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Abstract
In this paper, we study logarithmic double phase problems with critical growth on the
boundary of the form

—divLw) = —|ulP?u inQ, L) -v=fC,u)+|u”>u ondQ,

where div £ stands for the logarithmic double phase operator given by

\%
div <|W|P2w + pu(x) |:10g(e +|Vu)) + $} |Vu|q2Vu> ,
q(e + [Vul)

e is Euler’s number, v(x) is the outer unit normal of Q at x € 92, R C RN N > 2, is
a bounded domain with Lipschitz boundary Q2,1 < p < N, p < q < px = (l;lv__l;p ,
w € L®°(Q) with o > 0, and f: 92 x [—K,K] — R for some £ > O is a
Carathéodory function, just locally defined with a specific behavior near the origin.
Using suitable truncation methods and an appropriate auxiliary problem along with an
equivalent norm in our function space, we establish the existence of an entire sequence
of sign-changing solutions to the above problem, which converges to zero in both the

logarithmic Musielak-Orlicz Sobolev space Wl Hiog () and in L®().
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1 Introduction

Recently, Arora—Crespo-Blanco—Winkert [4] introduced the logarithmic double phase
operator defined by

. v |Val 42
div [ |VulP""Vu + ux) ( log(e + |Vu|) + ————— ) |Vul?*Vu ), (1.1)
q(e+ |Vul)

where u € WO1 Hog (£2) with the corresponding logarithmic Musielak-Orlicz Sobolev
space generated by the nonlinear function

Hiog(x, 1) =7 4+ u(x)t?log(e +1) forall (x,1) € Q x [0, 00),

forl < p < N, p < g, eisEuler’s number and 0 < p(-) € L*(2). The logarithmic
double phase structure is introduced in order to model a borderline situation between
standard polynomial growth and nearly linear behavior. Compared to the classical
double phase density ¢ 4 u(x)t?, the additional logarithmic factor produces a growth
which is only slightly stronger than the pure g-growth, while still preserving the
variational framework. This logarithmic perturbation leads to new analytical features
in the associated operator, in particular in the scaling properties and in the control
of higher order terms, which cannot be treated by a direct adaptation of the classical
double phase theory. The related energy functional of (1.1) is given by

[Vul|? [Vul|?
r—>/ ( + w(x) log(e+|Vu|)> dx, (1.2)
Q p q

which has been studied for special cases in recent years. Here we mention the works
by Baroni—Colombo—Mingione [7] and De Filippis—Mingione [11] related to local
Holder continuity of the gradient of local minimizers of functionals like (1.2). The
functional studied in [11] has its origin from functionals with nearly linear growth
given by

U+ / [Vu|log(1 + |Vul)dx, (1.3)
Q

see the studies in the papers by Fuchs—Mingione [14] and Marcellini—Papi [23]. We
note that (1.3) arises in the context of plasticity models with logarithmic hardening;
see, for instance, Seregin—Frehse [32] and Fuchs—Seregin [15]. Furthermore, the cel-
ebrated work of Marcellini [22] covers, as a particular case, functionals containing a
logarithmic term of the form

u f (1 + |Vu>) T log(1 + |Vul) dx.
Q

Given a bounded domain @ ¢ RY, N > 2, with Lipschitz boundary 9€2, in this
paper we consider logarithmic double phase problems with critical growth on the
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boundary given by
—divLw) = —|ulP?u inQ, L) -v=f,u)+uPu ondQ, (1.4)

where v(x) is the outer unit normal of Q2 at x € 92 and div £ stands for the logarithmic
double phase operator given in (1.1). We assume the following hypotheses on the data
of problem (1.4):
(C1) 1<p<N,p<q<p*:%and0§u(-)eLw(Q);
(C2) f:9Q2 x [-K, K] — R is a Carathéodory function for > 0 with f(x,0) =0
and f(x,-)is odd for a.a.x € 92;
(C3) there exists 7 € L°°(9£2) such that

|f(x,s)] <T(x) foraa.x e d and forall |s| < K;

. . p? N—-1
(C4) there exists & € (1, min{p, Nop N T 1}) such that

im M =0 uniformly for a.a.x € 9Q;
s—0 |s|§2s
(C5)
im fx. s) = 400 uniformly for a.a.x € 9€2.
s—0 |S|p_2S

We say that u € WLHI%'(Q) is a weak solution of problem (1.4) if for every test
function v € WMoz (), the following holds:

|Vl
q(e+ [Vul)

+/ |u|”_2uvdx=/ (f(x,u)+|u|p*_2u>vda.
Q R

/ [|W|P—2w + u(x) (log(e + |Vu)) + ) |vu|‘1—2w] . Vvdx
Q

Our main result is the following theorem.

Theorem 1.1 Let the conditions (C1)—(C5) be satisfied. Then, problem (1.4) possesses
a sequence {zy}neny € WhHee(Q) N L®(Q) of sign-changing solutions such that
liznll = 0 in Wh-Hie(Q) and ||zylloo — 0 in L%°(2) as n — oo.

