) (w — k) dx| .
Ak.l

LA, u, Vi) - VE (0 — k) dx
Ak.z

<st +

Assumption (Hs)(ii) yields
f §5+A(x, u,Vu) - Vudx > az(M)f §5+S(x, [Vol)dx — az|Ak]. (5.13)
Ak,r Ak,r
Furthermore, by (Hs)(i), we obtain

+ e VA, u, Vi) - Ve (0 — k) dx

Ak,t

(5.14)

<ay(M)s* A ¢* 7 s, [Vul) + 11 VS (@ — k) dx.
k.t

Invoking Lemma 5.1, for ¢ € (0, 1), we have
¢ s, IVuDIVE | @ = F)
= & (w.ec™ s, 1VuD) + S (x. 67 IVE @ — ) )
< 8%;%*5(% SCx, [VuD) + 727 S (x, |V (@ — K))
<(st-1) 8£§5+S G, IVu) + 675 S (x, |VE (@ — k).
Choosing ¢ € (0, 1) such that

st M
a](M)s+ (5+ — 1)85+—1 < a2(3 ),

we infer from the last estimate and (5.11) that

a1 (M)s* e Vel — ks, |Val) < @c“s (. Vo) + €18 (x, o k) :

T

(5.15)

@ Springer



32 Page 36 0of 61 K.Hoetal.

Here and throughout the rest of this proof, C; (i € N) denotes a positive constant
depending only on the data, a; (M) and a>(M). Using t < 1 4+ max{d~", (d log(s +
n))_l}S(x, t) for (x, 1) € Q x [0, 00), we also have

sta (MY Vel — k) < C2S <x, ‘;’_‘f) +Cs. (5.16)

From (5.14), (5.15), and (5.16), we arrive at

st / §5+_1«4(X, u,Vu) - V¢ (w — k) dx
Akt
M —k
< 2dh ¢5+S<x,|Vw|>dx+c4f S(x, 2 )dx+C5|Ak,t|~
3 Ak Axs -7

(5.17)
On the other hand, by the assumption on k and the definition of o in (5.6), we have

M
0<wm) —k<om<2M e a
3b1(M) '
Together with (Hs)(iii), this gives
M
£ Blx. . Vi (o — k) dx| < 280 / (" S(x, [Vool) dx + balAc, ) -
Ag.t 3 Akt

(5.18)

Combining (5.12), (5.13), (5.17), and (5.18), we derive

S(x, |Vo|)dx < /

£° S(x, [Vool) dx < céf
Ak,t

s
S (x, d ) dx + C7lAg .
Ak,t

t—t
(5.19)

Akz

(i) Case (5.7): By taking R > 0 sufficiently small, we may assume that b(x) < %
for all x € Br. Consequently,

d
a(x) > 5 for all x € Bg. (5.20)

By (5.7), it holds that
b(x) = b(x) — bo + by < 6[b]poR* forall x € Bg.
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(M)
(M)>

Using this and (5.5) along withO <t —t <R <landw —k <oM < 3“1721 we

find that

w—k o —k\" w — kPO

w—k P2 w—k p2to
< lallz= (i) + Cib(x) ( ) +Cs

t t—7

w—k\P? N w— k\P2te
< llallL=) P + 6Cy[blo,a R P— +Cs

az(M) o R Y —k\P?
< IIaIILw<m+6C*[b]°’“<3bl(M)> (r—r) (z—r> e

Combining (5.21) with the estimate |[Vw|?! < %S (x, |[Vwl|) + 1, which follows from
(5.20), we derive (5.8) from (5.19).

(ii) Case (5.9): In this case,

3
b(x) = b(x) = bo + by < 2[blo.R* +bo < Sho forallx € Bg. (5.22)

Moreover,

b(x)log(s + nlVwl|) < S(x, [Vo|) + 1]l L) log(d +n) fora.a.x € Q. (5.23)
On the other hand, if |[Vw| > 1, then

1 w1 -1 )
Vot < Ea(x)lel” + 5(10g(3 +m) 7 b(x) [Vl log(8 + nlVal).
Thus,
1
Vol < - (1 + (log(s + n))*‘) S(x, |[Vol) +1 foraaxeQ.  (524)
Using (5.23) and (5.24), and then applying (5.19) and (5.22), we arrive at
S1(|Vol) dx
Ak,r

