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Abstract
In this paper, we deal with the concentration of positive solutions for the fractional
Schrédinger-Poisson system involving a logarithmic nonlinearity given in the form

€2 (=AY u+ V(x)u — du =ulogu® inR3,
&2 (=AY ¢ = u? in R3,

where ¢ > 0 is a small parameter, s,t € (0, 1) satisfy 4s + 2t > 3, (—A)", with v €
{s, t}, is the fractional Laplace operator, and the potential V is continuous satisfying only
a local condition. By applying suitable variational arguments, we analyze the existence and
concentration behavior of solutions as ¢ — 0 for the above problem.
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1 Introduction

In recent years, the nonlinear Schrodinger-Poisson system

{—Au+V(x)u+K(x)¢u:f(x,u) in R3, (D

—A¢ = K(x)u? in R3

has received more and more attention. As a model describing the interaction of a charge
particle with an electromagnetic field, it arises in many mathematical physics contexts, and
is usually known as the Schrodinger-Poisson system. In the case of f(x, u) = 0, the wave
function u represents the steady-state solution of the quantum system proposed by Benci-
Fortunato [11], describing the interaction between charged particles and electromagnetic
fields. According to Maxwell’s equation, the time-independent ¢ is an electrostatic potential
and is related to u. Therefore, the system is also known as the Schrodinger-Maxwell system.
In 1998, Benci-Fortunato [11] first introduced the system (1.1) on a bounded domain and
proposed it as a model to describe the interaction of a charged particle with the electrostatic
field by using deduction and variational methods. For the following stationary Schrodinger-
Poisson system

2 = in R?
{ e2Au+ V(x)u+ K(xX)u = f(x,u) inR3, (1.2)

—e2A¢ = K (x)u? in R3

numerous scholars were dedicated to proving the existence of semiclassical solutions for this
system and the concentration phenomena with respect to the parameter . When considering
the existence of solutions of system (1.2), the following global conditions on V are often
required which were introduced by Rabinowitz [38]:

(V) V € C(R?, R) and Vi = lim|y |00 V(x) > Vi = inf g3 V(x) > 0.

In 2011, He [23] established the existence of multiple positive solutions by using the
Ljusternik-Schnirelmann theory and proved that these positive solutions concentrate around
the global minimum of V. He-Zou [24] obtained the existence and concentration of ground
states when the potential V satisfies the global condition (V) and the nonlinearity has critical
growth. The following local conditions on V were introduced by del Pino-Felmer [20]:

(V’l) There exists V| > 0 such that V| = inf g3 V (x).
(V/2) There exists an open bounded set 2 C R such that

Vi <1131§2nV and M ={xeQ:Vx)=V}#0.

He-Zou [25] applied Szulkin and Weth’s generalized Nehari manifold methods, penaliza-
tion techniques and the Ljusternik-Schnirelmann theory to prove the existence of multiple
solutions when the potential V satisfies just the local conditions above. For more results in
the direction of the Schrodinger-Poisson system, we refer the interested reader to the works
of Azzollini [9], Chen-Shu-Tang-Wen [15], Cingolani-Jeanjean [16], Peng [34], Ruiz [39],
Zhao-Zhao [49] and the references therein.

In the setting of the fractional Laplacian the system (1.1) becomes the fractional
Schrodinger-Poisson system. Teng [45] studied the existence of ground state solutions for the
fractional Schrodinger-Poisson system with critical Sobolev exponent while Murcia-Siciliano
[33] considered the semiclassical state of the system

2 (A u+ V(@u + Kgu = fu) inR?,
89 (_A)O(/z ¢ = Vauz in R3
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and established the multiplicity of positive solutions that concentrate on the minima of V
as ¢ — 0 by using the Ljusternik-Schnirelmann category theory. Yang-Yu-Zhao [47] were
concerned with the existence and concentration behavior of ground state solutions for the
fractional Schrodinger-Poisson system with critical nonlinearity. Ambrosio [6] used penal-
ization techniques and the Ljusternik-Schnirelmann theory to deal with the multiplicity and
concentration of positive solutions for fractional Schrédinger-Poisson type system with crit-
ical growth of type

eX (=AY u+V@u+¢u = f) + u>2u inR3,
2 (=AY ¢ = u? in R3,

where s,¢ € (0, 1) satisty 45 + 2t > 3, 2} = % is the critical Sobolev exponent and
the potential V satisfies the local conditions (V/) and (V). Meng-Zhang-He [31] dealt with
the existence of a positive and a sign-changing least energy solution for a class of fractional
Schrodinger-Poisson systems with critical growth and vanishing potentials. Other interesting
results in this direction can be found in the papers of Chen-Li-Peng [14], Ji [27], Qu-He [37],
Yang-Zhang-Zhao [48]. Here, (—A)", with v € {s, t}, is the fractional Laplace operator
which is defined for any x: R3 — R belonging to the Schwartz class by

ux) —u(y)

dy, xeR’,
T

(—=A)’u(x) =C@3,v) P.V.f
R
where P.V. stands for the Cauchy principal value and C(3, v) is a normalizing constant,
see Di Nezza-Palatucci-Valdinoci [21]. Recently, there is a large interest in the study of
partial differential equations involving nonlocal fractional Laplace operators. This type of
nonlocal operator comes up naturally in many different applications, such as phase transi-
tions, game theory, finance, image processing, Lévy processes, and optimization. For more
details and applications, we refer the interested reader to the works of Applebaum [8],
Bahrouni-Radulescu-Winkert [10], Caffarelli-Silvestre [12], Di Nezza-Palatucci-Valdinoci
[21], Molica Bisci-Radulescu-Servadei [32], Pucci-Xiang-Zhang [35, 36] and the references
therein.
Recently, the following time-dependent logarithmic Schrodinger equation given by

.00 5 2

l8§=—8 AP+ Wx)® — Plog|P|”, N >3 (1.3)
where ®: [0, +00) x RY — C, has also received a lot of attention due to its physical
influence, such as quantum mechanics, quantum optics, nuclear physics, effective quantum
and Bose-Einstein condensation. Standing wave solutions for (1.3) have the ansatz form
O(t,x) = u(x)e_"“’t/‘E with w € R, which leads to the system

—&2Au + V(x)u = ulog u? inRY, (1.4)

where V(x) = W(x) — . From a mathematical point of view, (1.4) is very interesting
because many difficulties arise when using variational methods to find solutions. Alves-de
Morais Filho [2] considered semiclassical state solutions for the logarithmic elliptic equation
(1.4) when V satisfies the following global condition
V(x) e CRY,R) and Voo = lim V(x) > Vi = inf V(x) > —1.
[x]—o00 xeRN

They obtained the existence of solutions of (1.4) as well as the concentration behavior of
solutions as ¢ — 0. Alves-Ji [3] continued to study (1.4) where V (x) satisfies the following
local conditions
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(V) V e CRY,R) and inf, v V(x) = Vo > —1;
(V’z’ ) There exists an open bounded set 2 C R¥ such that

—1l<Vo=inf V(x) <minV and M ={x € Q: V(x) = Vo} #0@.
xeQ Q2

They used the penalization method in order to prove the existence of positive solutions of
(1.4) as well as the concentration behavior under (V’l’ )and (V’z’ ). We also mention the works of
Alves-Ambrosio [1], Alves-Ji [4, 5], d’ Avenia-Montefusco-Squassina [17], Ji-Szulkin [28],
Tanaka-Zhang [44] and the references therein.

Motivated by the above works, in this paper we consider the existence and concentration
behavior of solutions for the following logarithmic fractional Schrédinger-Poisson system

{s% (&) u+ V(u —¢u =ulogu® inR, (1.5)

&2 (=AY ¢ = u? in R3,

where ¢ > 0 is a small parameter, s, t € (0, 1) are such that 4s 4+ 2¢ > 3, and V satisfies the
local conditions

(V1) Ve C(R* R) and inf, g3 V(x) = Vo > —1;
(V2) There exists an open bounded set 2 C R such that

—1l<Vo=inf V(x) <minV and M ={x € Q: V(x) = Wy} #0.
xeQ Q2
The main result in our paper reads as follows.

Theorem 1.1 Suppose that V satisfies (V1) and (V). Then, there exists ey > 0 such that, for
each ¢ € (0, &9), the system (1.5) has a positive solution u € H*® (R?) satisfying u? log u? e
L' (R3). Moreover; if ug is a solution of (1.5) and v, € R3 denotes a global maximum point
of ue, then

lim V(y,) = W.
e—>0t

Our approach is mainly based on variational methods. Nevertheless, due to the combination
of the nonlinear and nonlocal operator (—A)” along with the logarithmic nonlinearity, several
estimates will be more delicate and completely different from the references mentioned above.
Some important points are highlighted below:

(i) Due to the logarithmic term, the associated energy functional of system (1.5) may take
the value +o0, since there is a function u € H* (R?) such that fR3 u? log u?dx = —o0.
Thus, the energy functional is not well defined in H* (R?) and the classical variational
methods cannot be applied here. In order to find solutions of system (1.5), we will make a
technical decomposition to obtain a functional which is a sum of a lower semicontinuous
convex functional and of a C!'-functional. Then, a new version of the Mountain Pass
Theorem can be applied to get a (PS) sequence.

(ii) Because of the appearance of two fractional Laplace operators in (1.5), our analysis
becomes more complex and interesting as well as new arguments have to be taken into
account to solve our problem.