We emphasize that the nonlinear Neumann boundary condition of (1.4) reflects the
combined influence of a locally defined Carathéodory function f(x, -) and a critical
growth term of the form

N -1
u > |u|P*u, D = Q, l<p<N.
N-p
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The principal analytical challenge lies in handling this critical boundary term, whose
presence causes a loss of compactness along with the appearance of the logarithmic
double phase operator with logarithm perturbation. In order to overcome these difficul-
ties, we first study an appropriate auxiliary problem, constructed via suitable truncation
functions to ensure coercivity by using properties of the Steklov eigenvalue problem
of the p-Laplacian. We then establish the existence of extremal constant-sign solu-
tions to the auxiliary problem, which in turn allows us to apply Kajikiya’s symmetric
mountain pass theorem [18]. Our contribution extends the work of Liu—Papageorgiou
[21] from the double phase setting to the logarithmic double phase framework with
critical nonlinear boundary growth, while also relaxing the structural hypotheses in
[21]. For related developments, we refer to Carranza—Pimenta—Vetro—Winkert [9] and
Papageorgiou—Vetro—Winkert [28].

Asnoted at the beginning of the Introduction, the logarithmic double phase operator
(1.1) is a recent development, and the literature on problems involving this operator
remains scarce. The first contribution appears in the work by Arora—Crespo-Blanco—
Winkert [4], who studied the problem

—divLw) = f(x,u) inQ, u=0 ond<, (1.5)

where div £ is given by (1.1) but with variable exponents and f: @ x R — R
is a Carathéodory function with subcritical growth and prescribed behavior both at
infinity and near the origin. Under the additional assumption g + 1 < p*, the authors
established the existence of a least energy sign-changing solution by minimizing the
associated energy functional over the corresponding Nehari manifold of (1.5), see
also a related work by the same authors [3] concerning optimal growth conditions to
(1.1). The operator (1.1) also features in the work by Vetro—Winkert [37], where the
authors established boundedness, closedness, and compactness of the solution set to
the problem

—divL(u) = f(x,u,Vu) inQ, u=0 ondL,

with div £ as in (1.1) but involving variable exponents, and f: Q@ x R x R¥Y — R
being a convection term subject to very mild structural conditions. Moreover, in [36],
Vetro investigated a Kirchhoff-type problem driven by the same operator.

Very recently, Borer—Gasiniski—Stapenhorst—Winkert [8] studied least energy sign
changing solutions of the problem

—divL@w) + ulPP2u = f(x,u) inQ, Kw)-v=g, u)—|uPP%u oniQ,

where div £ denotes the logarithmic double phase operator given in (1.1) but with
variable exponents while f: 2 xR — Raswellas g: 02 xR — R are Carathéodory
functions having subcritical growths and a certain behavior both at infinity and near the
origin. As a result of independent interest, the authors in [8] also proved boundedness
results for such type of equations which we used in our paper and they showed the
existence of an equivalent norm in the space Wl Hiee (Q) even for variable exponents
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given as

. _ Vu u |1 |Vl
||”||1,H1og =inf {1 > 0: i - - log | e+ > dx
u u [52(x)
+/ wl(x))— dx—i—/ a)z(x)‘—
Q A a0 A

where the exponents 1 < ¢1(-), &2(+) € C () are allowed to be critical with respect to
the exponent 1 < p(-) € C(Q). We are going to use this equivalent norm in our paper
as well. A different form of a logarithmic double phase operator, distinct from (1.1),
was introduced by Vetro—Zeng [38], who investigated the existence and uniqueness
of solutions to equations driven by

p(x)
+ pn(x)

g1(x)

daf]},

H (x, |V
L(x | u|)v

U A, u = div
Tt ( V]

u) , uewy @),

where Hy : Q x [0, 00) — [0, 00) is defined by
He(x, 1) = (t7 + p(x)t?) log(e + 1),

with 1 < p < g. Moreover, we refer to the paper by Tran—Nguyen [35] who showed
existence results for equations involving (1.1) when p = q.

In addition, we refer to various studies that investigate logarithmic perturbations
appearing on the right-hand side in the setting of Schrodinger equations and p-Laplace
type problems as well as double phase operators without logarithm. We refer to the
works by Alves—de Morais Filho [1], Alves—Ji [2], Bahrouni—Fiscella—Winkert [5, 6],
Figueiredo—Montenegro—Stapenhorst [12, 13], Montenegro—de Queiroz [25], Shuai
[33], and Squassina—Szulkin [34], see also the references therein.

The paper is organized as follows. Section 2 presents a review of the properties of
logarithmic Musielak-Orlicz Sobolev spaces and the logarithmic double phase oper-
ator (1.1). Additionally, we summarize the main results concerning the eigenvalue
problem for the p-Laplacian with Steklov boundary conditions. In Sect. 3, we focus
on an auxiliary problem, proving the existence of extremal constant-sign solutions,
and subsequently apply the results of Kajikiya [18] to establish the proof of Theorem
1.1.

2 Mathematical background

This section provides an overview of the key properties of logarithmic Musielak-
Orlicz Sobolev spaces, the associated logarithmic double phase operator, and several
tools required for the upcoming sections. We refer to the recent work by Arora—
Crespo-Blanco—Winkert [4] as well as the monographs by Harjulehto—Histo [16]
and Papageorgiou—Winkert [29], see also the paper by Crespo-Blanco—Gasifiski—

@ Springer



E. Oztiirk, P. Winkert

Harjulehto—Winkert [10] for the main properties of double phase operators without
logarithm.

