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Abstract
In this paper, we investigate the existence and multiplicity of solutions for an
anisotropic variable exponent problem of the form
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where © ¢ RV, N > 3, is a bounded domain with smooth boundary and
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denotes the anisotropic variable exponent p(-)-Laplace differential operator. Under
suitable assumptions on the data, we prove that the above problem admits at least
two nontrivial nonnegative weak solutions. The proof is based on the Nehari manifold
approach combined with the fibering map technique and the direct method of the
calculus of variations.
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1 Introduction and Main Results

In this paper, we study the following nonlinear anisotropic elliptic problem

N -2
0 ou pi(x)— du
— pi(x)=2 _ Ak a(x)— 2 inQ
Z ox, ( ™ Y +Zlu| w = Ak(x)|ul ,
9 pi(x) 9
>l i = )P on 02,
= ax; 0x;
(1.1
where Q@ ¢ RY, N > 3, is a bounded domain with smooth boundary and
N i () —2
] Ju pi(x) ou
Apyu = ; PP ( pr pr (1.2)

denotes the anisotropic variable exponent p(-)-Laplace differential operator. The
vector-valued function p : Q — RVis definedby p(x) = (p1(x), p2(x), ..., pny(x)),
where 2 < p;(x) < N forall x € Q and foreachi € {1,2,..., N}. For p € C.(RQ),
we define

pT =supp(x) and p~ = inf p(x),

e xeQ

where
C+(Q) ={p(x) e C(Q): p(x) > L forallx € Q}.
In the following, we write
PZ =min{p],p;,....py} and P} =max{p|, pS....,p¥}. (1.3)

Here, 7 = (71, 12, . . ., nn) denotes the outward unit normal vector on 9€2. The p(-)-
generalized normal derivative v of u is defined by

Pi)=2 5,
3)6,‘

ou

8x,~

V=
i=1

nis

see Henriquez-Amador—Vélez-Santiago [27].
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Throughout this article, we assume that the following hypotheses hold:

(al) there exists y € C+(§) such that k € LY () and k(x) > 0fora.a.x € ;
(a2) there exists § € C(9Q) such that b € LV (3Q) and h(x) > 0 fora.a.x € 0Q;
(a3) o € C(2) such that

l<a <o) <at < <y(x)— 1) NP

y(x) ) N-—PZ

forall x € Q;
(a4) B € C(0R) such that

8(x) — 1) (N-1DP”

- +
I<p <P <p <( o) N o

forall x € 092;
(@S) 1 <a” <at <P- <Pl <p” <pH;

P- P —at\ (B~ —a”
o () ()

A function u € Wl’ﬁ(')(Q) is said to be a weak solution of problem (1.1) if

(Lu, v) =,\f k(x)|u|“(x)_2uvdx+f () u POy do,
Q 02

forallv € Wl’ﬁ(')(Q), where

N
<Lu,v)=/§2§

forall u, v e WhPO(Q).
The main result of this paper reads as follows.

ou

E)xi

PI=2 4y gy N
——dx+/ Zlulp"(x)_zuvdx,
. o 4
i=1

Theorem 1.1 Let assumptions (al)—(a6) hold and define

Plr—a~

L B~ — P P —at \ioE
\Co(B~ —a) ) \ Coa(Bt —at) '

with Cq and Cyq being the constants given in Lemma 2.8. Then, for any A € (0, 1),
problem (1.1) admits at least two nontrivial nonnegative weak solutions.

The proof of Theorem 1.1 relies on the Nehari manifold approach combined with the
fibering map technique. More precisely, we consider the Nehari manifold Ny, (£2) asso-
ciated with problem (1.1), which consists of all nontrivial functions u € W17 (Q)
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satisfying the Nehari constraint. It provides a natural constraint for the corresponding
energy functional. A crucial step in the analysis is the decomposition of the Nehari
manifold into three disjoint subsets

Nu(Q) = NJF(Q) UN, (@) UN(Q),

which is obtained through the study of the associated fibering map. We show that
the set NV, )? (€2) is empty for suitable values of the parameter A. Consequently, the
Nehari manifold splits into two nonempty components N, f () and NV, (£2). We then
minimize the energy functional on each of these two subsets. The corresponding
minimizers yield two distinct nontrivial weak solutions of problem (1.1). Although
this method has been used in several works, our approach is inspired in particular by
the works of Afrouzi—Rasouli [4, 39].
If pj =2foralli =1,..., Nin (1.2), then

| QJ
l\)

which is the classical Laplacian. If p is constant, thatis, p; = pforeachi = 1,..., N,

then we obtain
N P=2 4u ~
Z Pyl IV
— Jx; 0x;

which is known as the pseudo-p-Laplacian, see Belloni-Kawohl [11] or Brasco—
Franzina [19]. Further information on anisotropic operators and in particular on
anisotropic Sobolev spaces can be found in Kufner—Rakosnik [30], Nikol’skif [35],
and Rakosnik [37, 38]. Anisotropic differential problems arise in various applications.
For example, the spread of an epidemic disease in a heterogeneous habitat can be
modeled by anisotropic nonlinear systems. In general, anisotropic operators are used
in models where partial derivatives exhibit different behavior depending on the spatial
direction. Another important example is the anisotropic Laplacian

(3 (1,
2 (5 (37) o)

1

N 2
F(s>=(Z|sf|2) , £eRV.
i=1

ou
8)6,'

where

This operator plays an importantrole in physical models of crystal growth and is closely
related to the so-called Wulff shape associated with F, see Wulff [42]. For further
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applications in different areas, we refer to Almi—Caponi—Friedrich—Solombrino [5],
Antontsev—Diaz—Shmarev [7], Bendahmane—Chrif—El Manouni [12], Bendahmane—
Langlais—Saad [13], Vétois [41], and the references therein.

The p(-)-Laplacian is a nonhomogeneous generalization of the classical p(-)-
Laplacian. In contrast to the isotropic case, it allows different growth conditions for
the partial derivatives in different spatial directions. As a consequence, the associated
differential operator exhibits a more complicated nonlinear structure and requires the
use of anisotropic variable exponent Sobolev spaces. Variational problems involving
the p(-)-Laplacian have attracted considerable attention in recent years due to their
wide range of applications in the modeling of physical phenomena. In particular, such
operators naturally arise in the study of electrorheological fluids, nonlinear elastic
materials, thermorheological fluids, and other processes with spatially heterogeneous
properties. The development of the theory of variable exponent Sobolev spaces and
related anisotropic frameworks has provided powerful tools for the analysis of these
models. We refer to Acerbi—-Mingione [1, 2], Antontsev—Rodrigues [8], Mihdilescu—
Pucci-Réidulescu [34], RuZicka [40], Zhikov [46] for fundamental results and further
references. More recently, the theory of variable exponent spaces has been extended in
several directions in order to describe increasingly complex systems. These develop-
ments include anisotropic settings, fractional operators, and applications to nonlinear
problems arising in elasticity and materials science. Such advances illustrate the flexi-
bility of the variable exponent framework and its capability to model phenomena with
nonuniform growth and strongly nonlinear behavior.

In general, the literature on anisotropic variable exponent problems is still rather
limited. One of the first contributions in this direction is due to Mihailescu—Pucci—
Rédulescu [32], who studied the eigenvalue problem

pi(x)—2 ou

du
—> = Aul?9 2y inQ,

8)6,'

=0,

axi u|8§2

_Zai<

i=1

where p(-) satisfies the assumptions stated above and g(x) > 1 for all x € Q. The
authors established several existence and nonexistence results, which strongly depend
on the interplay between the growth rates of the anisotropic exponents. Their results
reveal interesting phenomena concerning the structure of the spectrum, including the
appearance of a continuous spectrum in various situations. Later, Boureanu—Pucci—
Radulescu [16] considered the problem

pi(x)=2 ou

ou .
—):f(x,u) inQ, ul,,=0,

Bxi

ARGy
; 8x,’ ax,-
where f: Q x R — R is an odd Carathéodory function satisfying the Ambrosetti-
Rabinowitz condition. By applying the symmetric mountain pass theorem, the authors
proved the existence of an unbounded sequence of solutions. Further existence results
for anisotropic problems, both with and without variable exponents, can be found
for instance in Afrouzi—-Mirzapour—-Rédulescu [3], Amoroso—Sciammetta—Winkert
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[6], Boureanu [14, 15], Eddine—Ragusa—Repovs [23], Fragala—Gazzola—Kawohl [26],
Mihailescu—Pucci—Radulescu [33], Radulescu—Stincut [36], Zhan—Feng [44], see also
the references therein. We also mention papers dealing with parabolic anisotropic prob-
lems, see Antontsev—Shmarev [9], Arora—Shmarev [10], Liang—Zhao—Zhai [31], and
Zhan—Feng [43, 45].