(iii) Since V only satisfies the local conditions in (V1) and (V3), we have no information
on the behavior of the potential V' at infinity. So it is complicated to prove the (PS)
condition. Due to the presence of the nonlocal term, we modify the nonlinearity in a
special penalization way which is different from Alves-Ji [3]. Then we can prove that the
modified functional satisfies the (PS) condition. Furthermore, we show that the solution
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of the modified problem is in fact a solution of the original problem (1.5) provided ¢ > 0
is sufficiently small.

The paper is organized as follows. In Section 2, we recall some lemmas which will be
needed in the paper. Then, in Section 3, we study the auxiliary problem which is a key point
in our approach. Finally, Section 4 is devoted to the proof of Theorem 1.1.

2 Preliminaries

In this section we present the main tools and notions that will occur in Sections 3 and 4. For
A C R3, we denote by |u|ra(a) the L9(A)-norm of a function u: R?* - R and by |ul, its
L7 (R3)-norm. Let us define D*-2(R3) as the completion of cx (R3) with respect to

2
e f[, A
Then, we consider the fractional Sobolev space
H'RY) = {u e L* (R?) : [u] < oo}
endowed with the norm
lul® = [l + Jul3.

Now, we recall the following main embeddings for the fractional Sobolev spaces, see Di
Nezza-Palatucci-Valdinoci [21].

Lemma2.1 Let s € (0,1). Then HS(R3) is continuously embedded in LP(R3) for any
€ [2, 2;“] and compactly embedded in LIOC(RS)for any p € [1, 2?)

In addition, we define by S, the best constant of the Sobolev embedding H*(R?) into
L% (R3). We also recall a version of the well-known concentration-compactness principle,
see Felmer-Quaas-Tan [22].

Lemma 2.2 If {u,},eN is a bounded sequence in H® (R?) and if

lim sup / Iu,,l2 dx =0,
n—>00 yeR3 JBR(y)

where R > 0, then u,, — 0 in L’(R3)f0r allr € (2, 2;‘)
By Lemma 2.1, we have
5 (M3 7% w3
H’(R”) C L3+ (R”). 2.1

For any fixed u € H*® (R3), let L, : D"2(R?*) — R be the functional given by

Lu(v)=/ uzvdx,
R3

which is continuous in view of Holder’s inequality and (2.1). Indeed, it holds

3+2t

1
12 6 * 2F
|Lu(v>|s</ |ua| 5520 dx) (/ |v|% dx)’ < Cllul*lvll pe2,
R3 R3
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where

lu(x) — v(y)?
”U”Drz // R dx dy.
Then, by the Lax-Milgram Theorem, there is a unique ¢’ Db 2(]1%3) such that ( s ) for
each v € D"2(IR3), where (-, - is the inner product on D2(IR?). Thus, we obtain the ¢-Riesz
formula
'3 —21)
ING)

’

2

u

¢l (x) :ct/ _wo dy, where ¢ e
RS |x — y[3~H

is the only weak solution of the problem
(—A)'¢, =u® inR’.

In order to study the system (1.5), we use the change of variable x — ex and we will look
for the solutions of the problem

(=AY u+ V(ex)u — ¢u = ulogu? inR3, 22)
(=AY ¢ =u? in R3. ’
Substituting ¢’ = ¢/, into system (2.2), we can rewrite (2.2) as a single equation
(=AY u+ V(ex)u — ¢ u = ulogu® inR>. (2.3)

Next, we can state the following useful properties whose proofs can be found in Liu-Zhang
[30] and Teng [45].

Lemma 2.3 Forall u € H*(R?), then the following properties are valid:

(D) ¢4l pre < Clul?, < Cllull? and [gs ¢'u® dx < Cilul*, . Moreover ¢,: H* (R?) —
342 342
D'2(R3) is continuous and maps bounded sets into bounded sets;

(2) ¢!, > 0inR3;

3) ify € RPandii(x) = u(x+y), then ¢%(x) = ¢! (x+y) and [ps ¢pLit> dx = [p3 ¢.u? dx;

4) @', =r>¢l forallr e R;

5) lfu,,—\u in H*(R3), then ¢!, —~¢!, in D'2(R3);

(6) if up—u in H*(R3), then Jr3 L 2d)c = Jps ¢Euru) (up —u)? dx + Jr3 #lu’dx +
0, (1);

(7) ifup — uin H*(R3), then ¢y, — by, in D'2(R3) and Jrs ¢L”u2 dx — [ps @' u®dx

We define N : H*(R3) — R by setting
Nu) = f ¢l u? dx. (2.4)
R3

Similar to the Brézis-Lieb lemma, N possesses the following properties whose proofs can
be found in Teng [45].

Lemma 2.4 Let N be defined by (2.4). If up—u in H* (R and u, — u a.e.in R3, then
N(u, —u) = N(u,) — N(u).
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Note that a weak solution of (2.3) in H*(R?) is a critical point of the associated energy
functional

T (1) := %nung - %/M ¢ u?dx — %/M u?logu® dx,
defined for all u € H,, where
H, = {u € H'(R%): /R} V(ex)u?dx < oo}
is endowed with the norm
lul? := [u)® + /W (V(ex) + 1) u®dx.

Obviously, H, is a Hilbert space with inner product

_ / (w(x) —u(y)(wx) —v(y))
(u,v)e = .
R

lx — y3+2s

dxdy—l—/ (V(ex) + 1) uvdx.
R3

Definition 2.5 A solution of problem (2.3) is a function u € H*(R3) such that u? log u? e
L'(R?) and

/ (u(x) —u(y)(x) —v(y)
RO

W=z dxdy + /R3 V(ex)uvdx

—/ qb,’duvdx:/ uvlogu? dx, forallu,vngo(]R3).
R3 R3

Due to the lack of smoothness of Z,, we shall use the approach explored in Ji-Szulkin
[28] and Squassina-Szulkin [41]. Let us decompose Z, into a sum of a C ! functional plus a
convex lower semicontinuous functional, respectively. For § > 0, we define the functions

0, ife=0
Fi(§) = § —5&%logé? if0 <& <8
— 162 (log 8% +3) + 285 — 162, if[§] =8
and
0, if €] <6
PO = 16 10g (62/82) + 20061 - 362 - 162, irlel > 5.
Then,

1
F (&) - Fi(¢) = Eézlogéz forall £ € R,
and the functional Z, : H, — (—00, +00] may be rewritten as
Ze(w) = O, (u) + V(u) foru € H,, 2.5)

where

() = l||u||2—1/ ¢>’|u|2dx—/ Fau) dx,
207 4 Jgz Tt R3
and

lll(u):/ Fi(u)dx.
R3
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As proved in Ji-Szulkin [28] and Squassina-Szulkin [41], Fy, F; € CIR,R).If8 > Ois
small enough, F is convex, even,

1
Fi(§) >0 and 0 < EF{(é‘)"E < F1(§) < F{(§)§ forall§ e R. (2.6)
For each fixed p € (2, 2}), there exists a constant C > 0 such that
|F2’(‘§)| < C|.§|P_] for all £ € R. 2.7

Note that &, € C1(H*(R?), R) and ¥ is convex and lower semicontinuous in H* (R3), but
W isnota C! functional due to the unboundedness of R3. Then, we will seek a critical pointin

the sense of a sub-differential. Next, we recall some definitions that can be found in Szulkin
[43].

Definition 2.6 Let E be a Banach space, E’ be the dual space of E and (-, -) be the duality
paring between E’ and E. Let J: E — R be a functional of the form J (1) = ® (u) + ¥ (u),
where ® € C'(E, R) and W is convex and lower semicontinuous.

(i) The sub-differential dJ (1) of the functional J at a point u € E is the set
{weE": (@), v—u)+ V() —¥u) > (w,v—u)forallv e E};
(ii) A critical point of J is a point # € E such that J(u#) < +oo and 0 € 9J (u), i.e.
(®'(u),v—u)+ W) —Ww) >0 forallve E; (2.8)

(iii)) A Palais-Smale sequence at level d ((PS); sequence for short) for J is a sequence
{t4n}nen C E such that J(u,) — d and there exists a numerical sequence 7,, — 01 with

(' (Un), v —up)+ W) — W(up) = =75 v —uyll forallv € E;

(iv) The functional J satisfies the Palais-Smale condition at level d (((PS); condition for
short)) if all (PS),; sequences have a convergent subsequence;
(v) The effective domain of J isthe set D(J) ={u € E: J(u) < +00}.

In what follows, for each u € D(Z,), we set the functional Z,(u) : He . — R given by

<I;(u), Z> = <d>;(u), Z> — / F{(u)zdx forall z € H,,,
where

He.c = {u € He: u has compact support}.

Further, we define

|Z:@)| = sup {{Z' (), z) : z € Hec and |Iz]le < 1}.

If || Z} (u)]| is finite, then Z (x) may be extended to a bounded operator in H,, and so, it can
be seen as an element of H.

Lemma 2.7 Let I, satisfies (2.5).
(1) Ifu € D(Zy) is a critical point of I.. Then, it holds
(®L(u), v—u)+ V() —W(u) >0 forallveH,,
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or equivalently

(u,v—u)g—l—/ Fl(v)dx—/ Fl(u)de/ Fz’(u)(v—u)dx
R3 R3 R3

forallv e H,;
(i) Foreachu € D(Z;) such that | Z,(u)| < 400, we have dZ(u) # W, that is, there exists
w € H,, which is denoted by w = T, (u), such that

(®L(u), v — u)—i—/

Fi(v)dx —/ Fi(u)dx > (w,v —u)
R3 R3

forallv e He;
(i) If a function u € D(Z;) is a critical point of I, then u is a solution of (2.3);
@1v) If{un}nen C He is a Palais-Smale sequence, then

(77 ) 2) = 0nD)izlle forallz € He;

(v) If Q is a bounded domain with regular boundary, then W (and hence ;) is of class C!
in H*(S2). More precisely, the functional

‘-I/(u)=/ Fi(u)dx forallu € H*(Q2)
Q

belongs to C' (H*(Q), R).