To this end, by L" (£2) we denote the Lebesgue space with norm ||- ||, for 1 < r < oo
and W17 (Q) stands for the corresponding Sobolev space equipped with the equivalent

norm || - l1,, =V -II.+1- ||;)% for 1 <r < oo.For A C 2, we denote by |A| the
Lebesgue measure of the set A. Moreover, let o be the (N — 1)-dimensional Hausdorff
measure on the boundary d€2 and indicate by L"(d€2) the boundary Lebesgue space
equipped with the norm || - ||, sq given by

1
lully00 = <f lu|” do) foru e L"(9Q).
Q2

Throughout this paper, we avoid explicitly using the trace operator y and interpret all
restrictions of Sobolev functions to the boundary 9€2 in the sense of traces.

In the following we suppose that (C1) holds, e stands for Euler’s number and we
denote by M (2) the set of all measurable functions u: 2 — R. Given the function
Hiog: & x [0, 00) — [0, 00) defined by

Hiog(x, 1) =17 4+ pu(x)t? log(e + 1),

we are able to introduce the space L7tz (Q) by

LHlog(Q) = {u e M(2): PHlag("‘) = [ Hiog(x, |ul) dx < oo}
Q

where py,, is the related modular function to Hiog, equipped with the norm

. u
llll 34, := inf {A > 0: P, <X> < 1} )

Further, the corresponding logarithmic Musielak-Orlicz Sobolev space w1 Hiog () 1s
defined by

Wl Hee (@) = {u e LToe(Q): |Vu| € LHI"g(Q)} :
endowed with the norm
Nl Hyog = Nl Hyoy + Vel 70 -

We know that both spaces LHoe(Q) and W1-Hie(Q) are separable and reflexive
Banach spaces. In what follows, we denote by « the constant given by

e
- , 2.1
K et o 2.1
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where #¢ is the positive number satisfying 7o = e log(e + 1o).
From Proposition 3.1 by Borer—Gasifiski—Stapenhorst—Winkert [8], we can equip
the space wl-Hioe (Q) with the equivalent norm

, Vu|? ul? Vu
[[u]] =inf {1 > 0O: —| +ux)|—| logle+ |— dx

a\| A A A

2.2)
+/ ) ax <1
Q!X -
where the related modular is given by
Q(M)=/ (1Val? + ()| Vael? log(e + | Vu))) dx+/ Jul? dx, 2.3)
Q Q

for all u € WMoz (Q).
The modular o(-) in (2.3) and the norm || - || in (2.2) are related in the following
form, see Borer—Gasinski—Stapenhorst—Winkert [8, Proposition 3.2].

Proposition 2.1 Let hypotheses (C1) be satisfied, . > 0, u € W' Hoe(Q), and k as in
(2.1). Then the following hold:

(1) |lull = A if and only if 0 (%) = 1foru #0and ) > 0;
@) lull < 1 (resp.= 1, > 1) ifand only if o(u) < 1 (resp.= 1, > 1);
Giit) min {[lufl?. ul}9*} < o) < max {[|ull?. [lu] 9+ };
@iv) |lull = O ifand only if o(u) — 0;
(V) |lull = oo if and only if o(u) — oo.

Further, we have the following embedding results, see Arora—Crespo-Blanco—
Winkert [4, Proposition 3.7].

Proposition 2.2 Let hypotheses (C1) be satisfied. Then the following hold:

@) w1 Hiog (Q) — Ly (2) is continuous and W Hiog () — L" () is compact for
all1 <r < p*;

(i) WlHoe(Q) < LP+(dQ) is continuous and W' Hoe (Q) < L (9Q) is compact
foralll <r < p,.

The following lemma will be required in subsequent proofs, see Arora—Crespo-
Blanco—Winkert [4, Lemma 5.4] for its proof.

Lemma23 Let Q > 1 and h: [0,00) — [0, 00) given by h(t) = W"g(@-ﬁ)'
Then h attains its maximum value at to and the value is %, where to and k are the

same as in (2.1).
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Now, let A: W!Hoe () — Wl Hioe (©)* be the nonlinear operator defined by

(A(u), v) = f |Vu|P~2Vu - Vo dx
Q

|Vl

+/Qu(x)[log(e+lwl>+m

+ / lu|?2uv dx
Q

for all u, v € W1 Hoe(Q). The following proposition is taken from Borer—Gasinski—
Stapenhorst—Winkert [8, Proposition 3.4].

]|W|‘1—2w -Vvdx (2.4)

Proposition 2.4 Let hypothesis (C1) be satisfied. Then, the operator A given in (2.4)
is bounded (that is, it maps bounded sets into bounded sets), continuous, strictly
monotone and satisfies the (S )-property, that is,

up—u in WHMoe(Q) and limsup (A(up), un — u) <0,

n—-+00

imply up, — u in Wh-Hioe ().