5/ [|Va)|P1 +b(x) (|Va)|‘f<x> + l)log(6 +77|Va)|)] dx
Ak,r

< [ [CoS(x, [Vol) + Crol dx
Ak,r

w—k\P?
< C9/ |:||a||L°°(Q) ((—> + 1>
Aps tr—1
3 o —k\? w—k
+=bo | | —— +1)log|d+n——) [ dx + Ciol Akl
2 t—1 t—1
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From this and the estimate

we obtain
w—k
Si1(|Vol)dx < Ci2 S dx + C13|Ag |-
Ak Akt -7
This proves (5.10) and completes the proof. O

Lemma5.3 Let R’ € (0, 1) satisfy Bgr C 2. Then there exist constants 0 < 0 < 1
and Cy > 0 such that forany 0 < R < R/,

oscp, u < CR P RF,
where
B’ =min {1, —logy6}, C =4max{CoR’ oscp,, u}.

Proof Let o be given by (5.6) and define

(o2

2
1//:=EfloscBRu with Z:max{Z,—}.

Clearly, at least one of the functions w = =u satisfies

1
=5 |Br)2| . (5.25)

1
{x € Brpa: w(x) > supw — EOSCBR u}
Br

In what follows, we denote by w the function u# or —u for which (5.25) holds. We now
distinguish between the two cases (5.7) and (5.9).
Case (5.7): Our first goal is to show that there exists a number

0’ = 0'(data, a1 (M), ax (M), by(M)) > 0

such that, whenever

|Akg,rj2| < 0'RY, (5.26)
either
No
sup w < ko + R 5.27)
BRrya

@ Springer



Holder regularity for logarithmic double phase problems Page 39 of 61 32

or
1
No < (y]) 1 R, (5.28)

where 0 < No < ¥, ko = supg, @ — No, and y; is the constant appearing in (5.8).
To establish the claim, for m € Ny, define

1 1 No No
Om = (Z+W> R, km=k0+7—W, (5.29)
Dm+1 = AkmvaJrl \Akm+lv)0m+l and Ym = R_N|Akm,pm|' (530)

Since k> supp, @ —o M, we may apply (5.8) withk = kjy, t = py, and T = pp1.
This yields

J

Using (5.30) together with the estimate 0 < w(x) — k;, < Np for x € Ay, p,, We
infer from (5.31) that

|Va)|p‘ dx < V/Z(M+3)(a+p+)R—P2 / (w— km)pz dx + )/]/|Ak,,,,,o,,,|-
A

km P41 km pm

(5.31)

f [Vo|P! dx < [y/z(m+3)(a+p+)R—p2N(§72 + )’1/]|Ak,,,,pm|
D1 (5.32)
< I:y/2(1n+3)(oc+p+)Né72R—p2 + y{]RNym.

1
Assume now that (5.28) does not hold, that is, No > () ”1 R. Then (5.32) implies

/ Vol dx < I:y/z(m+3)(01+P+)Né’2—Pl RPI—P2 4 l]Né)lRpr'ym
Jo (5.33)
< Clzm(a+p+)N6Ul Rpr1y

no»

where we have used (Hy)(i) and the estimate Ng < ¢ < 3”1721((MA/I)). Here and in the
following of the proof, C; (i € N) denotes a positive constant depending only on the
data, aj (M), a(M) and b1 (M). Applying Holder’s inequality and (5.33), we obtain

m@+ph)

ar 1
P —_——
/D |Va)|dx = </D |Vw|p1 dx) 1 |Dm-+-1|1 < C22 P1 NORN_IYm.
m+1 m+1

(5.34)

Next, applying Lemma 2.13 with k = ky,, [ = k41, 0 = Pm+1, and u = o, it
follows that

_ _ _ 1
/D IVoldx = 27" BN Aty 1o |7 0021 1B \ Ak |- (5.35)
m+1
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R

Since 7 < pm < 5 R and ko < k,, for all m € Ny, we have

Byt \ Ak spmir D Brja \ Akg,r/4-
Consequently, (5.26) yields
1Bopir \ Akpmr| = |Brjal = 1Ay, ryal = (wn4™N —0")RY. (5.36)

Choosing 0’ > 0 with 8’ < %wN“'_N, we infer from (5.35) and (5.36) that
/ |[Vo|dx > Nowyp~ 127 +N+3) pN= 1ym+1
Dm+]

Comparing this estimate with (5.34), we arrive at

_ 1 a+p +1
ym+1¥ = C';Z ( )ym
Thus,
Ymi1 < Cagb™ylteo, (5.37)
where
(@+2pHN 1
b=2®"-Dr~ > 1 and gy = > 0.
N -1
Hence, if (5.26) holds with ' defined by
_1 7%
6’ := min {2—14—NwN,c4 Op ot (5.38)

then the sequence {y,, }men, satisfies the recursive inequality (5.37) and

1 1
_ T g €2
yo=RN A .rp| <0 <C, b 0.