Proof (i) This follows from (2.8).

(ii) This can be obtained arguing as in the proof of Squassina-Szulkin [42] and recalling
that C2°(R?) is dense in H,.

(iii) and (iv) This can be shown by following the same lines of the proofs of Ji-Szulkin
[28].

(v) Since |F{(1)| < C(1 + |t19~1) with ¢ € (2, 2), it is enough to proceed as in the proof
of Willem [46]. O

As a consequence of the above properties, we have the following result.
Lemma 2.8 Ifu € D(Z;) and | Z,(u)|| < +o0, then F{(u)u € LY(RY).

Proof Letw € C°(R3) besuchthat0 < @ < 1inR3, w (x) = 1 for|x| < landw (x) =0
for |x| > 2. For R > 0and u € D(Z;), let wgr(x) = w(%) and ug(x) = wr(x)u(x). Let
us prove that

lim [lug — ulls = 0. (2.9)
R—o0

Clearly, ug — u in LZ(R3). On the other hand,

2
lug — ul’ <2U/RG R A o axdy

B 2
//Ré '"(x) ylﬁiyz)l | R(x)—1|2dxd)’:|

=2[Ag + Br].

We have

—_ |oR(x) — EJ'R(y)|2 )
Ar= /,/Rﬁ |x — y|3+2s lu(x)|”dx dy
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_ 2
=/ u(x)|? (/ |72 (x) lzz(yﬂ dx
R3 [x=y|>R |X - Y| s
2
WRX) — O
+/ | (x) 3£Ey)| dx) dy
—yl<R  1X —Y[PT
4o 12 s
< [wwr ([ SR
R3 [x—y|>R lx — ¥l ’
V@ |12 o s
+R72/ 7LH(H§) dx | dy
x—y|<rR X — YT

2 > 1 o (f
C/Rs|”(x)| dy(/R S dr R /Orzmdr)

C
< —.
— RZS
Thus, 0 < Ag — 0. Moreover, Bg — 0 by the dominated convergence theorem. Then, (2.9)
holds.
From Lemma 2.7 (ii),

IA

(@, (u), ug) + /RS F{(wugdx = (w,ug) forall w e H,. (2.10)

Then, combining (2.9), (2.10) with Lemma 2.7 (v), we can see that fR3 Fl/(u)uR dx < C for
large R > 0. From ug — u a.e.in R3 as R — oo and Fatou’s lemma, we derive that

/ F{(wudx < liminf/ F{(wugdx < liminf/ F{(wuwgdx < C.
R3 R—oco JR3 R—oco JR3
This finishes the proof. O
An immediate consequence of the last lemma are the following results.
Corollary 2.9 For each u € D(Z;) \ {0} with ||Z,(u)|| < 400, we have that
T, (uyu = [u]? +/ V(ex)u®dx — / ¢l u?dx — / u?log u® dx
R? R3 R3

and

T (u) — lI/(u)u = 1/ u®dx + 1/ @' u® dx

¢ 27¢ 2 Jps 4 Jga ¥ ’

Corollary 2.10 If {u,}yen C He is a (PS) sequence for I, then I, (up)uty, = 0y (D)llunlle. If
{un}nen is bounded, we have

1
Ze (un) = Ie (un) — 51; (un) up + 0p (D lluglle

1 1
2 /R ty dx + /R ity dx + 05 (D)l e
foralln € N.
Corollary 211 Ifu € H_ is a critical point of I and v € H, verifies F{(u)v € L'(R?), then

T, (u)v = 0.
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Finally, we give a version of the Mountain Pass Theorem without supposing the (PS)
condition for the functional I () = ® (1) + W (1), where ® € C! and W is convex and lower
semicontinuous. The theorem was first introduced by Alves-de Morais Filho [2].

Proposition 2.12 Let E be a Banach space and I: E — (—00, 400] be a functional satis-

fying

Q) I(w) = 1Ii(u) + I(u) with I} € CHE,R), and I: E — (—o00, +00] is convex, lower
semicontinuous and I (u) # +0o;

(i) 1(0) =0and I|33r0 ©) = bo for some rg, by > 0;

(iii) 1(e) < 0 for some e ¢ By, (0).
Then for given T > O, there exists u; € E such that

(I{ (ue) ,w —ue)+ L(w) — I (ur) = =37 |w —uc|| forallw € E,

and
I (u;) €[c—r1,c+1l,
where
c:=inf sup I(y(1)),
Y€l refo,1]
and

I['={y e C([0, 1], E): y(0) =0, I (y(1)) < O}.

Corollary 2.13 Under the conditions of Proposition 2.12, there exists a (PS) sequence
{untnen C E forl ie., forany w € E,

I(up) = ¢ and (I{(un), w — up) + L(w) = L(up) > —0y |w — unl . (2.11)

with o, — 07T,

3 An auxiliary problem

In order to prove our main theorem, we will modify problem (2.3) and then consider the
existence of solutions to the auxiliary problem. For our problem, since the logarithmic non-
linearity fulfills # log > + ¢ # o(t) as t — 0 and due to the occurrence of the nonlocal term
¢!, we cannot apply directly the penalization argument employed in Del Pino-Felmer [20].
Here, we give a new scheme, which is proposed in Peng [34].

For u € H, withu > 0, let

Fy(u) = ¢u + Fy(u).
Choose suitable 6 € (0, 3) satisfying Vo + 1 > 46 and define

Fy(u) if Fy(u) < Ou,

Fl(u) = R
“O= V0w it Fw > ou,

where Vj is given in (V). We put
Gh(x,u) = xo(x)Fj(u) + (1 — xo(x)) FL(u),
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where xg is the characteristic function of the set €2.
For ¢ > 0, we define the auxiliary problem

(=AY + (V(ex) + Du = G, (ex,u™) — F (u™) forx e R, (3.1)
where ¥t = max {u(x), 0}.

Remark 3.1 Note that if u, is a positive solution of (3.1) satisfying Fz’(u) < 6u for each
x € Q¢, then it is also a positive solution of (2.3) and consequently, the pair (u¢, ¢y,) €
HY(R3) x D"2(R¥) is a positive solution of system (1.5), where Q¢ = {x € R3: ex ¢ QJ.

It is clear that weak solutions of (3.1) are positive critical points of the following energy
functional

1
Few =3P+ [ Fatax- [ Gaerat) ax
2 R3 R3
in the sub-differential sense while G2 (sx, u'*') is given by

. o Ao et P+ Rwt), itx e 20U B < buf,
2(8)6’“ )= %|u+|2, ifx e QN ﬁz’(u)>0u
Let H; be the open subset of H, given by

HE = {ueMe: |supp (u™) N Q| > 0}.
The next lemma implies that 7, possesses the Mountain Pass geometry.

Lemma 3.2 Assume that (V1) and (V) hold. Then we have the following:

(i) There exist a, p > O such that J.(u) > p with |ull = a;
(i) There exists e € Hg such that ||u||. > o and J(e) < O.

Proof Noting that G, (ex,u) = %uz for Q¢ N {ﬁz’(u) > Ou], the fact that 6 < % and
F1(u™) > 0, we have

1 1 2

Te() = ~ull? — */ ) ¢ ut|” dx —/ N P (u') dx,

4 4 QEU{FZ/SGu} QSU{FZ/SGu}

which follows from Lemma 2.3 and (2.7) for p € (2, 2¥) that
1
Je@) = lullf = Collull; = Cyllul?.

The claim follows if we choose p and ||u|| = o small enough.
On the other hand, fixing ¢ € C2°(€2;) \ {0}, by Lemma 2.3, we have

e 2 i f2 1 2 2 2
Te(t) = ?”(PHE 7 ) Bylel”dx — 3 Jo 79" log(|Te|”) dx
7’ ) 1 2 2
< Ellwllg -3 R3</J log(|te|”) dx

< I.2 j ( 1 t 2 _ 2
< (@) + 7 | Pl dx —log(r) | ¢7dx).
R3 Qe
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As T — +00, then
Je(t9) —> —00,
and the proof of the lemma is now complete. O

By Proposition 2.12 and Corollary 2.13, there exists a (PS) sequence {u, },en C He of JTe
at the level ¢, > 0, where

= inf ma 1)),
Ce yef‘gte[O,)iJJS(y())

and I, := {y € C1([0, 1], He): ¥(0) =0, Ze(y(1)) < 0}.
Now, we will prove some results that will be useful in the proof of Theorem 1.1.

Lemma 3.3 Forany ¢ > 0, all (PS) sequences of J. are bounded in H.
Proof We define
A ={Fw <o}, aAl=in{Fw >ou| and A =aluaZ
Then, it holds
RP=Q.uAlua?=q.uA,,
and
Te(un) = Tela, Uun) + Tela, (n).

Without any loss of generality we will assume that u;" # 0, because otherwise, we have the
inequality

lunlle <2M.