The first work dealing with the anisotropic variable exponent j(-)-Laplacian with
homogeneous Neumann boundary condition is due to Ji [29], who studied the problem

N S(x)=2 N
9 9 pi(x) 9
D f e TN S P02 = Au 12 in @,
iz 8xi 8xl~ ax,- im
u
— =0 on 02,
an

where the existence of a nontrivial solution was proved by using the mountain
pass geometry of the associated energy functional. Moreover, several important
embedding results were established. Further results for problems with nonhomoge-
neous anisotropic Neumann boundary condition have been published by Boureanu—
Rédulescu [17], Boureanu—Vélez-Santiago [18], and Eddine—Ragusa [22].

The paper is organized as follows. In Sect.2, we recall some basic properties of
variable exponent Sobolev spaces, introduce weighted Lebesgue spaces both in the
domain and on the boundary, and establish several embedding results between these
spaces. Section 3 is devoted to a detailed analysis of the associated Nehari manifold
and the corresponding fibering map. Finally, Sect. 4 contains the proof of Theorem 1.1.

2 Preliminary Results

In this section, we recall some basic results on variable exponent Sobolev spaces and
anisotropic variable exponent Sobolev spaces. Most of these results can be found in
the monograph by Diening—Harjulehto—Hasto—Ruzicka [20] as well as in the papers
by Fan [24] and Fan—Zhao [25].

To this end, let 2 C R" be a bounded domain with smooth boundary, let M (£2)
denote the set of all real-valued measurable functions, and let p € C. (2). The variable
exponent Lebesgue space L”")(Q) is defined by

LPO(Q) = {u e M(Q): / lu|P® dx < ~|—oo},
Q
endowed with the Luxemburg norm

lull ¢y = inf {A > 0: /
Q

It is well known that L) (R2) is a separable, uniformly convex, and reflexive BaEach
space whose dual space is given by (L?")(Q))* = L? )(Q), where p’ € C,(RQ) is

u

A

px)
dx <1;.
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the conjugate exponent of p defined by p’(x) = p(x)/(p(x) — 1) for all x € Q. For
allu € LPO(Q) and v € LP')(Q) the following, Holder-type inequality holds

/uvdx
Q

Moreover, if p1, p2 € C+ (5) satisfy p1(x) < pa(x)forallx € Q, then the embedding
LP2O)(Q) — LP1O(Q) is continuous.

The modular function p,y: LPO(Q) — [0, c0) associated with LPO(RQ) is
defined by

1 1 )
<\ —+ =) lullpeyllvllye < 2ullpollvlly -
(17 p/ p p p 14

pp(-)(u) :f |M|P(X) dx forallu e Lp(')(Q),
Q

In what follows, we write p := pp(,).

Proposition 2.1 Let p € C(Q), u, u, € LPO(Q) foralln € N, and . > 0. Then the
following hold:

@) llullpey = & if and only if p(£) = 1.
() llullpy < 1 (resp.=,> 1)ifand only if p(u) < 1 (resp.=, > 1).
e + -
(1) If flullpey < 1, then ||u||£9 < pu) = IIMII%)-
V) If lullpey > 1, then llull? ) < o) < llull? .
V) llup — ullpy — Oifand only if p(u, — u) — 0.
i) Ifu, — win LPO(Q), then p(u,) — p(u).

(vii) The functional p is weakly sequentially lower semicontinuous.

Note that if & € L®(Q), h > 0, p € C+(Q), and |u"® e LPO(Q), then the
inequality

: h~ ht h(- h~ ht
min Nl Il | = 1 ”HP(_) < max flllcy o Nl

holds. If 4(x) = h is constant, then || |u|h||p(.) = ||u||2’p(.).
Next, we introduce weighted variable exponent Lebesgue spaces. For this purpose,
let w: @ — R be a measurable weight function such that w(x) > 0 for a.a.x € Q.

Then Lﬁj(('_)) () is defined by

LI (@) = {u e M(Q): / w() [uP® dx < +oo} ,
Q
equipped with the Luxemburg norm

1
lullwe, pey = H (w(x))muH
p()
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The space Lp © (Q) is a Banach space with properties similar to those of the usual vari-

able exponent Lebesgue spaces. The related modular py,(.), p(: Lw( )(Q) — [0, 00)
is defined by

Pw(),p() () = Pp() ((w(-))ﬁu> = /.;2 w(x)|u)P™ dx.

The next proposition provides properties analogous to those stated in Proposition
2.1, see Ho—Sim [28, Propositions 2.2 and 2.3].

Proposition 2.2 Let p € C1.(Q), u,uy € L!\)(Q) forall n € N, and i > 0. Then
the following hold:

() Nullwey.pe) = 2 if and only if puy,pe) (§) = 1.
1) Nullwey,pey < 1(resp.=, > 1) if and only if py(),py () < 1 (resp.=, > 1).

(i) If”u”w() p() = 1, then ”u”w() p() = = Pw(), p()(“) = ”u”w() PO

(iv) If”u”w(-),p(-) > 1, ﬂ’len. ”u”w(.)yp(.? = pw(-),p(-)(“) = ||u||w(.))p(.)'
(V) Nlun — ullwey,pey = Oif and only if py(y,pcy(Un —u) — 0
(vi) Ifu, — uin L‘Z}((:))(Q), then pw(y, p(-y(Un) = Pw(), pe) (W).

Furthermore, let o denote the (N —1)-dimensional Hausdorff measure on the bound-
ary Q. For r € C1(dR), we denote by L") (32) the variable exponent Lebesgue
space on the boundary 92 endowed with the norm || - |I,(),3. Analogously, for
w: 02 — R being a measurable weight function such that w(x) > 0 fora.a.x € 9€2,
we define the weighted variable exponent Lebesgue space on the boundary Lr( ) (8 Q)
equipped with the norm [|uly(.),-(),00-

Now, we introduce the underlying function space. Let p: Q@ — R" be defined by
p(x) = (p1(x), pa(x), ..., py(x)), where each p; € C(Q) satisfies 2 < p;(x) < N
for all x € Q and foreachi € {1,2,..., N}. Then the anisotropic variable exponent
Sobolev space is defined by

wLiPO(Q) = {MGLP’()(Q) - e LPO(Q) foralli € {1,. }},
Xi

endowed with the norm

N N
lellio =5+ 2 Iullpo-
i=1 Hipi() =1
Note that the space Wl'ﬁ(')(Q), equipped with the norm || - [|5(,), is a reflexive

Banach space, see Ji [29]. For more details on anisotropic Sobolev spaces, we refer
to Boureanu—Raédulescu [17], Henriquez-Amador—Vélez-Santiago [27], Mihdilescu—
Pucci—Radulescu [32], and the references therein.

The following result is a direct consequence of the definition of variable exponent
Lebesgue and Sobolev spaces. In what follows, we use the notation introduced in (1.3).
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Proposition 2.3 Let

- [
- @i \I0%i

forallu € Wl'ﬁ(‘)(Q). Then the following hold:

pi(x)
+ |u|l7i(X) dx

_ P- Py
G) If lull5e) > 1, then ||u||ﬁ&) < D) =< |lull 5,
. P P

The following result can be found in the paper by Ji [29, Theorem 2.2].

Proposition 2.4 Suppose Q2 C RN is a bounded | domain with smooth boundary and
pi € C(R) satisfies 2 < p;i(x) < N forall x € Q2 and for eachi € {1,2,..., N}. If

q € C4(Q) satisfies q(x) < NN_P;_ for all x € Q, then the embedding

leﬁ(')(gz) N L(I(')(Q)

is continuous and compact.