Therefore, Lemma 2.11 applies and yields y,, — 0 as m — oo. Thus, (5.27) holds.

The next step is to prove the existence of an integer s' =

s'(data, a1 (M), an(M), by(M)) > 2 such that, for 8’ defined in (5.38), either

, e
v <2 (y[)"'R (5.39)
or (5.26) holds with
ko = supw — 27 1y, (5.40)
Br
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Suppose that (5.39) does not hold, that is,

/ 1
v > 2" (y[) "' R, (5.41)
where s’ > 2 is an integer to be specified later. Define

ki=supw =27y, Dii=Ap pn\Ap  gpn fori=0,1....s—1 (542
BR (al 1 ’
By the definition of ¥ and (5.25) we have

1
Az ol < 51Brpl fori=0.1....s' ~1. (5.43)

Applying (5.8) witht = R, v = R/2, and k = lzi fori =0,1,2,...,8 —2, we

obtain
o ~ P2
R w — ki
U 1 /
y R) / ( R) dx+)/1|A,;i,R|
(R—i Apr \R— 72

. p2
< Y20 R (279) T 1A gl + vilAg, gl

IA

/ [Vo|P' dx
D

Together with (5.41), (H4)(i), and the estimate 21 Y <oM < 3“,721((1”1‘,1)), this gives

P2—pi
[ 1valrar < <2a+p+V/L(P) (3“;1(34))) i 1) on @ RN,
D;
(5.44)

where L(-) is defined in (5.1). 3 y
On the other hand, applying Lemma 2.13 with p = R/2, | = kiy1, k = k; for
i=0,1,2,...,5' — 2, and u = w along with (5.43), we find that

i _ _ 1 1
/_ IVoldx = 27 yp~ (R/2)™NA; | gpl' ™V <|BR/2|——|BR/2|)
b; i+l 2
A—i— L
= onpT 2T YIAL gl T

Using Holder’s inequality and (5.44), we get, fori =0,1,2,...,s — 2,

. -5
Az, L rpl ¥

<|A

1—L
k2l Y
1
1

. Pl o~ 1L
D;
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1

L M)\ Lo psl Nep
54/3601@1 <2a+p+y/L(p) (%(M))) +1> |D;| »t R P,

This implies

(N-1)py N-py

Az, gl ™0 < Cs|Di|R 7T (5.45)

Summing (5.45) with respect to i from 0 to s” — 2 and using

s'=2
Z |D;| < |Bgs2l,
i=0
we arrive at
(N=1)py N-py PI(N-=1)
A, el " < S B pRTt = SO R
ky_1,R/2 — ¢ —1 s/ —1
Therefore,
c N(pi=D
6 ™=Dr1_n
|A,;S_1’R/2| < <s/T1> R". (5.46)

Choosing s” > 2 sufficiently large so that

Np~—-1

C C —Dp~
® -1 and 6 )@ _ 0,
1 s —1

s/ —

we infer that
N
|A/§sul,R/2| <6'R".
Thus, (5.26) holds with ko as in (5.40). Therefore, as proved above, if (5.39) does

not hold, then at least one of (5.27) and (5.28), with Ny = s+l Y, holds. If (5.27)
holds, then

7/ 7/ p—
supw < supw — 275 =supw — 27 £ L oscp, u.
Bga Bg Bg

Moreover,

SUP® — SUP W < OSCR, U — OSCRy, U.
Br BRrya
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Hence,

05Cpp U < (1 — 2_‘Y,£_1)oscBR u. (5.47)
If (5.28) holds with Ny = 27514, then

oscpyu < €281 (y{)ﬁR. (5.48)
If (5.39) holds, then
0SCp U < Zsl(yl’)ﬁR.
In any case, one of the following alternatives holds:
oscp, U < KZS,(y{)ﬁR or 0scpy,u < (1 — 27507 oscp, u.