In the following, we analyze the two cases:
Case I: For any x € €, inspired by Alves-Ji [5], we have that J:|q, = Z:lq, €
CY(Q,, R). Then there is C > 0 such that

/R3 u? dx + % /w oL, ut dx = 2T, |, (un) — il o, (un)un
= 2¢e + 0on(1) + 0, (1) |lunll,
< C+op(D) llunllg -
Consequently,
lunll2 < C + 0n(Dllttn e (32)

Instead of the classical logarithmic Sobolev inequality of Lieb-Loss [29], we use the frac-
tional logarithmic Sobolev inequality recently established by Chatzakou-Ruzhansky [13].
According to Theorem 1.1 in [13], foranya > O and u € H® (R3), there holds

2 3
/ u? log ”—2 dx 4+ =(1 +loga)|ul3 < C3,s,a)|(—A)*ul3.
R3 [ul; s

Noting that |(—A)3/2u|% = Cps [u]? and log(uz/lulg) = log u? — log IuI%, we can rewrite
this inequality as

/3142 logu?dx < «[ul® + Celul5 + |ul5 log |ul3, (3.3)
R
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where k can be chosen arbitrarily small by adjusting the parameter a. Choosing « € (0, 1),
& € (0, 1), and using the fact that |un|2 < |luy ||2 along with (3.2), the inequality (3.3) yields

/ W2 log 2 dx < k[unl® + Celttnl? + lin 3 10 lun 3
Qe (3.4)

1
< i funly, + C1 (1 + llunllg,)' ™

where

lu(x) — u(y)|?
”"‘HQF //sxﬂg i —y |3+2S dx dy—l—/Qg (V(ex)+1)u2dx.

Then by (3.4), we have that
1
ce +o,(1) = I£|Qg (un) — EIQSZS (un)uy

1 2 1 2 2
> Z”MHHQE - Z/QS u; logu;, dx

)l+5

’

1 —«
> — lunlldy, — C2 (1 + lunlie,

which implies that the sequence {u,},cn is bounded for any x € €2, since k < 1 and
1+& <2
Case II: For any x € A;. By the assumption, there exists M > 0 such that for any n € N,

M > jglAg (un)

1
=Sl [ R e [ G (o) o

& €

1 1

= 3 3, +/ Fy (1) dx _/ <,¢z+ P dx + (ﬁ)) dx
A AL \4
9 iy

-3 /;\g |un ‘ dx

1-0 2 + + 1 Rk
= ) ||un||A€+ F (Mn)dx_ FZ(Mn)dx—Z ¢u+|un| dx

AE As AEI n

1

-0 1 1
=5 ||u,,||%\£ - E/A |u;r|21og|u;;|2 dx — Z/AI d’;; |’47{|2 dx,

where

|u(x) — u(y)|? 5
2 /f dx dy+/ (V(ex) + 1) u? dx.
Ae — Aex A, lx — |3+2v A,

Then, for any n € N,
(l—9)||un||iE§2M+/ | | 1og|u+| dx + = / ¢+|u dx. (3.5)
Ae

Recalling that for any x € A ; there holds ¢’ u < 6u, and so

/ ¢ u? dx</ Ou’ dx. (3.6)
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Applying the fractional logarithmic Sobolev inequality (3.3) and the estimate (3.6) to (3.5),
we obtain

(1= O lunli, <2M + k[unl® + Celunl3 + lunl3 log 1,13

0 2
+5/;\[ 1

’ 0
< 2M + kllun|? + C3 (1 + fluglle) ' + Enunnig,

where we have used the fact that [u,]* < ||u,,||§ and Iu,,I% < ||un||§, along with (3.6).

Recalling that ||u, ||§ = ||u,1||§z‘S + ||un||%\g and using the boundedness of [|u,| o, derived in
Case I, we have

2 2
lunlly < Ca+ llunlly, -
Substituting this into the inequality above, we get

3 1
<1 - 30 —e) lunll, < Cs (14 lunlla,)' ™5
Since 6 € (0, %), we have 1 — %9 > 0. By choosing ¢ > 0 sufficiently small such that

1-— %0 — k > 0, and noting that 1 + £ < 2, we conclude that ||u,|| s, is bounded.
Therefore, combining the results from Case I and Case II, we have that the sequence
{u,}nen is bounded in H,. O

Lemma 3.4 Let {u,},en be a (PS) sequence for J.. Then for any { > 0, there exists r =
r(¢) > R > 0 such that

. 2
limsup/ / Mdy-i—(V(sx)%— Hu? ) dx <.
r\B, \JR? |x — y[Pt

n—-oo

Proof We consider r > R and a function ¢ = v, € C{° (R3) such that ¥ = 0if x € B, (0),
Y =1ifx ¢ By (0) with 0 < ¢¥(x) < 1, and |VY¥(x)| < %, where C is a constant
independent of r, for all x € RN. As {un}nen is bounded, the sequence {Yu,},eN is also
bounded. This shows that Z, (u,) (Y u,) = o,(1), namely,

2
// |“n(x) bgig”' w(x)dxdy—i-/ (V(ex) + Dupyr (x) dx
RS | A R3

:/ Fz'(u+)unl/f(x)dx+/ ﬁ;(uﬂu,,W(x)dx—/zFf(u+)unw(x)dx
Q¢ R?

&

_/ (un(x) —un(y) (W (x) — ¥ ()
RO

x — y[PHe

uy(y)dx dy + on(1).
We take r > R such that Q. C B,. Then, by (2.6) and the definitions of 15;, we obtain

2
/f |I/tn(x) b:'i(ziﬂ W(x)dxdy+f (V(ex) + D uly(x) dx
RS vl R

< 0/ u}%w(x) dx _/ (Un(x) — un(y)) (Iﬁ(ﬁf) - lﬁ(y))un(y) dx dy (3.7
R RS |x _ y|3+25

+ o0, (D).

@ Springer



103  Page 16 of 37 L.Lietal.

Now, we will prove that

lim lim sup u,(y)ydxdy =0. (3.9)

r=-o00 p—soco

/ (un(x) —un(y)) (Y (x) — ¥ (y)
RO

lx — y3t2

By Holder’s inequality and the boundedness of {u, },cN, we have

‘// (un(x) —un(y)) (W (x) — ¥ (y))
RO

|x _y|3+25

un(y)dx dy‘

1

n () = P [ (x) — () ) ’
(f/R TP ) (//JR Ty O drdy

_ 2 %
=€ <//1;6 A ngf;v)' |u n()’)|2 dxdy)

It is enough to prove

2
lim 1imsup//6 W) =V R dedy =0 3.9)
R

r—=00 ;500 |3+2S
in order to show that (3.8) is true. Note that R® can be written as

RO = ((R*\ Bx) x (R*\ Ba,)) U ((R*\ Bar) x By) U (Bar x RY)
=X ux?uxs,

S0,

2
/-/R" v y|l3p+(i)| |y (x)|* dx dy

2
/:/Xl W/gcx) |I§f-ig]s)| 7 n(x)|2 dxdy

[y (x) — (I 5 (3.10)
f/}gz T x =yt lun (x)]” dx dy
//X3 WSC) g&”z i ()| dx dy.
Since § = 1inR®\ By, we have
T N

Let k > 4. Then
X7 = (R*\ Ba) x By, C ((R?\ Bir) x Bar) U ((Bir \ Bay) x Bay).
Let us observe that, if (x, y) € (R*\ Bi) x Bay, then
| x|

x =yl = [x| - |y|>|x|—2r>7,

@ Springer



Concentration phenomena for a logarithmic fractional... Page170f37 103

Taking into account that 0 < ¢ < 1, |Vy/| < Q and using Holder inequality, we have

2 2
// un "I &) = O dy
X2

|x _ |3+2v

3 q ln ) [ () = ¥ (I
= x 3425 dy

R3\ By, Bor lx — yl

+/ dx/ lutn () ? 19 (x) — Y () &
By \Bay Bor lx — y|3+2S
2
s [ e e
R3\By, By IXI

c 2
L+ ¢ dx/ lun (x)] dy
r? Bir \ Bor By 1X — yP3r2e=h

2 (3.12)
C 3
< Cr3/ |Mng)i)2|A dx + —2(kr)2(lﬂ)/‘ lun ()| dx
R3\By, |*] r Bi\Bor
) 2
3 2% % 1 ’
<Cr (/ |t (x)|%s dx) / —— dx
B3\ By R\By, |x|z 13
CkZ(l*S)
[ P
r By \ Bor
2
C . ¥ Ck3=9)
<5 (/ ity () dx) + ff lun (0)1* dx
]RS\B](, re By \Bar
C Ck2(1 —s) /
< St lun (x)]* dix
k3 r2 pam,
Fixing § € (0, 1), and we have that
ln ) 9 (x) = ¥ ()
dxdy
<3 |x _ y|3+2s
B / q / n P 1Y ) =y WP, 3.13)
= X — o342 y :
B\ Bsr |.X yl

/ / ltan 12 [ (x) — w<y>|2d
5, s Ix — yp+2 Y-

Let us estimate (3.13). We have

lun ()7 1Y (x) — Y (I
dx 342s dy
Boy\Bs R3N{y: [x—y|<r} |[x — y[>+=

C 2
=5 [y ()]
r BZr\BEr

q |t O [ (x) — Y (») [
X 34+2s dy
Bar\Bs R3N{y: [x—y|>r) lx — y[>+=

and
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C
< lun (x)|* dx
r BZr\Bﬁr

which shows that

2 2
- C
/ dxf |un(x)| h//(x)S 2‘/’()’)| dyS 5 f |un(x)|2 dx. (314)
Bor\Bsr R3 lx — vl e res By \Bsy