Next, we establish an analogous result for boundary variable exponent Lebesgue
spaces.

Proposition 2.5 Suppose Q@ C RY isa 1 bounded domain with smooth boundary 92
having the cone property and p; € C(R2) fulfills 2 < p;(x) < N forall x € Q2 and
foreachi € {1,2,...,N}. Ifq € C(0R) satisfies q(x) < %for all x € 0%2,
then the embedding

WhPO(Q) > L0 (3Q)

is continuous and compact.

Proof First, the proof of Proposition 2.4 implies that the embedding wirO(Q)
WP~ () is continuous. By hypothesis, we have

N-—-1P”
1<q+= sup g(x) < %
xedQ N — P_

Hence, the trace operator y : whP-(Q) — L‘fr(aQ) is compact. Moreover, since
q(x) < g% for all x € 3L, the embedding La" () — LID(3) is continuous.
Therefore, the following chain of embeddings holds:

WLPO(Q) s WIPT(Q) <5 L1 (09Q) — L1O(HQ).

Consequently, the embedding W70 (Q) < LI0)(3Q) is continuous and compact.
This completes the proof. O
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Next we establish suitable embeddings into weighted variable exponent spaces.

Lemma 2.6 Suppose 2 C RN is a bounded domain with smooth boundary and p; €
C () satisfies 2 < pi(x) < N for all x € Q and for each i € {1,2,...,N}.

Assume (al) and (a3). Then the embedding Wl’ﬁ(')(Q) s Lg(()) (R2) is continuous
and compact. In particular, there exists a constant Cq > 0 such that

a(x) - at
/Q k) lul*® dx < Cq (Iull% ) + lul%, )

forallu € Wl'ﬁ('>(£2).

Proof Let yq be the conjugate exponent of y, u € W10 (Q) and define

m(x) = <ﬂ) a(x) forallx € Q.
y(x) —1

It follows that

y(x)
yx)—1

Y (x) = and m(x) = po(x)a(x) forall x € Q.

Using assumption (a3), we obtain

y(x)—1\ NP- NP
m(x) = yp(x)a(x) < yo(x) ( >

y(x) N—P::N—P:

NP_

forall x € Q. Hence m(x) < +—~ forallx € Q. By Proposition 2.4, the embedding

Wl”;(')(Q) < L™)(Q) is continuous and compact. Consequently, u € L") (Q) =
L0020 (Q), which implies |u[*) € L") (). Applying Holder’s inequality yields

f KCORI® dx < 20kl 100 < oo,
Q ()

Thus u € LZ((_'))(SZ) and therefore W70 (Q) ¢ LZ((_'))(SZ).
Now, let {u,}pen C VI{I’ﬁ(')(Q) be a sequence such that u,—u in W70 (Q).
Since the embedding W70 (Q) < L™ (Q) is compact, we obtain u,, — u in

L"O(Q) = L0020 (Q). Hence,
lun = ullypyacy = 0 asn — oo,
which implies

a() — 0 asn — oo.

70()

1t =l
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Again using Holder’s inequality, one has

— 0 asn — oo.
v ()

[kt =l ax < 20k |ty — i
Q

By Proposition 2.2, it follows that

||u,, — '4||k(-),ot(-) — 0 asn — oo,

that is, u, — u in LZ’(("))(Q). Hence, the embedding Wl’ﬁ(')(Q) — Lz(("))(Q) is
compact and therefore continuous.
Finally, from (a3) we have

NP~ _
Yoo~ < p(x)a(x) < ]/()()C)Ot+ < N—;’_ for all x € Q.

Using Holder’s inequality and Proposition 2.4, we obtain

/k(x>|u| dx < 20lklly (o lul2-,, ) < Callul,. @1

/k<x>|u|°‘ dx < 20lklly o el ) < Callul%,. 2.2)

where C q and C q are two positive constants. Consequently, from (2.1) and (2.2), there
exists a constant Cg > 0 such that

fk(x)|u|“(x) dngk(x)mrf dx+/ k(o) ul® dx
Q Q
< Co (Il + luls,)

This concludes the proof. O

We also have an analogous result for weighted variable exponent Lebesgue spaces
on the boundary.

Lemma 2.7 Suppose 2 C RN is a bounded domain with smooth boundary 32 having
the cone property and p; € C(Q) satisfies 2 < p;(x) < N forall x € ﬁ§ and for
eachi € {1,2,..., N}. Assume (a2) and (ad). Then the embedding wWhPO(Q) —
Lﬁ((;(a Q) is continuous and compact. In particular, there exists a constant Cyg > 0

such that
[a B P @ do < Cog (Il + )
forallu € Wl'ﬁ(‘)(Q).
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Proof Let §p denote the conjugate exponent of §. For u € WhP0(Q), define

nx) = ((S(ig—le> B(x) forall x € 9L2.

Then

Bo(x) = 5 809 ind n(r) = 8(0)B(x) forall x € 9.

x) — 1

From (a4), we obtain

5(x) —1\ (N — )P~ (N —1)P~
n(X)=5o(X)ﬁ(X)<50(X)((x) >( )PZ (N - DP

3(x) N —-P” N —P_

for all x € 9<2. This implies n(x) < (ZZV__II)J[F for all x € 2. From Proposition 2.5,

we know that the embedding Wl'ﬁ(‘)(Q) < L"0(3Q) is continuous and compact.
Thus, u € L") = LYOPO(HQ) and so |u|PO e L%V (9Q). Taking Holder’s
inequality into account yields

[ Bl do < 20 ey 1010
Q2

L%0 (39)

From this, we infer that u € L},() (3S2) and W'-P0(©) c L} (3%).
Let {un}nen C W]’i’(')(Q) be such that u,—u in W"ﬁ(')(Q). Because the embed-
ding WHPO(Q) «— L"O(3Q) is compact, it follows that u, — u in L") (3Q) =

L5OBO Q). This gives
lun — ull so0p0 (9 — 0 asn — oo.
Hence,

— 0 asn — oo.

BO) ‘
u
| L300 (3Q)

H luy —
Further, by using Holder’s inequality, we have

— 0 asn — oo.

— B _ 4180
[ ntn = do < 2oy 1 =

Arguing as in Proposition 2.2, it follows that u;, — u in Lf ((; (0€2). This shows that

the embedding wi.pO) (2) — Lf (()) (0€2) is compact and hence, continuous as well.
Now, by using (a4), we have

_ . (N—-DPZ
B0 = BB < bWt < ———— forallx € 4Q. (2.3)
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Due to Holder’s inequality, (2.3) and Proposition 2.5, we get

< Coqllul 2.4

pe)’

B~
/ah(x)'”' do < 20l 5o 1] 44 ) <

Cogllul’ (2.5)

p()’

Br
/3 M@l do < 20l a1l e =

where éaQ and Cyq are positive constants. Therefore, from (2.4) and (2.5), we can
find a constant Cygq such that

/ h(x)|u|ﬂ(x)da§f h(x)|u|ﬁ’do+f h(x)ulf do
02 02

< Coa (Il + ) -

The following result is a direct consequence of Lemmas 2.6 and 2.7.