Case (5.9): The proof of this case follows the same strategy as that of (5.7), so we
focus only on the differences. We first show that there exists a constant

0" = 0" (data, a1 (M), ax(M), b1 (M)) > 0
such that, if
|Ako.r/2| < 0"R", (5.49)

then at least one of the following two alternatives holds:

N
sup w < ko + — (5.50)
BRrya 2
or
1
No < (y{) "' R, (5.51)

where 0 < No < ¥, ko = supp, @ — Ny, and y|" is the constant appearing in (5.10).
We make use of functions S; (i = 1, 2) defined in (5.3). By monotonicity, convexity,
and (5.4), we have

SINR™) _ S1(1Vel + NoR™) _ 2" [Si(Ve]) + Si(NoR™ )]
(NoR=DP1 = (VoI + NoR=D)P1 = (IVeo| + NoR~1)7"

It follows that

—1\p
Vo < NoRE

+ ~1
< qu [SI(WCUD + S1(NoR )],
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and therefore

(NoR™— D7

VolPt <at | 220 7
Vel = [&(NOR—l)

Si(|Vo)) + (NoR_l)”l} . (5.52)

Let m € Ny and use the same notation as in (5.29) and (5.30). Then (5.52) gives

/ IVo|P' dx
A

km s Pm+1

I

(5.53)
PITVISEY Vol)d NoR™HP1|A _
SINoRD /., S1(IVol|)dx + (NoR™ )P Ak, oyt |:|

ks P41

Applying (5.10) with k = k;,,, t = pm, T = pPm+1 and then using (5.4), we have

J

Si(IVol)dx < J/”f

w—k
S (—’") dx + /"1 Ak,
Akm»ﬂm

km P41 Iom - ;Om+1

< J///z(m-i-ii)(cfr-ﬁ—l) S (NOR—I) dx + Vl//|Akm,pm I
Aka’m

(5.54)
where we have used o, — p+1 = zm% and 0 < w(x) — k;, < Ng for x € Ay
Note that

msPm *
S (N0R71>

_ p _ q
= NEPRM (NoR™)™ - boNE T RI (NgR ™) tog (6. + nNoR ™).

Thus, using (H4)(i) together with the estimate Ny < 3“[721((1‘/11”)) , we derive

S (NOR*1> <
ar(M) P27 a (M) \ 21 .
o {(3b1(M)) ’ <3b1(M_)) }maX{L(p)vL(‘Z)}Sl(NoR ). (5.55)

Combining (5.54) with (5.55), we arrive at

/A Si(IVol)dx < [Cvz'"<q++l>81 (NoR‘l) + y{/] | Ak

ki P41

m>Pm | .
Substituting this estimate into (5.53), we get

/ |Vow|P dx < 24" [ng’"(‘1++1)(N0R—1)P1 + y{/] | Ay (5.56)
D1
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If (5.51) does not hold, then (5.56) gives

/D IVol?! dx < Co2@ +Dm NPIRN =PIy,
m—+1

Arguing as in the derivation of (5.37), with 8” € (0, 2_14_Na)N) , wWe arrive at

“m e
Ymt1 < Crob™y,te0,

where

(gt +14pTN

b=2 ®-vr~ =1 and g = > 0.

N-1

Hence, if (5.49) holds with 8” defined by
L1
9” = min 2_14_NCL)N, Cloaob 0 } s

then another application of Lemma 2.11 yields (5.50).
Next, we show that, for 8” defined above, there exists an integer

s" = 5" (data, a1 (M), ay(M), by (M)) > 2

such that either

v =2 ()R, (5.57)
or (5.49) holds with
ko = supw — 275 Ty, (5.58)
Br
Lets” > 2 be an integer to be specified later. Fori =0, 1,2, ...,s” — 1, we define

ki and_ﬁi as in (5.42). Repeating the argument leading to (5.53), with No R~ replaced
by 27", we obtain

/ [Voo|P' dx < 24"
A

ki R/2

Q@ lyR-HN
SR /4

S1(Veol) dx + @y R IA;,-,R/z'} '
ki R/2

(5.59)
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Applying (5.10) with k = ki fori =0,1,2,...,s" —2,t = R, and T = R/2, we
have

J

Si(IVo)) dx < y”/ $12R™ (@ — k) dx + y{'| A, gl

ki .R/2 AL R (5.60)
+ —q —_

<29y S Q7Y RTDIAL gl + v 1AL &l

where we have used that 0 < w(x) — 12,- < 2”%// for x € Al%, g Furthermore, by

(Hy)(i) and the estimate 2~y < oM < 3“},21%,)), we infer that

ST WR™) = max [@ 7, @7y  max(L(p), L@)Si127 )

g —p*
< max [( a2(M) ) + 1} max(L(p). L(@)}S1 2%

3b1(M)
fori =0,1,2,...,s” — 2. Substituting this estimate into (5.60), we arrive at
f Si(Vehdr = Cun (SIQTYR D+ 1) 1A gl (56D
A/E,»,R/z