By the definition of ¥/, € (0, 1),and 0 < ¢ <1,

/ / luan () |9 (x) — w<y>|2d

5 - Ix — ypt2 Yy

:f dx/ n@P ) —yOIP
B, R3\B, |x — y[3+2

<4 |’/ln(x)| dy (3.15)
33, ]R3\B, |x — yP+2s

<C / lun|* d / ~ ! d

< u X ——dr
Bs, n (1=8)r rlt2s

C 2
A= o /B fenl”
Sr

where we have used the fact that if (x, y) € Bs, X (R3 \ Br), then |[x — y| > (1 — §)r. From
(3.13), (3.14) and (3.15), one has

// |t )12 [ (x) — Y ()] ax dy
X"&

|x _y|3+23

c (3.16)
2 2
ol | (x)|7 dx + EDBE /195r |t (X)|” dx

By \Bsr
From (3.10), (3.11), (3.12) and (3.16), we obtain

/f ltn (O |9 (x) — Y (]2 dxdy
]Rﬁ

|x _y|3+2s

Ck2(lfs) /
<=+ —5 i (x)|? dx (3.17)
k3 r2 s,

C C
— |u (x)l2 dx+7f |u (x)l2 dx.
> Jpm [(1—8)r1> Jg, "

Since {un}nen is bounded, by Lemma 2.1, we may assume that u, — u in L7 . (R?) for
some u € H*(R?). Taking the limit as n — oo in (3.17) and applying Holder’s inequality,

we have
2
limsup//ﬁ ltn GO [ (x) — Y ()] dx dy
R

n—> 00 )C _ y|3+2§

k2(1 s)
< % + Cf/ lue(x)|* dx
k r= I \By

C / 2 C 2
+ & )| dx+7f (o) dx
r2.¥ By \Bsy [(1 - 5)},—]25 Bs,
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2

c . \E

< +CK (f (o) dx) ’
k Biy\By

Z 2s Z
% 2 ) o P
+C / lu(x)|s dx +C|—— / lu(x)|s dx .
B\ Bsr 1 - 8 Bsy

Since u € L% (R?), k > 4 and § € (0, 1), we have

r—00 r—=00

lim sup/ |u(x)|2s* dx = lim sup/ |u(x)|2: dx =0.
B\ B2 Bor\Bsr

Lets = % We get

2 _ 2
limsuplimsupffﬁ [uyn )N 1Y (x) — () dx dy
R

r—>o00 n—>00 |x — )’|3+2s

2
c L\ E
< lim limsup | = + Ck? ( / Jua (x) | dx)
k=00 rooo | k Bir\Bor

2
g 1\ .
+c<—> f|u(x)|2sdx
k—1 5y,
k
2

2
%

+C / lu(x)|= dx
BZr\B%r

C 1 2 " ¥
lim — - 25 —
< klm & +C (k 1) (/3 [u(x)| dx) 0,

which shows that (3.9) holds. By (3.7), (3.8), the definition of v, the boundedness of {u, },en
and § < V"I 1 we infer that

_ 2
lim limsup/ / Mdy+(\/(ex)+l)uﬁ dx =0,
R3\B, \JR3  |[x — y[T

r—>00 n— 00
which completes the proof. O
Lemma 3.5 The functional T, verifies the (PS) condition in H at any level ¢, € R.

Proof Let {u,},en be a (PS) sequence for J; at the level c.. Since {u,} e is bounded in
‘H,, see Lemma 3.3, up to a subsequence, we may assume that

Up,—u in Hg.
By Lemma 3.4, for each ¢ > 0, there is r = r(¢) > 0 such that

_ 2
lim sup / </ M dy + (V(ex) + 1) u%) dx < ¢. (3.18)
R3\B, \/R3

>0 |x _ y|3+2s

By (3.18) and the fact that H, <— L{OC(R3) forallr € [2, 2;*) we can deduce that u, — u

in L” (]R3) forall r € [2, 2;‘) Furthermore, from the definition of G’z, Lemma 2.3 and (2.7),
one has

/R% Gh(ex,uNHwdx — /M Gh(ex,uNwdx forall w € C°(RY),

/ Gh(ex, uHut dx — / Gh(ex, uMut dx,
R3 R3
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and
/ Gr(ex, u,f) dx — / Go(ex,ut)dx.
R3 R3

Since J.(un)w = o0,(1) for all @ € CX(R3), we infer that 7/ (u)w = 0,(1) for all w €
C®(R?), and thus J; (u)u = 0, that is,

llull? +/ FlwHutdx = / Gh(ex,uMut dx.
R3 R3
On the other hand, using the fact that 7, (u,)u, = 0, (1), namely
lunll2 + /R Pt ax = AQ Gh(ex,uu dx + 0, (1,
we can deduce that
llunl? + /3 FuDHu! dx = |lu))? + /3 F{(uP)u™ dx + 0,(1).
R R

Therefore, u, — u in He and F| (u;))u;" — F{(u)u* in L' (R?). Applying the Dominated
Convergence Theorem and (2.6), it is easy to check that Fj (u;lL) — Fj(u") in LY(R3).
Consequently, 0 € 9.7, (u) and J. (1) = c¢. ]

Lemma 3.6 The functional [J, has a positive critical point u; € H, such that Je(ues) = ce.

Proof In view of Lemmas 3.2-3.5, there exists a critical point u, € H, of J. such that
Je(ug) = ce foreach ¢ > 0. In particular, taking v = u, + rw witht > 0and w € Cf"(R3)
in the definition of a critical point of 7;, we can prove that 7/ (u.)w = O forall v € CZ° (R?)
and by the density J/(u;)v = 0 for all v € H,. Let us show that u, > 0 in R3. Let
u; = minfu,, 0}, since J/(us)u; = 0 and the definitions of F and G, we derive that
u, = 0. By performing a Moser iteration argument (see Lemma 3.13 below) and Silvestre
[40], we can prove that u, € LP(R3 N Cl(;g (R3) for all p € [2,00). From the strong
maximum principle in Silvestre [40], we can conclude that u, > 0 in R3. ]

Let us introduce
N = {u € D(T)\ {0}: T/ (w)u =0} .

Lemma 3.7 Foreachu € Hj, let h,: RT — R be defined as h,(t) = J:(tu). Then, there
exists a unique t,, > 0 such that

h,(t) >0 forte0,1,),
h,(t) <0 fort € (14, 00).

Proof Arguing as in the proof of Lemma 3.2, we can see that 4, (0) = 0, h,(r) > 0 for
7 > O small and s, (r) < O for T > 0 large. Hence, max.¢[0,00) /1, (7) is achieved at some
7 = 1, > 0 such that 4}, (z,) = 0 and t,u € N;. Next, we prove the uniqueness of T,,.
Suppose by contradiction that there exist 7, > 71 > Osuchthat k), (t;) = h), (r2) = 0. Thus,
fori = 1,2, we have

1:,-||u||g—/Q F} (T,-u'*')u"'dx—/m F! (Tiu+)u+dx+/

F| (riu+) utdx =0,
RN
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from which we get

||u||§ _ / [:‘2’ (riu)ut b +f F! (tiuT)ut & _/‘ Fi (tiut)u™® e,
o Q RN

i c T T

Hence,

/ (152’ (out)ut B 152’ (tiut) u+> e

%) 1
+/‘ F! (mﬁ) ut B F! (nu*) ut e
c (%) 7]
_ / F{ (ou™)u* - F{ (riu™)u™ i
RN 1) 7] '

Since u € H, the left-hand side of the above identity is positive. Concerning the right-hand
side, one has

/ Fl (tout)ut B F (tiut)ut &
RN

T2 71

_/ F| (rou™)ut B Ff (tiu™)ut &
B {u+<i 15} 71

1 1 +
+/lu+>fl} <5 — ;) 28u™ dx.

As the right-hand side of the above identity is negative, we get a contradiction and the proof
of the lemma is finished. O

Remark 3.8 In view of Lemma 3.7, for any u € Hj, there exists a unique 7, > 0 such that
Tuu € N;. On the other hand, if u € N, then u € H}. Otherwise, |supp (u™) N 528’ =0
and

[u]2+/l‘w Vo+Du?dx < ||u||g:/s;.1:"; (u*)u*dx—/RN F| (u+)u+dx

59/ u® dx
RN
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which implies [u)? + f]RN (Vo+1—=0)u?dx < 0 and this gives a contradiction because
Vo+1—-6>36>0andu # 0.

Next, we introduce the following system which is called the limit case of (1.5), that is,

:825 (—A) u+ Vou — ¢u = ulogu? in R3, (3.19)

e (=N ¢ =u? in R3.

Let us consider the energy functional Zy: H* (RN ) — (—o00, 00] given by

1 1 1
To(w) = 5”””%’% 7 /1; ¢l u?dx — > /R3 u?log u® dx

1 2 1 12
= - - = — F F
2||u||yV0 4/R3 ¢pu” dx o b (u)dx + - 1 (u) dx,
where Y, = H* (RN ), with u > —1, is endowed with the norm

laelly, = [l + (e + Dlul3.

Next, we prove the existence of a ground state for system (3.19).

Lemma 3.9 The system (3.19) has a positive ground state solution ug which fulfills

Zo(ug) = co = inf Zop(u) = inf max Zo(tu),
ueNoy ueD(Zp)\{0} >0
where
1 1
No = {u € D (Zo) \ {0}: Z(u) = = |ul} + */ ¢,’4|u|2dx} ,
2 4 R3
and

D (Zo) = {u € Yy,: To(u) < oo} .