In order to deal with the logarithm in the operator, we also need the following
standard inequality

log(e + xy) < log(e + x) 4+ log(e + y) forallx,y > 0. 2.5)

Let C1(Q) be equipped with norm || - || -1 o) and let C! (Q) be its positive cone
defined by

cl'@), = {u e C'(Q): ux) > 0forall x 5} ,
which has a nonempty interior given by
int (Cl(§)+> = {u € C1(§)+: u(x) > Oforall x € §} .
Furthermore, for any s € R we put s+ = max{=s, 0}, that is, s = s+ — s_ and
|s| = s4+ + s—. Also, for any function u: Q — R we write u1(-) = [u(-)]+.
Next, we want to recall some basic facts about the Steklov eigenvalue problem for
the p-Laplacian with p € (1, oo) fixed in (C1). This problem is defined by

—Apu=—|ulPu inQ, |[VulP2Vu-v=»rul’u ondQ. (2.6)

From L& [19] we know that problem (2.6) has a smallest eigenvalue A; which is
positive, isolated, simple and can be characterized by

A = inf {vu”+u1’:u1" =1}. 27
1 et IVullp + llullp: llull, 50 2.7
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In what follows we denote by u; the normalized (i.e., |lu1]|p,9 = 1) positive eigen-
function corresponding to A1. From the regularity theory of Lieberman [20] and the
maximum principle by Pucci-Serrin [31] we know that u; € int (C'(Q)4).

Finally, we recall some facts about critical point theory. To this end, let X be a
Banach space and X* be its dual space. A functional ¢ € C!(X) satisfies the Palais-
Smale condition (PS-condition for short), if every sequence {u,},eny S X such that
{o(un)}nen € R is bounded and

¢ (uy) — 0 in X* asn — oo,

admits a strongly convergent subsequence. Further, we define
Ky :={ueX: ¢ u) =0},

being the set of all critical points of ¢. Recall that a set S € X is called downward
directed if for given ui,up € S there exists u € S such that u < uy and u < us.
Similarly, S € X is called upward directed if for given vy, v € Sonecan findv € S
such that v{ < v and vy < v.
3 Existence of sign-changing solutions
Our analysis starts with a truncated auxiliary problem, which serves to address the
critical term in (1.4). For this purpose, let ® € C!(R) be an even cut-off function with

the following properties:

supp® C [-K, K], <I>|[%§] =1 and 0<® <1 on(—K, K). 3.1

As a next step, we define ¥ : 92 x R — R by
Vs = o) (f o+l %) + 1 —o@)ls s ()

with & as given in assumption (C4). Obviously, the function ¥: Q2 x R — R is of
Carathéodory type. With view to (3.1) along with (3.2) and (C4) we have the growth

W)l = C (1+1s) (33)

for a.a.x € 92 and for all s € R with some constant C > 0.
Our next objective is to investigate the solvability of the auxiliary problem.

—divL@u) = —ulP?u inQ, Lu)-v=1y(x,u) ond<, (3.4)
with div £(u) being the logarithmic double phase operator given in (1.1). We aim to

prove the existence of extremal constant sign solutions to (3.4), which will serve as
a foundation for constructing sign-changing solutions to the original problem (1.4).
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To this end, let S and S_ be the sets of positive and negative solutions of problem
(3.4), respectively. In what follows, we denote by Y : Wl Hiog (2) — R the truncated
energy functionals corresponding to (3.4) defined by

Y (u) :/ (1|Vu|p + leulq log(e + |Vu|)> dx
Q\P q (3.5)

1
+/ —|u|de—/ W(x, 2us)do foru € whHie(Q),
QP IQ

where W (x, s) = fos ¥(x, t)dt. Itis easy to see that Y1 are C! functionals.
We begin by proving that the sets S+ are nonempty.

Proposition 3.1 Let hypotheses (C1)—(C5) be satisfied. Then S4 and S— are nonempty
subsets in W1 Thee () N L®(Q).

Proof First, we prove that Sy is nonempty. Note that

Ty (u) = lQ(u) —/ W(x, uy)do.
q Q2

Using this fact together with the growth in (3.3), £ < p due to (C4) and Proposition
2.1 (iii), we conclude that Y is coercive. Taking Proposition 2.2 (ii) into account, it
follows that W1-Hiee (Q) < L7 (3Q) is compact for any 1 < r < p,. This implies
that the functional Y is sequentially weakly lower semicontinuous as well. As a
consequence, there exists ug € W]’H“’g(Q) such that

Y (uo) = inf [T+(u): ue WLH“’E(Q)] .

We are going to prove that u is nontrivial. Using condition (CS5), for each § > 0, we
can find a number 7, € (0, min{%, 1}) such that

s 8
F(x,s) ::/ f(x,t)dr > —|s|? forall |s| <n. (3.6)
0 P

Now we can choose ¢ € (0, 1) small enough such that tu(x) € (0, 5] forall x € Q,
where ) € int (C'(Q)4) is the L”-normalized (i.e. [|lu; | p,se = 1) positive eigen-
function corresponding to A of the Steklov eigenvalue problem of the p-Laplacian
given in (2.6). From tu;(x) € (0, n] forall x € Q and n € (0, min{%, 1}), it follows
from (3.1) that

Wx, tuy) = fx, tuy) + Gu)P 2ty > f(x, ). (3.7)
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Now, from (2.7), llu1llp,ae = 1, (2.5), (3.6) and (3.7), we conclude that

Yy (tur) =/ [%Iv(tul)l’”r%IV(tul)lqlog(ethlvml)} dx
Q

1
+—f I(tul)l”dX—/ W (x, tuy) do
P Ja a0
p q
! M—i—t 10g(e+t)/
q Q

— w(x)|Vuy|? dx

/4 P (3.8)
+ —/ (0 Vir |9 Tog(e + Vi [) dx — 8
q JQ p

tP t4log(e + ¢t
—Coi—9+ L/ (I |7 dx
p q Q
[q
+;/ (0| log(e + [Vuuy ) dx.
Q

Recall that p < ¢g. Thus, if § > A, then (3.8) implies
Y, (tu;) <0 fort > O sufficiently small.