Combining (5.59) and (5.61), we obtain
/ Vol dx =297 [Co@7Y)P R AL ol + v 1Az 4l
AI;I_’R/Z is is

If (5.57) does not hold, then the preceding estimate yields

/ [VolPldx < C3Q7Iy)PIRN =P fori =0,1,2,...,s" —=2.  (5.62)

A/E,-,R/z

On the other hand, applying Lemma 2.13 withu = w, p = R/2, k = ki, andl = l;,-+1
fori =0,1,2,...,s” —2, we arrive at

1 _ —i —
At rpl' TN < 4Boy' @) / Vol dx, (5.63)
D;

where we have used the estimate |A1;i’ R /2| < %|BR 2| arguing exactly as in the
derivation of (5.36).

Repeating the arguments that led to (5.46) and invoking (5.62) and (5.63), we
conclude that there exists an integer s” > 2 such that (5.49) is satisfied with ko given by
(5.58). As shown above, at least one of (5.50) and (5.51) is valid with No = 28"+l v,
Proceeding exactly as in the derivations of (5.47) and (5.48), we conclude that either

1
_A// _l ‘//_1 N
0scpp, u < (1 -2 07 )oscgpu or oscpyu <{£2° T (y )P R,
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corresponding to the validity of (5.50) or (5.51), respectively.
If (5.57) holds, then we obtain

" i
oscppu < £2° (y{ )P R.

We have therefore established that for every 0 < R < R/, at least one of the
following alternatives holds:

0SCRgq U < O oscp,u, 0sCpyu < coR,

where we set
, ” v 1 o 1
0 :=max{l —¢~ 127 1 —¢7127%"}, ¢p:= max {ez* (y] + D 025 (y) + )7~ } .

An application of Lemma 2.14 with pg = R, p = g, e = 1, and b = 4 completes
the proof. O

5.2 Boundary Holder continuity

In this subsection, we establish the Holder continuity of u in Qg, where y € 9%
and 0 < R < diam(£2). Since the argument closely parallels the proof of the interior
Holder continuity developed in the previous subsection, we only outline the main steps
and indicate the necessary modifications.

Let y € 9 and 0 < R < diam(f2). We have the following Caccioppoli-type
inequality.

Lemma5.4 Let0 <t <t < R and let w = Fu. Then, for any

k > max ysupw — oM, sup w;, (5.64)
QR (0)r

where o is given by (5.6), the following assertions hold:

o If
by < 4[blo,« R, (5.65)
then
/Ak,r Vol ds <y’ <t fr)a ‘/Ak,x <C:__f)p2 dx +y{lAk.l,  (5.66)
where

y' =y (data, a1 (M), ax(M), b1(M)), y{ = y{ (data, a1 (M), ax(M)) .
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() If
bo > 4[blo.« R*, (5.67)
then
7 o—k "
Si(|Vol)dx <y S dx + y1 1Ak el, (5.68)
Ak,r Ak,, r—t
where

y” =y"(data, a1 (M), a2(M)), y{ =y, (data, a1(M), ax(M)).

Proof The proof follows the same lines as that of Proposition 5.2, noting ¢ = §5+ (w—
)+ € WhS(©Q) N W, ' (Q) thanks to (5.64). O

Lemma5.5 Let R’ € (0, 1) satisfy R’ < diam(S2). Assume furthermore that
oscpo g U < agRP forall0 < R < R, (5.69)

where By € (0, 1] and ag > 0 are given constants. Then there exist constants B’ €
(0, Bol and C > 0 such that

oscq, U < CR P RF
forany0 < R < R'.
Proof Let o be as in (5.6) and define

2
¥ =0 loscqu with £ = max {4, —} ) (5.70)
(o2

Since €2 is a Lipschitz domain, it possesses the fat complement property. More
precisely, there exists a constant k = k(£2) > 1 such that

|Br(z)] < k|Br(2) \ 2| forallz € 92 and r € (0, diam(S2)). (5.71)

We distinguish between the cases (5.65) and (5.67).
Case (5.65): We first show that there exists a constant

0’ = 0'(data, a; (M), ax(M), b1 (M)) > 0
such that if

|Ako.r2| < 6'RY, (5.72)
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then either

N
sup < ko + —2, (5.73)
QR4 2
or
1
No < (y[) "' R, (5.74)

where 0 < No < ¢, ko = max{supg, @, sup(yq), @+¥}—No, and yj is the constant
appearing in (5.66).
To this end, for m € Ny, define

1 1 No  No
=+ )R kn=kot+— — ==,
P <4+2m+2) m =KOF S T (5.75)