Proof We use some ideas found in Squassina-Szulkin [41, 42]. Define
Do) = 2l —+ [ dLluldr— [ R,

27 Mg fs T R3

and note that
V) = f Fi(u) dx,
R3

then,

To(u) = Po(u) + ¥ (u).

Letu € D (Zp) \ {0}.
Step 1: We claim that the map 7 — Zp(tu) admits a unique maximum point on (0, co).
Indeed, we consider the map v, : (0, c0) — R given by

-7 _ t? 2 o "2 d t? 2, 24
Yu(r) = O(t”)_EHMHYVO_Z R3¢uu x—; R3M og (tu)” dx
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for = > 0. It is clear that ¥, () > O for T > 0 small and ¥, (r) < O for 7 > 0 large.
Moreover, there exists a unique 7, > 0 such that w; (t4+) = 0. In fact, for given u € Yy, one
can observe that

V(1) = C17% — Cyt* — G372 logt? and ¢/ (1) = C4t — C57° — Cot log 7°.
We set
h(t) =Cy4 — C5r2 — Cglog rz,

then v/ (t) = th(r). Moreover, it is easy to see that & is a decreasing function in 7 and
h possesses the unique zero point . To be more precise, h(t) > 0 for T € (0, 7,) and
h(t) < Ofort € (74, +00). Hence, one can conclude that there exists a unique point 7, > 0
such that ¥ (t) > Ofort € (0, ) and ¥, (t) < O for T € (t4, +00). This shows the claim.

Step 2: Since v/;,(7) = Z,(tu)u, theray {zu: t > 0} intersects the Nehari manifold \ at
exactly one point. Moreover, there is 79 > 0 such that, forallu € D (Zgp) NSy, T > Do(Tu)
is increasing in (0, 7p), where S is the unit sphere in Yy,. Since T — W(ru) is increasing
for all T > 0 (by convexity), Ny is bounded away from the origin. Define

Lo = {y € C (10,11, Yy) : ¥(0) = 0, Tp(y (1)) < 0},
and

¢ = inf sup Zo(y(1)).
v€lo sef0,1]

Since ¥ > 0 and using (2.7), it is easy to verify that there exist &, p > 0 such that Zo(u) > p
for all u € Yy, such that ||u||yV0 = «. In particular, ¢ > p > 0 (and ¢ is the mountain pass
level). Clearly, ¢ < cp. Suppose by contradiction that there is gy € (O, %) such that there are
no (PS) sequences in

(10)2322 ={u € Yy,: ¢ —2e0 < To(u) < ¢+ 2¢}.

Arguing as in the proof of Ji-Szulkin [28], we achieve a contradiction. Since g may be chosen
arbitrarily small, we can find a sequence {u, },<n such that Zg (u,) — ¢ and I(’) (un) — 0.

Step 3: We show that {u,},cN is bounded in Yy,. Assume that, for some d € R, it holds
Zo (u,) < d forall n € N. Then

1
/ u? dx + f/ ¢! ur dx = 2Zo(up) — Zo(up)un < 2d + 0, (1) lunlly,, -
R3 2 R3 " 0
Now, arguing as in the proof of Lemma 3.3 and using inequality (3.4), we see that
1
d + on(1) = Zo(uy) — ZI(/)(un)un

1 2 1 2 2
> Z”un”yv() - Z/l.g? u, logun dx

= C7 (Il = (1 + lunllvg ) ).

which shows that the sequence {u,},¢n is bounded in Yy,.
Step 4: We prove that there exists a critical point & % 0 of Zy such that Zy(iz) < c. This
fact implies that ug € N and that Zp (ug) = co = ¢. Since {un},en is bounded in Yy, we

may assume that u,—u in Yy, u, — uin L (R?) forall p € [1,2%) and u, — u a.e.in
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R3. Since WV is lower semicontinuous and convex, it is also weakly lower semicontinuous.
So W(u) < ooandu € D (Zp). It is easy to check that

0= lim Ty(un)v = Zj(uw)v,
n—oo
forallv e C° (R3). Moreover, by Fatou’s lemma

1
¢ = liminf |:Io (up) — fI(/)(un)uniI
n—o0 2

. | 2 1 r2
_lbnié%f[ié3undx+Zj#qﬁunundx

1 5 1
> _ d _ tzd
_2/R3u x+4/R3¢uu X

1
=To(u) — EZ(/)(M)M
= To(u),

which yields Zo(u) < ¢. Now, if u # 0, we are done. Suppose u = 0. If |u,|, — 0, using
Lemma 2.3, (2.6) and (2.7), then

on(1) = I(/) (un) uy

= HM”H%VO - .[1;{’ d’,i”ui dx — /]R% Fz/ (Mn)l/tn dx +/]R% Fl/ (l/tn) Uy dx

2 4
=l — Csllunl, — Co /R nl? dx

_ 2 4
= lunli3y, — Csllually,, + 0n (1),

which yields || u, ”Yvo — 0or |juy IIYV0 must be larger than some positive constants. If ||, IIYV0
must be larger than some positive constants, it contradicts the assumption. So, ||uy, || Yvy 0.
Taking w = 0 in (2.11), we get d>6 (up) (—up) — ¥V (uy) > —oy |lun ||YV0, with o, — 0,
and thus W (u,,) — 0. Therefore, Zy (#,) — 0 which contradicts Zg (u,) — ¢ > 0. Thus,
ln|p - 0 and using Lemma 2.2, we can find (y,) C R3 and § > 0 such that

/ lunl? dx = 8.
Bi(yn)

Let it (x) = up (x + y,). Clearly, Zy (&1,,) — ¢ and I(’) (1) — 0. Moreover,

/ il dx =/ P dx = 5,
B B1(yn)

and thus, after passing to a subsequence if necessary, i, —i 7# 0 in Yy,. Arguing as before,
we can see that # is a nontrivial critical point of Zy such that Zo(z) < ¢. Hence, we have
proved that there exists ug € Ny such that Zy (o) = co.

Step 5: Finally, we show that uo > 0 in R3. Let 7,,, > 0 be such that

log 72 = [luol* — [uo)?
O [ ugdx + g fpe dhugdx
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and so 7y, |upl € M. Since [|uo|] < [uo], and noting that the nonlocal term and the loga-
rithmic term depend only on 2, we have

To(tlugl) < Zo(tug) forall T > 0.

Let 7j,,) > 0 be the unique value such that tj,y|luo| € Np. By the definition of the ground
state level cg, we have

co < Zo(Tjug|luol) < Zo(Tjug|uo) < I?jl[))ifo(wo) = Zp(uo) = co.

This chain of inequalities implies that Zo(zj,,#0) = Zo(uo). Since the map t +— Zo(tug)
admits a strict global maximum at t = 1, we deduce that 7),,,; = 1. Consequently, |ug| € No
and Zo(Juo|) = co. Therefore, replacing ug by |ug| if necessary, we may assume thatug > Oin
IR3. Since the nonlinearity f (1) = u log u? satisfies the subcritical growth condition, standard
regularity arguments for fractional elliptic equations (see, for instance, the bootstrap method
used in [1] or [21]) imply that ug € L®(R3). Consequently, by the regularity results in
Silvestre [40], we conclude that ug is continuous. Now, assume by contradiction that there
exists xo € R3 such that ugp(xp) = 0. Since ug > 0and ug # 0, the definition of the fractional
Laplacian implies that

(—A)up (x0) = —C3., PV. / O g o,

RS |x0 — y[3F2
However, the equation (3.19) gives
(—A) ug(x0) = —Vouo(x0) + ¢ (xo)uo(xo) + uo(xo) log ug(xo) = 0,

where we used the fact that lim;_, o+ ¢ log 2 = 0. This leads to a contradiction. Thus, u¢(x) >
0 for all x € R3. The proof is complete. O

Next, we show that the mountain pass level ¢, is the ground state level of Z, and we
establish an interesting relation between ¢, and cy.

Lemma 3.10 The following hold:

(@) ¢cg >a > 0foralle > 0.
(b) ¢ = infuen, Je () forall e > 0.
(c¢) limsup,_,ce = co.

Proof Part (a) follows from Lemma 3.2 (i). In order to prove (b), we take u € N, and let
Je(Tu) < 0 for some 7 > 0. Consider y;: [0, 1] = H, given by y.(t) = t - Tu. Then

cs < mgﬁ] Te (ye(1)) < Tren[gfcl]Je(ru) = T (u), (3.20)

el

and by the arbitrariness of u € N, we get ¢, < inf,en. Je(u). Next, we prove the reverse
inequality. By Lemma 3.6, we know that there exists u, € H, with u, > 0 in R? such that

Je () =c. and 0 € 0T (ue).
Then, u, € N and it holds

ce = Je (ue) > uler}{fg Te(u).