Lemma 2.8 Assume that the hypotheses of Lemmas 2.6 and 2.7 hold. Then, for every
u € WHPO(Q), the following inequalities are satisfied:

Callu if llullzy > 1,
() /k(x)lulo‘(x)d el ”p() f” 50 =

Coqllu if ||u >1,
(n)/ Bl dor < { selul? () il ||p<>
Coallulb, if lullpy < 1,

where Cq and Cyq are positive constants.
3 The Nehari Manifold and Fibering Map Approach
In this section, we analyze the Nehari manifold and the associated fibering map, which

are used in Sect. 4 to prove Theorem 1.1. To this end, let 7}, : Wl’i’(')(Q) — R be the
energy functional associated with problem (1.1) defined by

pi(x) k
T(u) = f Z o (x) ( + |u|l7i(x)> dx — )\‘/;2 (x) lu |oz(x)d

a(x)
f h(x)l P®) do.
2 B(x)

Itis easy to verify that 7, is well-defined and belongs to clw! PO (2), R). Its Fréchet
derivative is given by

ax;

(T} (), v) = (Lu, v) —x/ k(x)|u|“(x)_2uvdx—/ h()|u)P2yv do,
Q aIQ
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forall u,v € wir0O (£2). Moreover, the critical points of 7, coincide with the weak
solutions of (1.1). The corresponding Nehari manifold associated with problem (1.1)
is defined by

No() = fu e WHPO@)\ (0): (T 0, u) =0}

Clearly, every nonzero critical point of 7; belongs to N3 (€2). Furthermore, define
Ty(w) = (J,(u),u). Hence, if u € N, (Q), then Z, (u) = 0. A straightforward
computation shows that for all u € N3 (),

0
(Z; (), u / Zpl(x) (‘%

_ / hOBEulPD do,
o

pi(x)
+ u|Pi dx—,\/ ko) (o) [u]*™ dx
Q

The Nehari manifold is closely related to the behavior of the function
®@; 4 [0, +00) = R, @y (1) = Ji(tu).

Such functions are called fibering maps and were introduced by Drabek—Pohozaev
[21]. Foru € WHPO(Q) \ {0}, we obtain

du

ax;

Pt( ) k
+ || /1) dx—k/ @0 KO 0 g
Q a(x)

b u — pi(x)
hu(t) = fzt m(x)(

_f lﬁ(x)h(x)| |ﬂ(x)d0
IQ Bx)

N u
1 — (-1
CD)\,M(I)—‘/;Z;I,‘[? x (‘3)&
_/ O )1 PD) do,
Q2
o) (0 = f i(p«x)—l)ﬂ’f(x)—z o
Aou Qi ! 0x;

—x/ (a(x) — D25 ()12 @) dx
Q

pi(x)
+ Ju|Pi ) dx—X/ D=L () ]2 dx
Q

pi(x)

+ |M|Pi(X)> dx

- / (Bx) = NP2 P do
02

Lemma3.1 Let u € WHPO(Q)\ {0} and t > 0. Then tu € Ny(Q) if and only if
<I>’A’u(t) = 0. Moreover, the Nehari manifold N () is a closed subset of wLrO(Q).
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Proof 1t is easy to verify that
/ ! 1 !
(1) = (T, (tu), u) = ;(JA(M),W),

forallu € Wl'ﬁ(')(Q) \ {0} and for all # > 0. Hence, we infer that tu € N, (2) if and
only if Cbi’” (t) = 0. By the definition of Nehari manifold, we have N; (£2) U {0} =

Z;l ({0}). Since 7, is a continuous functional from Wl'ﬁ(')(Q) into R and {0} is a
closed set in IR, it follows that I;l ({0}) is closed in wlrO(Q). Consequently, N3 (2)
is a closed subset of W1-70)(Q). O

By Lemma 3.1, we have ru € N, (Q) if and only if CIDjW (t) = 0. In particular,
u € N, () if and only if @) (1) = 0. Therefore, it is natural to decompose NL(RQ)
into three subsets corresponding to local minima, local maxima, and points of inflection
of the fibering map. More precisely, we define:

NF(Q) = {u € Nu(Q): @) (1) > 0}
= {tu € WIPO(Q)\ {0}: @) (1) =0, D] (1) > 0)
= {u € WHPO@)\ {0}: (T (), u) =0, (T} (), u) > O},
N () = {u e N3.(Q): @} ,(1) <0}
= {tu € WHPO@)\ {0} @}, (1) =0, ,(t) <0}
= {u € WO @)\ {0}: (J)(w), u) =0, (T} (), u) < 0},
NAQ) = {u € No(Q): @ (1) =0}
= {ru e WHPOQ)\ {0}: @) (1) =0, ®] (1) = 0}
= {u € WHPO@)\ 0}: (T (w), u) = 0, (T} (), u) = O}
First, we show that 7;, is not bounded from below on W!-7()(), but it is bounded
from below on N ().
Lemma 3.2 The functional [, is not bounded from below on Wl*ﬁ(‘)(Q).

Proof Letu € W70 (Q) with ||u| 3., > 1. By the definition of J;, we have

ou

pi(x) A
— + |u|P® ) dx — —/ ke (x)u]*™ dax
0x; o Jo

1 N
JA(M)EE/SZE<

1
—— | h)uPY do.
B~ Jaq

Using Proposition 2.3 and Lemma 2.8, we obtain

@3.1)

.
lull 5. ACq + Cyo +
Ji() = P—;“ = o ey = = .
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Since 1 <ot < P~ < B, the last term dominates as [|u|| 5., — oo. Consequently,
Jn(u) — —oo and therefore 7, is not bounded from below on whrO(Q). O

Lemma 3.3 The functional J, is coercive and bounded from below on N; ().

Proof Letu € N5 (R2) be such that lullp) > 1.Sinceu € N..(R2), we have (Dﬁw(l) =
0, which yields

/ h) )P do = / Z (
Q
Substituting (3.2) into the estimate for 7, in (3.1), we obtain
Tiw) > ( )/ Z( + |u|Pf<x>> dx
1 1
— A <— - —> / k(o) |ul*™ dx.
- p7 /) Ja
Using Proposition 2.3 and Lemma 2.8, we deduce
1 1 P- 1 1
T(u) = (———) lluell 5 —?»<— )CQ”M” X
pj_r B PO o B pC

Since P~ > a™, it follows that 75 (1) — o0 as lullp) — oo. Hence, Jy is coercive
on N, (R2). In particular, it is bounded from below on N, (£2). O

ou
0x;

pl(-x)
+ |u|P1 dx—A/ k() |u|*™ dx.
Q

(3.2)

pi(x)

0Xx;

Next, we prove that a local minimizer u of J; on N, )T (R) or NV, 5 (§2) is a critical
point of 7; provided u ¢ NX(S).

Lemma 3.4 Let u be a local minimizer of J». on ./\/+(§2) or N, () such that u ¢
NO(Q) Then u is a critical point of J,.

Proof By assumption, u is a local minimizer for .7;, subject to the constraint 7 () =
(J)(u), u) = 0. By the Lagrange multiplier rule, there exists ¢ € R such that
T3 ) = ¢T; (). (3.3)

It follows that (7, (u), u) = {(Z} (u), u). Since u € N, (), we have (J; (u), u) =
0 and therefore ¢(Z; (u),u) = 0. Recalling that (Z] (u), u) = <I>3: .(1), we obtain

”’u(l) = 0. Since u ¢ N)?(Q), it follows that @X,u(l) # 0. Hence, ¢ = 0 and by
(3.3) we obtain J)\’ (u) = 0. Therefore, u is a critical point of 7. O

Set

Pifaf

o B —Pf P-—at  \#orf
\CaB~—a) ) \ Coa(BT —at) ’
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where Cg, and Cjg are the constants given in Lemma 2.8.
Lemma 3.5 Forany A € (0, T), we have N)?(Q) = 0.
Proof Assume by contradiction that N7 (2) # #. Then there exists u € N() for

some A € (0, 7). Since u € ./\/)?(Q), we have @;’u(l) = 0 and @Kqu(l) = 0. From
CD;L’M(I) = 0, it follows that

f h()|u)P™ do
Q2

N () gy 170 G4
=/ Sz A+ @ dx—x/ k() u*™ dx.
Q= \|9xi Q
Case 1: |ull5) < 1.
Using CDK’M(l) = 0 together with (3.4), we obtain
0= CD:{’M(l)
N ou 1P
> P__/ Z — + Ju|Pi™) dx—m+f k(o) |u)®™ dx
Q= \I9xi Q
- ﬂ*f h(0)ulP do
aQ
N N ou P =
=(P. -« / — + [u]P ) dx
(== [ 325
ey [ heou do,
aQ
By Proposition 2.3 and Lemma 2.8, it follows that
0=(P_ - Ot“L)IIMIIP++ — Caa (B —aH)ul,
== pl) TR PO
Hence,
1
Ju P ) (3.5)
ullzoy > | =———— . .
PO =\ Coa (Bt —ah)

On the other hand, again using @K’u(l) = 0 and (3.4), we get

0= @X’u(l)

el

u

Bxl-

pi(x)
+ Ju|Pi™) dx—)»of/ k() u|*™ dx
Q
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— B / h)|ulP do
a2
N
ey | Z(
@iz

+A(B” —of)/ k() ul*™ dx.
Q

pi(x)

0
on + |u|1’i(x)> dx
Bxl-

By Proposition 2.3 and Lemma 2.8, one has

_ P+ _ _ —
0 < —(8~ = PDllullz, +ACa(B™ —a ) ul,.