—N
Dm"l‘l = Akm,Perl \ Akm+lspm+l and Ym = R |Akm»ﬂm|'

It is clear that k;, > max{supg, @ — oM, supq), @}. Proceeding as in the proof of
Lemma 5.3, we apply (5.66) with k = k;,, t = p;,, and T = pp, 1. This yields

/ [Vo|P! dx < [y/2<'"+3><“+P+>N5’2R—P2 + y{]RN V- (5.76)
Dm+1

1
Assume now that (5.74) does not hold, thatis, No > (y{) 7 R. Then, combining (5.76)
with Holder’s inequality, we obtain

1

2 - L ma+pt) N_1
Vol dx < Vol dx )" [Dogt] 70 < €27 71 NoRN 1y,
Dy 1 Dy

(5.77)

Here and throughout the remainder of the proof, C denotes a positive constant depend-
ing only on the data and on a1 (M), ax(M) and by (M). Its value may vary from line
to line.

On the other hand, since k, > sup(3q), @ = sup(3g), @, the function

c?)(k”’)(x) — max {w(x), kp}, x € Qp,,
km, X € Bpm \ me’

belongs to W1 (B o) N view of Lemma 2.12. Therefore, we may apply Lemma 2.13
withk =k, | = ki1, p = pmy1, and u = @%») | which gives

A -4 Bom1 ~ (k)
(ka1 — k)| Akyit.pmer ] V< [Volkm)| dx,

|Bpm+l \ Akmspm+1| Ak o1 Ak 1.0m 1
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where A,,pmﬂ = {x € By,,,: %) (x) > t} fort € Rand B > 1 is a constant
depending only on N. Moreover, it is straightforward to verify that

Akt pmst C Akt pmers
B;0m+1 \ Qﬂmﬂ C Bpm+l \ Akm;pm+l7
Akmvperl \Akar],,Oerl C Dm+].

Taking these inclusions into account together with (5.71), we infer from the previous
inequality that

NI _ _ _q 1-4
fD Vol dx = k™' g7 Ng2~ V22 m RN =Ty "0 (5.78)
m+1
Combining this estimate with (5.77), we arrive at
_1 atpt
y¥ <o)y,
Consequently,
Ymt1 < CH"y, o0, (5.79)
where
(a+2p+)N
b=2w-bpr~ > 1 and gy = > 0.
N-—-1
Therefore, if (5.72) holds with 8" given by
1 -5
0 :=C =0b ‘0, (5.80)

then the sequence {y,, }men, satisfies the recursive inequality (5.79) with

1
-1 -7
Yo=R™N|Agyrp| <0/ =C b 5.

Applying Lemma 2.11, we conclude that y,, — 0 asm — oo, and thus, (5.73) holds.
Next, we prove that, for 0’ given in (5.80), there is an integer s’ =
s’(data, ap (M), b1 (M)) > 2 such that either

’ 1
¥ <2°(y))"'R, (5.81)
or (5.72) holds with
ko = max {supw, sup w+ 1y § — 275ty (5.82)
QR (02)Rr
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Suppose that (5.81) does not hold, namely,

’ 1
¥ >2" ()P R

where s’ > 2 is an integer to be specified later. Define

ki := max supw, sup w+ Y — 27 iy, Dj:= A,; R/2\ s R/2 (5.83)
Qr 0)r

fori =0,1,...,s5' — 1. Clearly, k; > max {supq, @ — oM, sup o, w} for i =

0,1,2,....s — 1. Proceeding as in the proof of Lemma 5.3, we apply (5.66) with

t =R, 7 =R/2, and k = k; in order to obtain

P a+pt s Cl2(M) >p2—p1 —i p1 pN—p
ff)[ Vol dx < (2 VL(P)<3b1(M) +1)on@ 7 Y)PRTPL

On the other hand, since k; > SUP(3Q)x @ = SUP(3Q)/y @5 the function

&)(/;i)(x) _ {r~nax {w(x),lzi} . X € Qgy2,
ki, x € Brp2 \ Qgry2,

belongs to W!1(Bg/2) in view of Lemma 2.12. Thus, applying Lemma 2.13 with
p=R/2, 1= 12,4_1, k=k fori =0,1,2,...,s' —2, and u = &%) we obtain

N -
PR/ / [Vo*) | dx, (5.84)

~ ~ ~ 1
(kiv1 —k)IAL gl ™V < ——
1R/ |Br2 \ Ak, r)2l

AL R/2\Ak L1.R2

where ALR/Q = {x € Bgya: d)(];")(x) >t} fort € Rand 8 > 1 depends only on N.
Furthermore,

~ ~

A/EM,R/Z C A12,~+1,R/2v Bry2 \ Qrj2 C Brya \ A/&,R/z’ A/E,-,R/z \ A12,~+1,R/2 C D;.