Let us prove (c). To this end, let ¢ € C2° (R?) be such that 0 < ¢ < 1, ¢ = 1 in B; and
@ = 0in B§. For R > 0, we set pg(x) = ¢ (%) and ug(x) = @r(x)uo(x), where ug is
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given by Lemma 3.9. Then, we have up — ug in H*® (R3) as R — oo. For fixed R > 0, we
can proceed as in the proof of (3.20) to obtain that, for a fixed ¢ > 0,

ce < max J, (tugr) = Je(teuR),
t€l0,1]

and

||MR||5=/ M(M/ de_/ Fi(teur)ur
e Q R3

T ¢ T Te

Since V(ex) — Vpy as e — 0, by the Lebesgue Dominated Convergence Theorem, we have
from the left-hand side of the above equality that

lim lugl? = llurl? .
Jim, lurlls = lurlly,

Assuming 7, — 400 as ¢ — 0, since Q, — R3 as ¢ — 0, it is easy to verify that the
right-hand side of the above equality goes to +o00 as ¢ — 0, which is a contradiction. Thus,
7, is bounded in R for ¢ small enough. Now, we notice that

2
TJe (teur) = Io (teur) + % /R3 (V(ex) — Vo) ug dx

+/ P> (teug) dx+/ Fy (teug) dx —/35*2 (teug) dx
e Q¢ R

2
< To (trur) + %/ (V(ex) — Vo) u dx.
R3

where 7z > 0 is such that

Zo (trug) = maxZy (Tug) .
>0

Since sup,cp, |V (ex) — Vo| — 0 as & — 0, we have

limsupc, < limsup J; (teur) < Zo (TRUR) - (3.21)
=0 e—0

Similarly, one can verify that {tg} is also bounded for R large, and therefore |tg| < k for
some k > 0 and tg — 79 for some 79 > 0. Recalling that F; is increasing on (0 4 c0), we
have F; (tgrug) < F (kug). Moreover, since ug € Ny, we can infer that F| (kug) € L' (R3).
Thus, if R — oo and T — 70, by Lebesgue Dominated Convergence theorem, one has

Fi(trug) — Fi(wuo) in L'(RY),
and
F{(trug)trug — F(touo)tou in L' (R?).
We claim that 7p = 1. In fact, using tgur — toug in H*® (R3), we reach
co < Rlimoofo (trur) = Zo(touo) = max Io(zuo) = Zo(uo) = co.
which implies that 7o = 1. Combining this with (3.21), one gets

limsup ¢, < Zo (ug) = co.
e—0
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Insofar as
Je(u) > e () > Zp(u) foralle > 0,u € D(Je),
and by part (b) with ¢ = 0, the reverse inequality holds, namely

lim sup ¢ > cop.

e—0
Hence,
lim ¢, = ¢,
e—0*t
which concludes the proof. O

Lemma3.11 Let {w,}nen C No be a sequence satisfying Zo (w,) — co, wopn—w # 0 and
Iy (w)w < 0, then w, — w in H*(R3).

Proof Since Zj(w)w < 0, there is T € (0, 1] such that tw € N and so

co < Zo(tw)
2

— T / 2d _|__ T4/ ¢l 2d

T Ju @ PTG P

< liminf (1 w>dx + 14;’ w? dx
—_ N—> 00 2 R? n IR,;4 wp n

< lim sup (1/ a)ﬁ dx—l—/ 1¢2) a),zl dx)
n—>00 2 Jr3 R 47"

= lim Zy (wy)
n—oo

= .

The above argument yields T = 1 and w, — o in L2(R3). Since {wy,}nen is bounded in
L% (RY), by interpolation on the Lebesgue spaces, it follows that

wp — o in LP(RY) forall p € [2,2)),

and therefore [ I:"z/ (wn) wpdx — [ ﬁé(a))w dx. Finally, by the equalities Z,(w)w = 0 and

lonllvg + [ Fi@nwrdx = [ F @ and
we get
lonllyy, = lolyy, in H ®?),
from which the desired result follows. O

The next lemma plays an important role in describing the concentration phenomena of
solutions with respect to €.

Lemma3.12 Let ¢, — 0 and u, € H,, satisfying T, (un) = cg, and \73,,, (uy) = 0. Then
there exists a sequence {x,}pen C R3 such that ii, = u, (x + x,) possesses a convergent
subsequence in H* (R3). Moreover; there is xo € Q such that

lim e,x, = x0 and V (x9) = V.
n—oo
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Proof From Lemma 3.10 (c), we observe that ¢,, — c¢o > 0 as n — oo. Using the same

method in Lemma 3.3, we can prove that {u,},cn is bounded in H,,.

Step 1: We claim there exist r, 8 > 0 and a sequence {x,},eN C R3 such that

n—oo

lim sup/ Iun(x)l2 dx > 8.
By (xn)
Supposing that there is ro such that
n—o0

lim sup/ i (x)]* dx = 0.
Bro(xn)

Then, by Lemma 2.2, one obtains
up, — 0 in LP(R3) for p € (2,25).

Thus, we have J;, (u,) = c;, — 0 as n — oo, which is a contradiction.

Step 2: Set i, = u, (x + x,), then {ii,, } <y is bounded and there exists iz € H* (R3) such

that
dn—ii in H*(R®)
and
| iaPar=p.
B, (0)
Hence, u # 0.

(3.22)

Step 3: In what follows, we prove that the sequence {£,x,},eny C 2. Arguing by contra-
diction and suppose there exist ¢ > 0 and a subsequence of {¢,x,},eN, not relabeled, such

that
dist (snx,,,@ > ¢ foralln € N.
Then, we can find r > 0 such that
B, (gpx,) C QF foralln € N.
Choosing a nonnegative sequence {w;}jen C C3° (R3) such that
wj — i@ in H*(R%).

For fixed j € N, jg’n (it,) wj = 0, that is,

/‘ (il (x) = din () (wj (x) = w;(y)) dx dy
RO

v — |32

+ /3 (V (enx + 4xp) + 1) tiw; dx
R

= \/];&3 G’ (enXx + €4Xpn, llp) wj dx — /ﬂ; F{ (ity) w; dx.

In view of (3.23) and the definition of G, one has

/3 G (enx + €xXn, lly) wj dx
R
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= / G (€nX + €nXp, lln) W dx+/ G (€nx + €nXy, lin) w;j dx
=(0) B¢, (0)

59/ dpw; dx+f F; (iiy) wj dx+/ ¢L iyw; dx,
B (0) B, (0) B, (0 "
from which we conclude that

/ (it (x) = it (y)) (wj(x) — w;(y))
R6

lx — y[3t2

dxdy
+ /z (V (enx + epxy) + Dtyw; dx
R;
SOf ﬁnwjdx—i—/ F; (ity) w; dx
B (0) B (0)
—I—/ L ﬁnwjdx—/ F{ (ity) w; dx.
B, (0 " R3

Since < V"j !

and Fy (ii,) w; > 0, we obtain

(it (x) = itn (1)) (w; (x) — w;(y)) ~ _—
/-/R() dxdy—f—VA;u,,wjdx

|x _y|3+2s

5/ F; (i) wj dx+/ ¢L iyw; dx,
BY, B, (0 "

en

where V = Vo + 1 —6. By Lemma 2.3, (2.7) and the boundedness of {ii, },en, we can infer
that

/ F; (ity) wjdx — 0 and / ¢L dpwjdx — 0 asn — oo,
B, (0) B (0 "

and
(itn (x) — i () (wj(x) — wj(y)) ~ -
/RG |x_y|3-]i-2s J dxdy—|—V/R}unwjdx
_)/ ((x) —a(y)) (wjx) —wj(y)) dxdy+\7/ iiw; dx.
RS |x — y[3+2s R3
Therefore,
// (u(x)—u(y)) (wjx) —w;(y) drdy+ ‘7/ iy dx <0,
R6 _ y|3+2v R3

Let j — oo in the above 1nequality, it follows from (3.24) that
li)* + \7/ ii*dx =0,
R3

which contradicts (3.22). Therefore, we COIElude that {€,x, }neny C Q.
Step 4: From this fact, we can find xo € 2 such that

EnXpy — X9 asn — O0.
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Following the spirit of (c) in Lemma 3.10, we can prove that xo € Q. Indeed, since i, is a
solution, by the definition of G/, for any v € C(‘)’Q (R3), we have

/ (itn (x) — un (y)) (Y (x) — ¥ ()
R6

|x _y|3+2s

drxdy + /3 (V (enx + epxy) + 1) iy dx
R

5/ Fé(ﬁ,,)lﬁdx—f—/ ¢Lt‘¢ ft,,l//dx—/ Fl/(ﬁ,,)wjdx.
R3 R " R3
Using ii,—u # 0 and &,x,, — X, there holds

/ (itn (x) — un(y) (Y (x) — ¥ ()
R6

|x _y|3+2s

dxdy+/3(V(x0)+l)L71pdx
R

5/ Fz’(ﬁ)wdx+/ ¢;ﬁwdx—/ F{(i)w; dx,
R3 R3 R3
which deduces

[it] +f (V (x0) + 1) ii* dx
R3

5/ Fz’(ﬁ)ﬁdx+/ ¢;ﬁ2dx—/ F|(it)ii dx.
R3 R3 R3

Hence, there exists 71 € (0, 1] such that

(3.25)

T € Ny = [ € HY (R \ (0): Ty, (e = 0}

where

L2 1 2 1 2 2
Tvixg) = EHMHYV(XO) — Z/]R3 dlu”dx — 5/1;3 u”logu” dx.