This proves that ug # 0.
Note that u( is the global minimizer of Y, that is, Tjr (ug) = 0. Hence, we have

A\
/ (IVuo|p2Vuo+M(X) (log(e+|wo|)+ Vo] |)>|Vuo|q2Vuo)-Vvdx
Q

q(e + |Vug
+/ IuoI”_zuovdX=/ V(x, (ug))vdo
Q 02

for all v € W1Mioe(Q). Now, choosing v = —(ug)— € wl-Hioe () as test function
gives (up)— = 0. Hence, we have ug > 0 with ug # O, that is, ug € Wl’Hlog(Q
is a nontrivial positive weak solution of problem (3.4). Furthermore, from Borer—
Gasiriski—Stapenhorst—Winkert [8, Theorem 4.1], we conclude that ug € W' Hiog (Q)N
L°°(£2). This shows that S is nonempty. In a similar way, we are able to show the
existence of a nontrivial negative weak solution vg € wl-Hiog (2)NL*>°(R) of problem
(3.4) which is the global minimizer of Y_: wlHoe(Q) — R defined in (3.5). O

Next, we are going to prove that the auxiliary problem (3.4) admits extremal con-
stant sign solutions, that is, there exist a smallest positive solution u* € S and a
largest negative solution v* € S_.

Proposition 3.2 Let hypotheses (C1)—(CS) be satisfied. Then we can find elements
u* € Sy and v* € S_ such that u* < u forallu € Sy and v* > v forallv € S_.

Proof We only prove the existence of u* € Sy, in a similar way one can show the
existence of v* € S_. Analogously to the proof of Proposition 7 by Papageorgiou—
Rédulescu—Repovs [27, Proposition 7], we can show that the set Sy is downward
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directed, which implies, by using Lemma 3.10 of Hu—Papageorgiou [17] that we can
find a decreasing sequence {uy},en € Sy such that inf, ey u, = inf Sy. Therefore,
due to u, € Sy forall n € N, it holds

f (|wn|f’—2wn
Q

[V, |
+ pn(x) | log(e + [Vupl) +

——" ) |Vun |92V, | - Vodx
q(e+ |Vuyl)

3.9)
+ / un|P " 2u,v dx
Q

= f v(x, uy)vdo
IR

for all v € W1-Hie(Q) and for all n € N. Next, we set v = u, € WhHee(Q) in (3.9).
Then, taking (3.3) and O < u,, < u into account, we obtain

o(up) :/ IVunlde+/ ()| Vun|?log(e + [Vun|) dx +f lun|? dx < ¢
Q Q Q

for some ¢; > 0 and for all n € N. From this and Proposition 2.1 (iii), we see that the
sequence {u, }pen < w - Hiog (€2) is bounded.
2
Now, using assumption (C4) we have & < Np—ﬂy . % + 1 which is equivalent to

%(S — 1) < p4. So we are able to take a number ¢ > % such that 1(§ — 1) < p..

Then, by the boundedness of the sequence {u,},en Wl’Hlog(Q) and Proposition
2.2 (ii) we have, for a subsequence if necessary not relabeled, that

up—u* in WhToe(Q) and u, — u* in L'~V OQ) (3.10)

for some u* € WI’HI%'(Q). Furthermore, from (3.1) and (3.2) as well as (C4) we
arrive at

¥ (x, 5)| < cals|s! (3.11)

for a.a.x € 0%, for all s € R and for some ¢; > 0. Now, since ¢t > ﬂ, we can use
standard Moser iteration type bootstrap arguments to get from (3.9) and (3.11) the
estimate

litnlloo < Billun iy, (3.12)

foralln € Nwith# > & such that t(& — 1) < p, and for some constants By, By > 0
depending on N, p, g, &, Q, ||it|lcc and ¢. The idea in showing (3.12) is to use the
test function v = uf,l with up; = min{u,, M}, M > 1, 8 > 1 in (3.9) by applying
(3.11). Then one sees that the second term with the logarithm is nonnegative and since
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the embedding W1 oz (Q) < WP (Q) is continuous, see Arora—Crespo-Blanco—
Winkert [4, Proposition 3.7], we arrive at a standard p-Laplace estimate of the form

/3/ |VuM|pdx+/ ub =l dx</ ui_luﬁ}lda.
Q 02

Now one can proceed in a standard way via bootstrap arguments to show (3.12), as it
was done in the works by L& [19, Theorem 4.3], Perera—Squassina [30, Proposition
2.4] and Marino—Winkert [24, Theorem 3.1].