Proceeding exactly as in the derivation of (5.78), we infer from (5.84) that

_ I D _1 .
/~ |[Voldx >k loyp™ 127" 11p|A,;,_HJR/2|1 N, fori=0,1,2,...,5 —2.

i

(5.85)
Then, arguing as in the proof of Lemma 5.3, we arrive at
Npi-D

Az, &l = (S 1) S RN (5.86)
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Choosing s” > 2 sufficiently large so that

it follows that
N
|A1%/71aR/2| < @'R".

Thus, (5.72) holds with kg as in (5.82). Therefore, as shown above, if (5.81) does not
hold, then at least one of (5.73) and (5.74), with Ny = 2_“‘11#, holds. Let us first
consider the case that (5.73) holds. If oscq, u > 4agRP0 | then assumption (5.69)
implies that

OSCar U < Z OSCQp U.
Consequently, at least one of the two functions w = Fu satisfies

—0SCQy U < SUpW — SUp w. (5.87)
4 Qr 0k

In the following, we denote by w the function u or —u that satisfies (5.87). In view of
(5.87) and (5.70), we have

sup o+ ¥ < supw.
ODr Qp

Using this and arguing as in the derivation of (5.47), we arrive at

05CQp U < (1 — 2707 0SCQp U.
Therefore, if (5.73) holds, then at least one of the following alternatives is valid:

oscqp it < 4agRPO or 05CQg U < (1 — 2_3/2_1) 0SCQp U. (5.88)
On the other hand, if (5.74) holds with Ny = 2—s'+1 Y, then
L S L
oscop u < £2° “L(y) P R < €25 ~1(y]) P RP.

Finally, if (5.81) holds, then

’ i / i
oscop u < £2° (y{)P1 R < €25 (y{) 7 RP,
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In conclusion, for the case of (5.65), at least one of the following alternatives is valid:

osco, u < égR™ or 08CQp, U < 6 oscq, u,

’ 1 - ’
where ¢y = max {4(10, 025 (y{) } andf =1—-2"5¢71,

Case (5.67): The proof proceeds in much the same way as in the treatment of case
(5.9) in the proof of Lemma 5.3. We therefore focus only on the modifications required
in the boundary setting. We first show that there exists a constant

6" = 6" (data, ay (M), ax(M), b1 (M)) > 0
such that, whenever

|Ako.r/2| < 0"RY, (5.89)

at least one of the following alternatives holds:

No
sup w < ko + — (5.90)
QRr/4 2
or
1
No < (y{)"' R, (5.91)

where 0 < No < ¥, ko = max{supg, @, supyq), @ + ¥} — No, and y; is as in
(5.68).
Let m € Ng and use the same notation as in (5.75). As in the proof of Lemma 5.3,

we obtain

1
1

. (5.92)

m>Pm

f Vol dx <297 [CZ’”(4++1)(N0R_1)”1 + y{/] | Ay,
Dm+1

Here, again, C denotes a positive constant depending only on the data and on a1 (M),
ar)(M) and b1 (M).
If (5.91) does not hold, then (5.92) yields

+ _
/ |VolPdx < C2@ tDmNPYRN =Py, |
D1
By Holder’s inequality we deduce from the preceding inequality that

(gt +Dm

/ [Vo|dx < C2° 7t NoRVly,. (5.93)
Dm+l
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Next, observe that k,;, > SUp(yQ), @ = SUP(aQ),,, ©- Therefore,

é)(kirl)(x) — max{w(x)3 km}, X € me,
km, X e Bpm \ me’

belongs to W“(Bpm) in view of Lemma 2.12. Hence, Lemma 2.13 can be applied
with k =k, | = kjpt1, p = pm+1, and u = okm). Arguing as in the derivation of
(5.78), we conclude that

1—L
/ IVoldx > k' B~ Ng2= VD2 m RN =1y V.
Dm+l

Bringing this together with (5.93) gives
Ymy1 < CH"y, 0,

where

_ @r+14p N 1
b=2 W-bhp~ and g = ——.
N -1

Consequently, if (5.89) holds with 8” given by

.
" —=r 2
0" :=C @b 0,

then, in view of Lemma 2.11, we derive again (5.90).
Next, we show that, for 8” defined above, there exists an integer

s" = s"(data, a (M), b1 (M)) > 2

such that either

" L
¥ <2° (y{)P'R, (5.94)
or (5.89) holds with
ko = max {supw, sup w+ ¥ —275 Ty (5.95)
Qr (0R2) g
Lets” > 2 be an integer to be specified later. Fori =0, 1,2, ...,s” — 1, we define