Therefore,
1

ACo(B™ —a™) | Fie
lullje) < (;__—PI> L

Combining (3.5) and (3.6), we obtain

1 JR S
MWCo(B~ —a )\ [ PT—at \ior
p~—Pf ~ \ Co(Bt —at) ‘

Hence,

—+ —
Pl —a

B~ — P P —at \#ord
A= =71,
T\ Ca(Bm —a7) ) \ Coa(BT —at)

which contradicts A € (0, 7).
Case 2: |lull5) > 1.

As above, from CDK,u(l) = 0and (3.4), we get

0= CDX’M(I)

—,3+/ () |u)P™ do
02

— (P~ — +)f§: a_u
S @i \| 9%

— (BT —ah) / h(x)|ulP™) do.
02

ou

3)(,'

pi(x)
+ |M|Pi(X) dx
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Using Proposition 2.3 and Lemma 2.8, one has
_ P- +
0> (P —aD)ullye, — Con(B —aH)lull ),
and therefore,
1
P- —at  \#erT
lullgoy = | =—7—+ . (3.7)
PO =\ Coa(T —ath)
Similarly, we can deduce that
0= CDX’M(l)
N N Ju pi(x) @) @
<P / — + |u|Pi dx—ka_/k(x)|u|“x dx
*Ja ; 0x; Q
- ﬂ*/ h()|ulP™ do
Q2
N N Ju pi(x) o)
=—(pB —-P — + u|Pi ) dx
B~ - P /Q ; 'axi Jul
+A(B” — a_)/ k() |u|*™ dx.
Q
Again by Proposition 2.3 and Lemma 2.8, we have
0<—(B~ — PDluls + 28~ — a)Callull®
< —(B~ = PDlull 5o, + (B~ — e 7)Callull%,.
which implies
1
MCa(f~ —a) \ -
lullpoy <\ ————— . (3.8)
p B — PI
From (3.7) and (3.8), it follows that
1 1
ACo(p~ —a)\ e _ [ PT oot \FT
B~ —pPf “ \CoBT —at)
Hence,
P —a™t
-—pf P~ —at pr—p-
A= p + — : (3.9)
Co(f™ —a™) | \ Coa(Bt —a)
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By choosing Cyqu > 1, we obtain from (a$S) that

P~ —at

0 < <
Coo(BT —at)

1. (3.10)

Moreover, from P~ < P{,a~ <ot and B~ < BT, wehave P~ —at < P —a~
and B~ — P; < Bt — PZ. This implies that

P-—at Pf—oa
<

. 3.11
gt —P- B — PI G-I
Now, we obtain from (3.10) and (3.11) that
P~ —at PI—DZ_
PZ —at  \storo P- —at  \#orf 3.12)
e R — > —— . .
Coo(Bt —a™) “ \Coa(BT —af)
Combining (3.9) and (3.12), we get
P_:r—oz_
_ + — —_ T
A B~ — P! P- —at B P+:‘E,
Cao(B~ —a7) ) \ Coa(Bt —at)
again a contradiction. Therefore, NV, S(Q) = {). This completes the proof. O

Corollary 3.6 Let A € (0, 7). Then the sets th (2) are closed in Wl’ﬁ(')(Q).

Proof We prove that \V, 5 (€2) is closed. The proof for N, f (£2) is analogous. To this end,
let {tn}neny C N (Q) and let u € WHPO(Q) be such that u, — u in WHPO(Q).
Since u, € N, (2), we have @;’Mn(l) = 0 and @K’un(l) < 0 for each n € N. The
identity @} , (1) = 0 gives

ouy,

pi(x)
+ |up | PO dx—k/ k() un | ¥ dx
3)6,' Q

(3.13)
—/ h() |up PP do = 0.
Q2

Since
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foreachi € {1, ..., N}, Proposition 2.1 implies

N
N u
=L§(£

Moreover, by Lemmas 2.6 and 2.7, one has

pi(x)

duy
ax,-

+ |un|Pi(X)> dx

3.14
pi(x) ( )

+ |u|Pf<X>> dx.

Uy — u in L) (), in L) (3Q) and ae.in Q.

Hence, Proposition 2.2 yields

lim [k(x)|u”|“(x)dx:/ k() u]*™ dx, (3.15)
n—oo Q Q

lim h(x)|u,,|ﬂ(x)do=/ h(x)|u)P® do. (3.16)
Q 02

n—o00 P

Passing to the limit in (3.13) and using (3.14), (3.15), and (3.16), we obtain

[

i=1

ou

ax;

pi(x)
+ |u|P1® dx—,\/ k() |4 dx
Q
—f h() )P do = 0.
02
Thus, d>3hu(1) = 0. Next, since CDK,M(I) < 0, we have

/ ZN: (x) ‘a”"
i1 " dxi

< k/ o (0)k () [ |4 dx+f B (x)|u, PP do.
Q Ele)

pi(x)
+ |un|pi(x) dx
(3.17)

By (3.14), (3.15), (3.16) and using Fatou’s lemma, one can easily verify that

pi(x)

+ |un|P1(X)) dx

N du
l. i n
tim 3 pico (’ o
N ou |Pi
= / > pi) ‘—
@iz 0xi

(3.18)

+ |u|Pf<x>> dx,
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and
lim / a(x)k(x)|u”|°‘(x)dx:/ o (x)k () |u|*™ dx, (3.19)
n—oo Q Q
lim/ ,B(x)h(x)|un|ﬂ()‘)do=/ B () |ulP™ do. (3.20)
=00 Jaq QR

Passing to the limit in (3.17) and using (3.18), (3.19) and (3.20), we obtain

/Z - ‘8_
=1 " Ox;

f)L/ Ol(x)k(x)|u|oc(x)dx_|_/ ,B(x)h(x)|u|ﬂ(x) do.
Q@ a0

pi(x)

+ |u|Pi(x)) dx

Hence, Cbﬁ{,u(l) < 0. Since A € (0, t), Lemma 3.5 gives N/{)(Q) = (). Therefore,
d)/x/,u(l) # 0, and thus <I>” .(1) < 0. Together with CIDA .(1) = 0, this shows that

u ENA_(SZ).Hence,./\/)L_(Q) is closed in W ”()(Q). O
The following result is a direct consequence of Lemmas 3.3 and 3.5.

Corollary 3.7

(i) Forany ) € (0, 7), we have N3(Q) = N7 (Q) UN, (Q).
(ii) The functional [J, is coercive and bounded from below on both ./\/)L+ (2) and
N ().

Define

O, = inf S, O = inf Ji and O, = inf Ji(u).
ueN;.(Q) ueN; (2 ueN; (Q)

Lemma 3.8 Forany A € (0, 1), we have ®; < @;f < 0.

Proof Letu € N+(Q) Then, CD)L L(D) =0and CDK’M(I) > 0. From CD:\’u(l) =0, we
obtain

/ h)|u)P® do
Q2

[ (3

Using ‘DK,M (1) > 0 together with (3.21), it follows that

/th(x)|u|ﬂ(x)do <( + )/ Z(

@ Springer
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ax;

pi(x)
+ Ju| P dx—k/ k() || dx.
Q

pi(x)

+ Iulpi(x)> dx. (3.22)
0X;
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By the definition of 7 and identity (3.21), one has

1 1 N
jA(u)S(P____Ol_"‘)/Q;(

1 1
_ Bx)
+<a+ /3+>/aszh(X)|u| do.