In the next step, we will show that u* # 0. We argue indirectly and assume by
contradiction that u* = 0. From (3.10) and (3.12) one has ||uy|lcc — 0 asn — +oc.
This implies the existence of a number ng € Nsuch that0 < u,(x) < nfora.a.x € Q
and for all n > ng, where n € (0, min{%, 1}). Thus, with view to (3.1) and (3.2), it
follows that

Y, un(0) = f (1 (X)) + 1t (X)P ! (3.13)

for a.a.x € 92 and for all n > ng. We set y, = ﬁ for all n € N. This implies that
lynll = 1 and y, > O for all n € N. Now, we can suppose that

yu—y in WhHee(Q) and y, —> y in LP(Q) and L”(3R)

for a subsequence if necessary (not relabeled) and for some y € w1 Hioe (Q) with
y > 0.Fromy, = ”;‘Z i |vn. Using this in (3.9) and applying (3.13)
leads to

f <||un||”—1|Vyn|”—ZVyn
Q

+ () | 177 <log(e + | Vuu|) +
+/ lunll?~" y2 ™ v dx

Q

X, U
-/ ||un||f’—‘[f( LOL) e }yﬁ’ v do

un

\Y
_ Vual VY772V y, ) - Vo dx
q(e + |Vuy|)
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for all v € WMoz (Q) and for all n > ng. This gives

/ <|Vyn|f"2wn
Q

+ w @) lup177F <10g(€ + [Vuu|) +

+/ o v dx
Q

X, u _ _
Z/ [f(p——ln)+ur'f* "} v vdo
0| ub

for all v € Wl Hioe (2) and for all n > ng. Now, recall the elementary inequalities
given by

\Y%
_ Ml ) 19y,92vy, ) - Vods
q(e+ [Vitn))

(3.14)

log(e + [Vun|) = log(e + [lun[|Vyal)

_ Jroge+ vy il < 1, (3.15)
~ (Nlunlllogle +[Vynl) if funll = 1,

Hence, from (3.15) and Lemma 2.3, we get that the left-hand side of (3.14) is bounded

forallv € WMz () (similar to the proof of Theorem 4.4 by Arora—Crespo-Blanco—

Winkert [4]) and so the same holds for the right-hand side of (3.14). However, taking
(C5) into account, it follows that

J(x un(x))

(x)P—1 ya(X)P~1 = 0 fora.a.x € 9.
U (x

y=0 and

Now, we take v = y, in (3.14) and pass to the limit as n — +o0o. This yields

. p_ : P _
ngl}}oo Vyullp =0 and ngl}rloo ynllp =0, (3.16)
which implies that
Vy,(x) - 0 fora.a.x € Q 3.17)

for a subsequence if necessary, not relabeled.
Forl < s < g we set

gn(x) 1= 1(x)|Vy, (0|7 log(e + | Vya(x)]) = 0,

gns () = ()¢ [V ()] log(e + [Vya(x)])* = 0.

Then, from (3.17) and Proposition 2.1 (iii), we have

gn(x) > 0 foraa.x e Q (3.18)
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and

Sup/ gndx < supo(y,) < 1. (3.19)
neNJQ neN

Since |2] < oo, by Chacon’s biting lemma (see Papageorgiou—Winkert [29, The-
orem 4.1.24]) there exist a subsequence {g, },en (not relabeled) and measurable sets
E,, C Q with |E,,| — 0 as m — oo such that for every fixed m € N, the family

{gn}neN 1s uniformly integrable in 2 \ E,, Hence, using this with (3.18) as well as
(3.19), by Vitali’s convergence theorem,

/ gndx > 0 asn — o0 (3.20)
Q\E,

for every fixed m.
We have that {g,, s(-)}nen C L*(£2) is bounded by (3.19). Hence, since s > 1,

{gn.s(-)}nen is uniformly integrable. (3.21)

Claim: For s — 17, it holds

sup/ 8ns(x)dx — sup/ gn(x)dx.
neNJ Ey,, neNJE,

First note that for all £ € N there exists a number ny € N such that

1
supf gn(x)dx — - 5/ 8ne (x)dx
neN Em g Em

Observe that

/ 8n,s(x) dx — / gn(x)dx
En En

as s — 117. Hence, we can find s, > 1 with s; — 17 such that

1
Sup/ gn(x)dx — — </ &n,se(x)dx < sup/ 8n,se (x) dx.
m Em m

neN 20~ neNJE

This implies

sup/ gn(x)dx <liminf sup/ gn.s(x)dx. (3.22)

neN s=1T peN

On the other hand, for § > 0, let n; € N be such that

sup/ 8n.s(x)dx 58—1—/ 8ny,s(x)dx.
neN Em Em
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Therefore, we conclude that

lim sup sup/ 8n,s(x)dx 5/ &ne(x)dx < sup/ gn(x)dx. (3.23)
s—1t neNJE, m neNJE,

Combining (3.22) and (3.23) proves the Claim.
From the Claim, for given ¢ > 0, let s € (1, g¢) be small such that

sup/ gn(x)dx < & +sup/ s (1) du. (3.24)
neN m 2 neN m

On the other hand, due to (3.21), for m € N large enough, we have

sup / gns () dr < - (3.25)
neNJE, 2
Combining (3.24) and (3.25) yields
/ gn(x)dx < ¢,
E”‘l
which means that
/ gn(x)dx — 0 asn — oo. (3.26)
Hence, from (3.20) and (3.26) we conclude that
/ gn(x)dx — 0 asn — oo. (3.27)
Q
Consequently, from (3.16) and (3.27), it follows that
o(yn) > 0 asn — oo. (3.28)
From Proposition 2.1 (iv) we know that (3.28) is equivalent to ||y,|| — 0. But by
construction we have || y,|| = 1 for all n € N which leads to a contradiction. Hence,
u* is nontrivial and u* € Sy is the smallest positive solution of (3.4). O