12,- and ﬁi as in (5.83). As in the proof of Lemma 5.3, we obtain

+ —3 _
[ vl as <2 [e@ T nm R o1+ 1A ]

ki R/2
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If (5.94) does not hold, then the preceding estimate yields

/ [Vo|Pldx < CQ7TIY)P'RN=PU fori=0,1,2,...,s" —=2.  (5.96)
A

ki R/2

On the other hand, repeating the argument that led to (5.85), we arrive at

. 1
f~ |Vo|dx > /c_le,B_IZ_’_lw|A,;i+l’R/2|1_W. (5.97)
D;

Repeating the arguments that led to (5.86) and invoking (5.96) and (5.97), we conclude
that there exists an integer s” > 2 such that (5.89) is satisfied with kq given by (5.95).
Then, as shown above, at least one of (5.90) and (5.91) is valid with Ng = 25 *! v,
If (5.90) holds, then by proceeding as in the derivation of (5.88), we obtain

oscq, U < dagRP or 0scp, 4 < (1 — 2_“”6_1) 0SCQy U.
On the other hand, if (5.91) holds with Ng = 275" *+14, then we obtain

" L
osco, u < £2° ~L(y[)r RPo,

Finally, if (5.94) holds, then

" L
osca, u < £2° (y{) 7 RPo.

In summary, we infer that for every 0 < R < R’, at least one of the following
alternatives holds:

oscop i < GgR™ or 08CQ U < 0 0SCqyp U,

where
&o = max {4a0, 02 ] + 7, 02 (ol + 1)13} ,
§i=max {1 -T2 1 -2}
An application of Lemma 2.14 with pg = R, p = %, e = Bo and b = 4 completes
the proof of the lemma. O

5.3 Proof of global Holder continuity

Proof of Theorem 1.3 By the compactness of Q and Lemmas 5.3 and 5.5, we find
Ro >0, C > 0and « € (0, 1] such that

_ o
0sCp, xra¥ = CR
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for every ball Bg(xg) satisfying Br(xo) N2 # @. Letx, z € Q x # z. We distinguish
two cases.

Case 1: |x — z| < Ry.

Set R := |x — z|. Then, Br(x) N Q # @. Therefore,

lu(x) —u(z)| < oscy, gt < CR" = Clx —z|*.

Case 2: |[x — z| > Ry.
Let M = |lu|l L~ (q). Since |[x — z| > Ry, it follows that

oM .

lu(x) —u(@)| <2M < —|x — z|*.
R
0

Combining the estimates obtained in the two cases, we arrive at

lu(x) —u(z)| < Cylx —z|% forallx,z € Q,

where
) 2M
Cy :=maxJC, R_g .
Consequently, u € C%*($2). The proof is complete. O

Proof of Theorem 1.4 Let u € W&’S(Q) be a weak solution of problem (1.5). Then,
u € L°°(Q2) in view of Theorem 1.2. Note that, by (H;)(i), hypothesis (Hy) is satisfied

with @ = & € (0, 1). Morcover, (H, (i) yields

+
q(x) — px) < % < % forall x € Q.

Hence, by compactness of Q, there exists & > 0 such that

pt —
q(x) — p(x) — N < —¢ forall x € Q.

Consequently, (1.14) holds with o = %. Therefore, all arguments in the proofs of
Proposition 5.2 and Lemmas 5.3-5.5 remain valid for u. Moreover, by a standard
approximation argument, one can show that ¢ = §5+ (w — k) + in the proofs of Propo-
sition 5.2 and Lemma 5.4 belongs to WOI’S(Q). Therefore, it is indeed an admissible
test function in (1.8). ]

We conclude the paper with the following remark concerning the definition of weak
solutions to problem (1.11).
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1 —
Remark 5.6 Tt is well known that, in the case S(x, 1) = t?®) with p € ¢ et (),
we have
Wi @ =whS@nwll@), (5.98)

see Fan—Zhao [47]. For the general case, it is clear that WOI’S(Q) c Wl’S(Q) N

W(}’l (€2). Since we have been unable to verify (5.98), we define weak solutions to
problem (1.11) using a larger class of test functions.
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