Now, using (3.22) in the above inequality, we get

Ju pi(x)

ax;

+ |M|Pi(x)) dx

(aF = PDB + PZ(BT —ah) (’,}f:;‘_ )

Jh(u) < ot p
(3.23)
N .
Ju pi(x)
x — w7 ) dx.
N (
By assumption (a6), we have
P;L -
(@ =P T+ P (BT —ah) o) <° (3.24)
-«

Combining (3.23) and (3.24), we conclude that 7, () < 0. Therefore, by the def-
initions of ®; and @I, it follows that ®; < @;“ < 0. This completes the proof.
O

Lemma3.9 Let0 < A < (i—;)r. Then there exists ¢ > 0 such that ©, > ¢ > 0.
+

Proof Let u € N, (). Then dDQMM(l) =0and Cbx’u(l) < 0. From Cbghu(l) =0, we
obtain

/ h) )™ do
Q2

N (1 gy 1Pi) (3.25)
=f =] A+l dx—A/k(x)|u|“(x)dx.
Qi \I9x Q
Case 1: |lull5) < 1.
From Lemma 3.5, we have
1
P~ —at p=—pf
llull 3¢y > m . (3.26)
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Using the definition of 7, and the identity (3.25), we obtain

- (- AL
— A (ai - ﬂ—_) / Je(x)|u ™ dx.

By Proposition 2.3 and Lemma 2.8, we deduce

1 1 o 1 1
Tlw) = [l [(P_I - ﬁ—) lull 5, — ACo (— ﬂ—ﬂ :

Using (3.26) in the above inequality, we get

pi(x)

+ |u|17i(x)> dx
0x;

o

PZ —at )ﬂ—PI

0= (W

by (3.27)
Casz(ﬁJr - 0!*)
oo (L1
i

Since A < (‘;—1)1, it follows that
+

+ —
Pl —a

LN U A R e S (L_i>>o (3.28)
P B )\ Coa(pt —ah) Noem )7 7

Hence, from (3.27) and (3.28), we deduce that m; > 0.

Case 2: [Ju|l5) > 1.
Again by Lemma 3.5, we have

P~ —at ﬁ*—]P:
llell 5y > m . (3.29)

From Lemma 3.3, we also have
1 1 P-—at 1 1
at T —a
Tn(u) = Nlulls |:<P_j: - f?) lullzo,  —ACa (a_— - ﬂ__):| :
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In addition, by using (3.29) in the above inequality, we get
at
P —af pr-prZ
P00\ Ca = o)

ANt N (L_L)
Pr )\ Coa(Bt —a®) Noa= B~

Taking Cyq > 1, by Lemma 3.5, one has

P-—at plr—a~

P~ —at \#t-rC P~ —at \r i
- - U .
Co(Bt —at) T\ Gt —ah)

This shows that

Pt

P- —at ﬂf%l’i 1 1 PZ —at ﬂtﬁ”i
T = (casz(ﬁ+ : a+)> [(P_r B ﬂ_‘> (Casz(ﬁ+ : aﬂ)
—ACq <L - L>:| = my.
a” BT

By using (3.28), we deduce that my > 0. Finally, choosing ¢ = min{m, my} > 0,
we get Jp(u) > ¢ > O forallu € N, (Q). Therefore ©, > ¢ > 0. O

The following lemma is immediate.

Lemma 3.10

() Ifu € N;H (), then [ k(x)|u|*™ dx > 0.
(i) Ifu € Ny (Q), then [, h(x)|[ulf® do > 0.
(iii) Ifu € N2(Q), then [ok(x)|u|*™ dx > 0 and [,q h(x)|ulf™ do > 0.

The following result describes the behavior of the fibering map @, .

Lemma3.11 Let u € W1PO(Q) \ {0} be such that [y h()ulP® do > 0. Then
there exists Tty > O such that, for every A € (0, 19), the following assertions hold.

(1) Ifo k(x)|u|*™) dx = 0, then there exists a unique t| > 0 such that tju € N, ()
and

J.(tiu) == sup Ji(tu).

t>0
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(ii) Ifo k()|u|*® dx > 0, then there exists a unique t* > 0 and unique positive
numbers ty, ty with ty < t* < 1t such that tyu € N, () and thu € NJ(Q).
Moreover,

Ti(tiu) :=sup Ty (tu) and J)(tu) := 0<i?£t* T (tu).

t>0

Proof Let 0 < t < 1 be sufficiently small. Then we have

+ N
tP+ ou
Q)= — | Y (

ax;

pi(x) B
- + ulPi ™) dx — —,/ h)[u)P® do > 0,
Pl Ja B~ Jaa

i=1

since P;L < B7. On the other hand, for r > 1 sufficiently large, we have

ou

ax;

‘3+

oY
D, (1)5—_/

Pi(®) B
+ uP ) dx — —/ () |u)P® do < 0.
a0

Thus, &, , attains its maximum at some point #; > O and therefore, @;L’M(tl) =
(T (tyu), u) = 0. Setting u™ = tju, we get (J, (u™), u*) = 0, that is, u™ = rju €
N.(2). Now, using the fact that [, k(x)|u|*®) dx = 0 for each u € W70 (Q) \ {0}
and (J; (u*), u*) = 0, we obtain

[

Define ®; ,+(t) = Jy(tu*) for t > 0. Then ®; ,=(1) = J,.(u*) and @} . (1) =
(T ("), u*) =0.1f0 < ¢ < 1, then

ou*

Bx,-

pi(x)
+ Ju*| P dx=/ h(o)|u*)P® do. (3.30)
I

2 1
D e (1) = (T; (tu™), u*) = ;(j){(m*), tu*)

N
:/ Z,m(x)—l(
iz

—,\/ 10O g o) |u* | dx—/ PO 0o | [P® do
Q2

Q
N

> (Pl Z (
iz

—,\t“’*‘/k(x)m*w(x) dx—zﬁ’*‘/ h() |u*|PY) do.
Q aQ

* | Pi(x)

ou
3)6,'

+ |u*|"f<X>) dx

ou* pi(x)

3)6,'

+ |u*|”f<x)> dx
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Using fQ k() [u*]®™) dx = 0 and (3.30) in the above inequality, we obtain
&) () = (r”f—l — tﬂ’—1>/ RO 1B® do > 0.
aQ
Similarly, for ¢ > 1, one has

B0 = (P =) [ b <o
Q2

Thus, dAD; .+ changes sign from positive to negative at + = 1. Therefore, 1 is the

unique point of maximum of o ».u*» which means that u* is the unique maximizer of
t — J(tu*). Consequently, 7 is unique. This proves part (i).
Now, assume that [, k(x)|u|*® dx > 0. Define g1, g2, g3: [0, +00) — R by

|M|Pi(x)) dx,

o= [ Fo (2]

02(0) = 2 / 0O ()| di,
Q

g(t) = / PO |u)PP do.
I

Then CDﬁ\’u(t) = g1(t) — g2(t) — g3(¢t). The functions g1, g» and g3 are continuous,

strictly increasing, and satisfy g;(0) = 0 for i = 1, 2, 3. Moreover, the following

properties hold:

(v1) lim,_ o+ ilgt; =0.

(v2) lim; 400 g2(1) = +o00.

(v3) lim, o+ £O78HE =0,

(v4) g1 — g3 has a unique point of maximum, say fmax and (g1 — g3)(f) — —o0 as
t — +00.

(v5) There exists ' € (0, tax) such that 7 +— 810=8® g strictly increasing on

82(1)
0, 1).

From (v1), we deduce that (g1 — g3)(¢) > O for ¢t > O sufficiently small. By (v2),
there exists &1 € (0, fmax) such that g2(§1) > (g1 — g3)(&1). For A > 0 sufficiently
small, there exists & € (0, tmax) such that g2(&) < (g1 — £3)(&2). Hence, by the
intermediate value theorem, there exists t, = t2(A) € (0, fmax) such that

g1(n) — g3(t)

=1. 3.31
&2(12) @31
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; 81(1)—g3(t)
Since the map ¢ — 210

g1(N—g3(1)
Moreover, t +— P0)

is strictly increasing on (0, '), the number 7, is unique.

is strictly increasing in [z, ') and from (3.31), we obtain

_ g1(n) — g3() - g1(t) — g3(0)
g2(n) &2(1)

1 forall t € (t2,1).