From condition (C5) we can assume, without any loss of generality, that

fx,s)

|s|P=2s

>0 fora.a.x € 9Q and for all |s| < K,

due to the fact that f(x, -) is only locally defined. Then we have, for a.a.x € 92, that

fx,s) >0 forall0 <s <K and f(x,s) <0 forall —K <5 <0. (3.29)
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Let ™ and v* be the extremal constant sign solutions from Proposition 3.2 and
consider the order interval

[v*, u*] = {u e WhHie(Q): v*(x) < u(x) < u*(x) fora.a.x e Q]
We define the truncation function ¥*: 92 x R — R by

Yx,v*(x)) ifs < v*(x),
Y¥(x,s) = 3 ¥(x,s) if v¥(x) <s <u*(x),
Yx, u*(x)) ifu*(x) <s.

Furthermore, let Y*: WMo (Q) — R be the truncated C'-functional defined by

T*(u) = /Q [%|Vu|p + %Wulq log(e + |Vu|)] dx

1 *
+ | —|u|f dx — U*(x, u)do,
QP 02

for all u € W' Hoe(Q), where W*(x, 5) = [ ¥*(x, 1) dr.
Now, we will show that the critical points of Y* belong to the order interval [v*, u*],
that is,
Kyx = {” e whHee(Q): (Y (u) = 0} C [v*, u*]. (3.30)

To this end, let u € Ky \ {v*, u*}, that is, for all v € w Mg (), we have

/ <|W|P—2w
Q

+ p(x) <1og(e +|Vu)) + &) |Vu|q2Vu) - Vvdx
q(e+|Vul)
+/ lu|”~uv dx
Q

= ¥ (x, u)vdo.
F19)

(3.31)

We first take v = (u — u*)y € W Hoe(Q) in (3.31). Then, using the fact that u*
solves (3.4), we obtain

(Auw), (u —u™)y)
= / IVulP~2Vu - V(u — u*)4 dx
Q

|Vl

+ [ o (log<e+ Vb + =D

) |Vul?>Vu - V(u — u*) 4 dx
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+/ P 2u(u — u®)4 dx

Q

=/ VU, u)(u —u*) 4 do
Q2

Z/ Y, u®)(u —u*)y do
a0

= / IVu*|P72Vu* - V(u — u*)4 dx
Q
[Vu*|

+ /Q w(x) (log(e +[Vu™) + qle 1 [Vu*)

) |Vu*|972Vu* - V(u — u*) 4 dx
[ = ds
= (A@™), (u —u™)4).
From this, we conclude that
(Aw) — AW™), (u —u™)4) = 0.

Since the operator A: wlHee(Q) — WlHoe(Q)* as defined in (2.4) is strictly
monotone by Proposition 2.4, we getthatu < u*. Similarly, if wetake v = (v*—u) €
wl-Hiog (2) in (3.31), we can show that v* < u. This proves (3.30).

Before we can prove Theorem 1.1, we need first the following proposition. In the
following, we denote by V a finite dimensional subspace of wl-Hiee (Q) N L®(Q).

Proposition 3.3 Let hypotheses (C1)—(C5) be satisfied. Then, there exists a number
¢y > 0 such that

sup[Y*():v eV, vl =¢v] <O.

Proof Recall that since V has finite dimension, all norms on V are equivalent. Thus,
there exists a number ¢y > 0 such that

veV and |v|| <¢y imply |v(x)| <n foraa.x e Q,

where n € (O, min{%, 1}) is the same from the proof of Proposition 3.1. Now, using

(3. andn < % it follows that ®(v(x)) = 1 for a.a.x € Q. From this, v € V with
lvll < ¢v, we see that

F, v () + * @)1 0% (x) i u(x) < v*(x),

Y, v) = § Fx, v(x) + )P (x) if v*(x) < v(x) < u*(x),
£, u* (X)) + (0|7 2u* (x) if u*(x) < v(x).
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Next, we define f*: 9Q x R — R by

fx,v*(x)) ifv(x) < v*(x),
A, vx) =19 fx,vx)  ifv*x) < vx) < u*(x),
flx,u*(x)) ifu*(x) < vx).

Then, for F*(x,s) := [; f*(x,t)dr, F(x,s) = [; f(x,t)drandv < v*, we deduce
that

F*(x,v) :/U f*(x,s)ds—i—/vf*(x,s)ds :/U f(x,s)ds—i—/vf(x,v*)ds
0 v* 0 v*
= F(x,v") + f(x,v")(v —v").

Taking (3.29) into account, we see that f(x, v*) < O for a.a.x € 9. This implies
fx,v)(v —v*) > 0 fora.a.x € Q2 which gives

F(x,v) — F*(x,v) = F(x,v) — F(x,v") + f(x,v")(v* —v)
< F(x,v) — F(x,v").

Similarly, if u* < v, we have
F*(x,v) = F(x,u™) + f(x,u™)(v —u®).

Then, because of f(x, u™)(u* —v) < 0 for a.a. x € 92 again due to (3.29), this leads
to

F(x,v) — F*(x,v) = F(x,v) — F(x,u™) + F(x, u®)(u* —v)
< F(x,v) — F(x,u").

For this reason, we can write

T*(v) = /;2 [%WUV’ + %WUVI log(e + |Vv|)i| dx

1
+/ —|v|pdx—/ W*(x,v)do
QP aQ

1 1 1
=— [ |[Vu/Pdx+ — | nx)|Vv|9loge + |Vv)dx + [ —|v|”dx
pPJa qJQ QP

1
—/ (F*(x, v)—l——lv*lp*) do
{x€dQ: v(x)<v*(x)} Px
1
— F(x,v) + —|v|P* ) do
{xedQ: v*(x)<v(x)<u*(x)} D«

1
—/ (F*(x,v)+—|u*|p*> do
{x€d2: u*(x)<v(x)} Px
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1 1 1
< —/ [Vul? dx + —/ w(x)|Vu|?log(e + |Vv|) dx —i—/ —|v|P dx
pPJa qJq QP
- / F*(x,v)do
{xed2: v(x)<v*(x)}

_ / F(x,v)do
{xedQ: v (x)<v(x)<u*(x)}

- / F*(x,v)do
{xed: u*(x)<v(x)}

1 1
= —/ [Vul? dx + —/ w(x)|Vul?log(e + |Vv|) dx
pPJa qJQ
1
+/ —|v|pdx—f F(x,v)do
QP 02
+/ (F(x,v)—F*(x,v)) do
{xed2: v(x)<v*(x)}
+/ (F(x, v) — F*(x, v)) do
{xedQ: u*(x)<v(x)}
1 1
< —/ [Vu|? dx + —/ w(x)|Vu|?log(e + |Vv|) dx
PJa qJQ
1
+f —|v|pdx—/ F(x,v)do
QP 02
+f (F(x,v)—F(x,v*)) do
{xed2: v(x)<v*(x)}

+/ (F(x,v) - F(x,u*)) do.
{xed2: u*(x)<v(x)}
From hypothesis (C5), for each § > 0, there exists 1 € (0, min{ &, 1}) such that
1)
F(x,s) > —|s|? forall |s| <7, (3.32)
p
see (3.6). Then we can take ¢y > O sufficiently small such that

/ (F(x,v) — F(x,v") do
{xed: v(x)<v*(x)}

(3.33)
+/ (F(x.v) — F(x,u") do < "
(x€dQ: u*(x)<v(x))
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Combining (3.32) and (3.33) with the calculations above, we get
N 1 1
T*(w) < — | |VulPdx+ — | px)|Vv|?log(e + |Vv|)dx
pPJo qJQ

1 1)
—|—/—|v|”dx——/ |v|P do + n?
QP P Jao

1 » 1 q 8 » »
= —llvlly , +— | w)IVv[Tlogle +[Vv)dx — —[lv[l, 3o + 71"
p ' qJQ p '

(3.34)
Note that Proposition 2.1 (iii) gives the following inequalities

/ 1(x)|Vo|?log(e + [ Vo)) dx < o(v) < max{||v]|”, [lv]|?}. (3.35)
Q

Now, using the fact that all norms on V' are equivalent and applying (3.35) in (3.34),
we see from (3.34) that there exist positive constants c1, ¢3, ¢3, independent of 1, such
that

“+K
T*(v) < erllvllf + c2max{[[vl|&, IIvIIE*} = desllvlié + n?.

Then, for v € V with ||v|| = ¢y along with the equivalence of the norms on V, it
follows, due to n < 1, that

T*) < cin? + camax{n?, n?*} — sean? +n?
= (c1 +cp —8c3+ 1) n?.
Now, if we take § > %, we obtain Y*(v) < Oforall v € V with ||v|| = ¢y. O
Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1 Clearly, Y*: wlHoe () — R is even and coercive, and in
addition, it is bounded from below. Furthermore, due to Proposition 5.1.15 by
Papageorgiou—Réadulescu—Repovs [26], the functional Y™ satisfies the PS-condition
as well. From these facts and Proposition 3.3 we are now in the position to apply
Theorem 1 of Kajikiya [18]. This yields a sequence {z, },en C wl-Hioe () N L2 (Q)
such that

Zn € Kys S5 u*], 22 #0, Y*(z,) <0 foralln e N
and
lznll = 0 asn — +oo. (3.36)

We point out that v* and u™ are the extremal constant sign solutions of (3.4) obtained
in Proposition 3.2. Moreover, as z, € Ky« C [v*,u*] and z,, # 0 foralln € N, we
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have that z,, is a sign-changing solution of problem (3.4) for all n € N. Recall that
from (3.12), we have

B
lznlloo < Billzn ”,é_])

for all n € N with t > such that 7(§ — 1) < p, and for some constants
B1, By > 0 depending on N, p,q, &, Q, ||1]lco and ¢. Hence, using (3.36), it fol-
lows that ||z;]lcc — 0 as n — 4o00. In particular, we can find a number ng € N
such that |z, (x)| < % for a.a.x € 2 and for all n > ng. From this we conclude that
®(z,(x)) = 1 fora.a.x € Qandforall n > ng, see (3.1). Using this fact and (3.2) we
know that z,, is a sign-changing solution of our original problem (1.4) for all n > ny.

O
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