This yields that

22(t) < g1(t) — g3(t) forallt e (n,1).
Fix 1 > 0 such that, for each A € (0, 71),

g2(1) < g1(t) — g3(t) forallz € (12, fmax)- (3.32)

On the other hand, by (v4), (g1 — g3 — g2)(t) - —oo ast — oo. Hence, there exists
&3 > Imax such that (g1 — g3 — g2)(§3) < 0, that is,

(g1 — 83)(&3) < g2(&3) for &3 > fmax. (3.33)

From (3.32), (3.33), and the intermediate value theorem, it follows that for every
A € (0, 71), there exists a positive number #| > fnax such that

(g1 — g3)(11) = ga(11). (3.34)

Since tmax is the unique point of maximum for g; — g3, the function g; — g3 is
strictly decreasing in (fmax, +00). As g2 is strictly increasing on (0, 4-00), the function
g1 — g2 — g3 is strictly decreasing on (fmax, +00). Therefore, 1 is unique.

From (3.31) and (3.34) we conclude that #1, #, with r, < #; are exactly the two
nontrivial critical points of ®, ,. We choose 79 = min{z, 71}. Then &, ,(0) = O,
®; (1) < 0fort > O sufficiently small, (D;,u(t) < Oforallt € (0, 1p), cb/x,u(t) >0
for all r € (2, tax) and dJ’A,u(tz) = 0. By Lemma 3.5, we have NAO(Q) = (). Hence,
we deduce that @, , attains a local minimum at #, and CD’A’,M (t2) > 0. This implies that
hu € N;(Q). Similarly, we have CDQL’M(I) > 0 forallt € (tmax, 1), dD’A,u(t) < 0 for
allt > t; and <I>;‘7u(t1) = 0. Again using Lemma 3.5, we conclude that ®, , attains a
local maximum at #; and CD:\”M(tl) < 0. It follows that tju € N)\_(Q).

By Lemmas 3.8 and 3.9, we deduce that

D;.u(t2) = Ji(ou) <0 and @; ,(11) = Jo(tiu) > 0.
Moreover, ®, , is strictly increasing on [#2, 1] and strictly decreasing on (¢1, 00) with
®, ,(t) - —oo ast — oo. Hence, by the intermediate value theorem, there exists a

unique t* € (2, t1) such that &, ,(+*) = 0. Consequently,

D(u) = @y () = inf @y (1) = inf J(1u)
0<r<t* 0<r<t*
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and

T (tiu) = @ (t1) = sup @, (1) = sup Jy.(tu).

>0 =

This completes the proof of (ii). O

4 Existence of Nontrivial Nonnegative Solutions

In this section, we prove Theorem 1.1 and show that problem (1.1) admits at least two
nontrivial nonnegative solutions.

Proposition 4.1 For every A € (0, t), the functional [J, admits a minimizer u; on
NJ(Q) such that 7, (u)) = @f < 0, and u;_ is a nontrivial solution of (1.1).

Proof From Corollary 3.7, it follows that the functional 7, is coercive and bounded

from below on ,\+ (2). Thus, there exists a minimizing sequence {u, },en C N, ,\+ (2)
such that

lim 7, (u,) = inf J(u).
n—>0oo )

uEN;(Q

Cleaquy, the sequence {u,},en is bounded in Wl”;(')(Q). Hence, there exists u; €
wLPO(Q) such that

up—u; in WHPO(Q).
Using Lemmas 2.6 and 2.7, we obtain

up — w;, in L§)(Q),in L)) (0<2) and a.e.in Q.

By Proposition 2.2, we have

lim /k(x)|un|°‘(’“)dx:f k(o) un“™ dx, 4.1
lim[ h(x)|un|f‘<X>da=/ h(x)|uy P do. 4.2)
=00 J5Q Q

Using (4.1), (4.2), and Fatou’s lemma, we deduce

lim / @mmmdx:f k(x)|u;\|“(x)dx, (4.3)
n—o0 Jo a(x) q a(x)

lim/ h(x)|un|ﬁ<x>da:/ ACINTIC N (4.4)
n—o0 Jyo B(x) aq Bx)
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Next, we show that u; # 0 and fQ kOO uy @ dx > 0. We argue by contradiction.
Suppose that this is not the case. Then

lim / ko) un|“X dx = / k(x)|up Y dx = 0. 4.5)
n—o0 Q Q
Since u, € N7 (), we have @] , (1) = 0. Hence,
/ () |up PP do
02

-3

On the other hand, by the definition of 7;,

1 N
j(un)Z_/ (
0= 57 Jo

1

—— | h)|un P do.
B~ Jag

ou, (4.6)

3)6,‘

pi(x)
+ Jup| PP dx—x/ ko) |un*™ dx.
Q

ity pi(x)

0x;

A
+ |un|”f<x>> dx — —_/ k() |4 dx
o Q

In view of (4.6), we obtain from the above inequality that

1 1 N
To(un) > (P_i_ﬂ_‘>/sz§<

— A (i - i)/ k() |un|*™ dx.
a” B~/ Ja

Passing to the limit as » — oo in the above inequality and using (4.5), we get

ity pi(x)

ax,-

+ |un|Pi(x)> dx

lim 7, (u,) > 0. 4.7
n—00
However, by Lemma 3.8, we have

lim Ji(uy) = inf Ji(u) =0) <0,
n—00 ueN;H (@)

which contradicts (4.7). Hence, u; € W10 (Q) \ {0} and fQ k() |uy |4 dx > 0.
Next, we shoyv that u,, — u; in Wl’p(')(Q). Suppose this is not the case. Since
up—uy in WEPO(Q) and convex lower semicontinuous functionals on reflexive

@ Springer



On Anisotropic p(-)-Laplacian Equations Page310f38 357

Banach spaces are weakly lower semicontinuous, we get

pi(x)
+ |u)»|17i(x) dx

pi(x) -
pi(x
< lilrglogf/ Z + |uy| dx

Bun

and
Pi(x) &)
+ Ju PO ) dx
/ Z:p,(x) axl g
(4.8)
o 1 Au, pi(x) i)
<lminf fggpim o | e
From (4.3), (4.4) and (4.8), it follows that
lim J)(u,) = lim inf T (upn)
n—0o0
= liminf /Z 9un ()+Iu P )
I pi(x) \ | dx; "
k
S e R e
Q o(x) B(x)
1 P pi(x)
zliminf[/ Z “n + fup [P dxi|
n=oo | Jo i pi(x) \ | 9x; (4.9)

—A/ k(x )|ux|“(x)d / hix )|u [F® 4o
Q a(x) aq B(x)
au)\

pi(x) k
fZ —=| P dx—A/ KO o d
pi(x) Q

0x; a(x)

_/ " 1y P9 do
an Bx)

= Tn(uy).

By Lemma 3.11, there exists a unique #; > 0 such that ru, € Nf(Q). Since u,—u;
in Wl*p(')(SZ), we also have thu,—tu; in Wl’p(')(Q). Hence, repeating the previous
arguments with u, and t>u; along with the definition of CDQL 4» We have

lim inf @}, (12)

e i ()—1
_hnnig(l)f[/th (

duy | (x)

+ |u,,|1’f<x)) dox
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—A/ 15 k) |4 dx—/ 57 )y PO da]
Q ElY)

N -1 pi(x) o)
im i i) pi(x
> i | [, 34 )
=

—x/ 157 e ) |2 dx—/ 157 ) u P9 do
Q 02

N
>[Z[§i(x)—l<
Qi

[ B0 b do
Q2

duy
Bxl-

81/{)L

pi(x)
+ Iu;\lpi()‘)) dx —A/ 15 k() u |90 dx
axi Q

1
(T} (tau3), tauy) = 0.

=) . () =—
A,uy, tr

We conclude that dDS».,un (f2) > 0 for n sufficiently large. Since u, € Nf(Q) for all
n € N, it follows that CD;L’un (1) = 0and CD;\”un (1) > 0. Thus, 1 is the point of minimum
of @, u,, CDA’MH (t) < Oforallt € (0,1) and CIDA’MH (t) > 0 forall t > 1. It follows

that », > 1. Since rhu; € ./\/;r(Q), the number 1, is the point of minimum for &, ,,
and therefore, ®; ,, is strictly decreasing on (0, £2). From (4.9), one has

T(tuy) < To(uy) < lim Ji(uy) = inf  Ji(u),
n—00 ueN; (@)

which contradicts the fact that ryu; € N;(Q). Thus, u, — u; in Wl'ﬁ(')(Q) and

Jo(uy) = inf  J(u) <O.
+ Q)

ueN,"(

Thus, u; is a minimizer of J; on J\/’f(ﬂ). Since NS(Q) = (J, Lemma 3.4 implies
that u; is a critical point of 7. Therefore, u, is a nontrivial solution of (1.1). This
completes the proof. O

Proposition 4.2 For every A € (0, 1), the functional [J, admits a minimizer v, on
N () such that 7 (vy) = ©; > 0, and vy is a nontrivial solution of (1.1).

Proof Due to Corollary 3.7, 7, is coercive and bounded from below on J\/; (2).
Therefore, there exists a minimizing sequence {v,},en C N, 5. (€2) such that

lim J,(vy) = inf  Ja(v).
n—00 -(Q)

‘UEN)L (R

Moreoverlthe sequence {vy, },en is bounded in Wl‘f’(')(Q). It follows that we can find
v, € WHPO(Q) such that

Up—v; in WHPO(Q).
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Using Lemmas 2.6 and 2.7, we obtain
v, — vy in LZ((:))(Q), in Lf((:))(aﬂ), and a.e.in Q.

By Proposition 2.2, we infer

lim /k(x)|v,,|°‘(x) dx:/ k(x)|v; 4™ dx, (4.10)
n—0o0o Q Q

lim/ h(x)|vn|ﬂ(x)da=/ h(x) v, P9 do. 4.11)
=00 JaQ aQ

Consequently, from (4.10), (4.11) and Fatou’s lemma, we deduce that

k k
lim / ﬂwm(’f)dx:/ KOO ) g
n—o0o Jo o Q

(x) o (x)
lim / he) |va [P dor :/ @w“ﬁ(ﬂ do.
n—00 Jaq B(x) aq B(X)

We claim that vy, # 0. In fact, we first show that fasz h(x)|vy |ﬁ(x> do > 0. Assume,
by contradiction, that

lim/ h(x)|vn|ﬂ(x)da=/ h(x)|va [P do = 0. (4.12)
=00 Jax aQ

Recall that v, € J\/’[(Q) and so <I>:wn (1) = 0. This implies that

k/ k()| un 4™ dx
Q

[

1

- (4.13)

pi(x)
+ 0|1 dx—/ h(x)|va|P® do.
Q2

3)61'

From the definition of 7, and (4.13), we get

1 | N (o,
Ji(vy) < (P___ — a_+> /QZ<

_|_|Un|l?1(x) dx
io \l 9

11 .
- (ﬂ—+ — a—+> /mh(x)|vn|’3( ) do.

Passing to the limit as n — oo in the above inequality and using (4.12), we obtain

pi(x)

nll)rrgo I(vp) = 0. (4.14)
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On the other hand, by Lemma 3.9, we have

0<¢ < lim J(vy) = inf  Ji(v),
n—oo UG./\/’;(Q)

contradicting (4.14). Hence, fasz h(x)|vxlﬂ(x) do > 0, and in particular v, # 0. Now,
by Lemma 3.11, there exists a unique #; > 0 such that tjv, € /\/{(Q).

We next prove that v, — U in whp (')(Q). Assume, by contradiction, that this is
not true. Since v,—v;, in W20 (), and since every convex lower semicontinuous
functional on a reflexive Banach space is weakly lower semicontinuous, we obtain

pi(o) N avn pi(x)
/ Z + 0P ) dx <liminf/ Z - T 07 ) dx
n—oo Qi:l a
and

avk

8x,

vy, pi(x)

[Zpl(ao <_

Bxl-
N
1 d
< lim inf / 3 ‘ O
n=oo Jo = pi(x) \[9x;

The same convergences remain valid if we replace v, and v, by fjv, and #1v;,
respectively. Hence,

+ |U)L|Pi(x)> dx

pi(x)

+ |vn|Pi(X)) dx.

lim inf 7, (t1vy,)
n—>oo
pl(-x)
9
— lim inf / Z Un
n—00 pi(x) \|dx;

(X) Bx)

t, 'k 7 h

—A/ 1—(x)|vn|06(X) dx—/ 1—(x)|vn|/9(X) da]
Q Ol(x) s BW)

t{”(x) pi(x) &)
imi pi(x
zlbﬂé%f[/ Zp,(x) ol dx]

a(x) B(x)

t, 'k t,h

—)»/ I—Q)Ivﬂ“(x)dx—/ I—OC)IU)LI’g(X)dU
o ox) e B)

p,(x) P[(X) a(x)k
/Z + Joa P dx—A/ L KO e gy
pi(x) Q

a(x)

Bx)

_/ mhjﬂﬂ(ﬂda
e BH)

pi(x)

+ |vn|Pi(X)) dx

vy,
8x,

(4.15)

8x,

= Ji(t1vp).
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Similarly, from the definition of CD:W, we obtain

lim inf @} , (11)

N
P i (0)—1
= lim inf E t
n—o0 [/52 i 1 ( 8x,~

—)\f (O k() o 40 dx—/ 0 ) PO da}
Q Q2

N -1 (|8 pi(x) o)

> lim i i) pi(x

= timint | [ Al | ) ]
1=

—A/ (O k() v |7 dx—/ O ) | PO do
Q Q2

N
>[Zt1[(x)—1<
=1

—/ PO R [0 )W) do
I

v, pi(x)

+ |vn|Pi(X)> dx

8v,\
ax,-

pi(x)
+ |v)h|l7i(X)> dx — )\‘/ t?(x)_lk(x)|vxla(X) dx
Q

1
(T} (r1vp), tivy) = 0.

=), (1) =—
151

Therefore, for n sufficiently large, d”x,vn (t1) > 0. Since v, € /\/’;(Q) foralln e N,
we have ®3»,vn (1) =0and CDX’UH (1) < 0. Hence, 1 is the point of maximum of ®;_,,,
q’ﬁx,u,, (t) > Oforallt € (0, 1) and CDA’U" (t) < Oforallt > 1. This shows that t; < 1.

On the other hand, tj vy € N, 5 (€2), so t1 is the unique global maximum point of @y, .
Combining this with (4.15), we deduce that

J.(tivy) < liminf J; (f1v,) < liminf 7, (v,) = lim Jy(v,) = inf  J5(v),
n—o0 n—oo n—0oo UEN{(Q)

which contradicts the fact that rjv;, € N, (). Therefore, v, — vy in Wl’ﬁ(')(Q).
Furthermore,

T = inf  J(v) =0, >0.
veN, (Q)

Hence, v, is a minimizer of 7, on N)L_ (€2). Because ofN)?(Q) =, by Lemma 3.4,
we obtain v, is a critical point of 7. It follows that v, is a nontrivial solution of
(1.1). m]

We are now in the position to state the proof of Theorem 1.1.

Proof of Theorem 1.1 By Proposition 4.1, u; is a nontrivial solution of (1.1) and

T (up)) = To(up) = inf  J;.(u).
ueN; (Q)
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Hence, u, := |u,| is a minimizer of 7, on J\/';F(Q). Since Lemma 3.5 implies that
N, f (R2) = 0, it follows from Lemma 3.4 that u, is a nontrivial nonnegative solution
of (1.1).

Next, by Proposition 4.2, v; is a nontrivial solution of (1.1) and

D) = To(vp) = inf Jh(v).

veN, (Q)

Therefore, v, := |vy] is a minimizer of 7, on N, (£2). Again, since ./\/)?(Q) =0,
Lemma 3.4 implies that v, is a nontrivial nonnegative solution of (1.1).

Finally, since \, ,\+ (Q)NN, 5 (2) = ¢, the two solutions u, and v, are distinct. Con-
sequently, problem (1.1) admits at least two distinct nontrivial nonnegative solutions.
This completes the proof. O
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