Denoted by cy (xy) the least energy of Zy (), then
cvixg) < Zv(xg) (t11t) < liminf Jg, (u,) = liminf ¢g, = co,
n—00 n—oo

which implies that cy (r,) < co. Thus we have V (x¢) < Vy. Since V(x) > Vy forany x € Q
and V(x) > Vj for any x € 02, we infer that V (xo) = Vp and xo € Q.
Step 5: In the sequel, we are going to prove that

iy — i in H*(R®).
For each n € N, there exists ¢, € R such that i, = ¢,it,, € Ny. Then,

co < o (un) < max Tep (Tily) = T, () = s,

Then (c) of Lemma 3.10 gives that Zg (it,) — co. Moreover, one can easily prove that
{in}nen and {&, }nen are both bounded. Thus, we can assume ¢, — ¢o and u,—u = ¢ou for
some o > 0. Similar to (3.25), we can also prove Zj ()i < 0. Then, by applying Lemma
3.11, we have

ity — i in H*(R%),
or equivalently,
ity — @ in H'(RY),

which finishes the proof. O
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The following lemma is crucial in proving that the solutions of the auxiliary problem (3.1)
are the solutions of the original problem (2.3). We shall adopt some ideas found in Ambrosio

[6].

Lemma 3.13 Let {ii,}nen be given as in Lemma 3.12. Then {iiy}nen C L (R3) and there
exists K > 0 such that

liinloo < K foralln € N.
Moreover, there holds
ip(x) = 0 as|x| - +oo.
Proof Foreach L > 0, let iy , := min {ii,, L} and denote the function
0) = Llr (1) =175,V e H,,
with 0 > 1 to be determined later. Note that £ is increasing, thus we have
(a—b)((a) — L)) >0 foranya,b eR.

Consider the functions
|[|2 t , |
Q) = > and L(t) :=/ ' (t))2 dr,
0

and note that
1
L(t) > —tr? 7L
() > . TT,

Hence, from Lemma 2.1, we obtain

) _ . b

[c@n]” = ST L@ = STl 1, (3.26)

In addition, for any a, b € R, it holds

Q'(a — b)(t(a) — (b)) = |L(a) — LO)*.
In fact, suppose that a > b, it follows from Jensen’s inequality that

Q'(a — b)(L(a) — (b)) = (a — b)(£(a) — £(b))
=(a—0b) /u ¢ (t)dr
b
=(a— b)/ (L' (1) dr
b
a 2
> (/ £ () dr)
b
= (L(a) — L(b)).

A similar argument holds if @ < b. Thus, we infer that

|£Gin) () = LN = () = 0 () (005" ) = a0tV )
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Using £(ii,) as test function in (3.1), in view of the above inequality and (b";n > 0, we get
that
(LG + f Venx + enn) + i dr + / Fl@)iiyity " dx
R

~2(o—1

// (@in() = ) (0750 = (i V)
=
RO

|x _y|3+2s

dxdy
+/1(vg(x)+ Dz, “dx+/ F{niiniiy o " dx
R

~ ~ ~2(0—1
=< /3 G/z(gnx + &nXn, un)unuL((,Tl )dx-
R ,

By the definition of G/, fixed p € (2, 2¥), there exists C > 0 such that
0 < Gh(x,7) <Ot + ctP™! for(x,1) € R? x [0, 0).
The above estimates, (3.26), (V1) and Vy + 1 — 6 > 36 > 0 provide

jinii§ ) B < 028, [LGan)] < 025*/3 by Y dx. (3.27)
& ,
Since il ui((; D — al~ 2(unu Lon )2 we can use (3.27) and Holder’s inequality to deduce
that
~ o112 2¢ |5 ~ o112
|unuzn |2;« <o S*|un|g;s |”nuin |oz*
where

22%
af = P s €(2,2).
2s -(p-2
Since u is bounded, we conclude that
~ ~o—1)2 2 12
|”nu(z,n |2§ =0 S*|unu(zn |a*
Note that, if u,, € LO% (R3), using the fact that i1y , < i, then
- o112 2¢ (= 12
|”nuzn |2;« <o S*|un|o‘(&;‘ < 00,
which together with Fatou’s lemma implies
Iunlgz* < Co? Iunlw*,
as L — oo. Now, taking o = 2§ /o > 0, we have
~ 2 21~ 12
|un|g(§§f <Co |un|2g,
and replacing o by o/, j € N, in the above inequality, we obtain that

2 J
jiin 275, < o3

Then, by an argument of induction, we may verify that

L2 Ll 1y
liinlases < 07 2T @) T oy, (3.28)
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for every j € N. Note that

oo

1 1 q ii o
— = an — =
ol o—1 o al (0 —1)?2

j=1
Since o > 1, passing to the limit as j — oo in (3.28), we may infer that u € L®°(R") and
linloo < 0T QC)7T |y .
Using |iiy|2r < M, it shows that i, € L®(R?) and
litnloo < K.

In particular, by interpolation, |i,|, < K foralln € Nand r € [2, o], and &, — i in
L"(R3) for all r € [2, 00). Now, we notice that ii,, satisfies

(=A) diy + 0ii, < Cil™" inR3.
Let z, € H*(R?) be such that
(—A) zp 40z, = Ciil ™" inR3. (3.29)

Applying Del Pezzo-Quaas [18], we can see 0 < i, < z, in R3. By (3.29), we derive that
[zn]* +0lzal3 = C/ iz, dx,
R3
and applying the Young’s inequality we get, for all n € (0, 6),

[znl? + 01203 < nlznl? + c/x 27 gy
R,

Since [y iin? " dx < C foralln € N (note that 2(p — 1) > 2), we deduce that ||z, | < C
for all n € N. Then, up to a subsequence, we may assume that z,—z in H*(R>). Since
i, — @ in L2P~D(R3), it follows from the weak formulation of the equation solved by z,,
that z solves

(=AY z4 60z =Ci""! inR>.
Then, observing that
_p—1
[2a]* +0lzal3 = wa iih zndx,
and
[z +01z3=C /3 P~z dx,
R
and that
/ ﬁpflz,,dx—> Pz dx,
R3 R3
we deduce that

[2a]? + 612013 = [2)* + 01213 + 0, (1).
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Recalling that H*(R3) is a uniformly convex space, we see that z, — z in H*(R?). Since
Ci? ™' < €z, we can see that if we test (3.29) by z,z2¢ P

.. »we can proceed as before
to obtain the estimate

|ZnZZ—nl I%; <o2C, /R} szzi(_i_l) dx,
instead of (3.27). Using |z, |2» < Cforalln € N, we can perform the same iteration argument
given above to deduce that
|Znloo < K foralln € N. (3.30)
By lannizzotto-Mosconi-Squassina [26] and using (3.30), we deduce that

lznllcoagsy < C foralln €N,

for some « € (0, 1) independent of n € N. Combining this fact with z,, — z in Lz(R3), we
can apply Ambrosio [7] to conclude that lim|y|— oo SUP,, e 127 (x)| = 0. Thisand 0 <, < z,
in R3 yield lim x| 00 SUp, e liin (x)] = 0. o

4 Proof of Theorem 1.1

Lemma4.1 Let e, — 0and u, € N, be a solution of (3.1). Then there exists n* € N such

that
1}/ .
Fyun) <0 forallx € Q andforalln = n*.
Un

Proof By Lemma 3.12, there exists a sequence {x,},en C R such that i, (x) = u, (x + xp,)
has a convergent subsequence and ¢,x,, — xo € 2 asn — oo. Then, there exists 7 > 0 such
that forany n € N, B, (g,x,) C 2, which implies BFL (x,) C 2, and an c R3\ BFL (xn).
Furthermore, we observe that K K

|t ()|
—d
.@3u—yﬁ4'y
<

liin (y)I*
< ———a - dy| +
/\xfylgl |X - Y|372’

~ 12 ~ 12
= C|”n|oo + |”n|27

9., ()| =

|ty ()1
———=—-dy
-/\xfyl>l |)C - )’|372’

which, together with Lemma 3.13 and (2.7), implies that for 6 > 0 given above, there exist
R > 0and n; € N such that
Fj (in)  Fj (iin)

7 Un

—i—qbfz” <@ forall|x| > Randn > nj.

Recall u,,(x) = u, (x + x,). Then we have
F} (itn)
iy

<6 forall x €R3\BR (x,) and n > nj.

On the other hand, for given R > 0 above, there exists n, € N such that forn > n,

Q¢ CR?\ B (xa) C R3\ Bg (x,).
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Taking n* = max {n1, n}, we can conclude that
F} (it
B g forallx e Q¢ andn > n*.
un n

Now we are in the position to give the proof of Theorem 1.1.

Proof of Theorem 1.1 By Lemma 3.6, problem (3.1) has a positive solution u, for each & > 0.
Furthermore, Lemma 4.1 implies that there exists €, > 0 small such that

Fy (ue)

<6 forx € Qande € (0, &) .
Ug

This implies that u, is a positive solution of (2.3). Letting

We(x) = ue (g)

we know that w, (x) is a positive solution of the original problem (1.5).

Now, we study the concentration behavior of the solutions. Let ¢, — 0 and u,, € H,, be
a positive solution with ¢ = ¢, in (3.1). Let i, = u, (x + x,), where x, is given in Lemma
3.12. First, we claim that there exists ¢ > 0 such that

liinloo > @ foranyn € N. 4.1)

Indeed, if |ii,,|co — O, then there is n3 € N such that, for all n > ns,

=

G/z (&nXx + &nXp, Uy) < Tﬁn
Then,
Vo
— ~ S =2
linly, < ], < f G (en + eaxn i) e = 20 [ i,
R

R3

Thus i,, = 0 for all n > n3, which contradicts the fact that iz, — & 7% 0. Hence, (4.1) holds,
and we can infer that i,, admits a global maximum point ¢, € Bg,(0) for some R, > 0.
Set y, = &, (qn + x,) which is the maximum point of w,(x). Moreover, regarding from
Lemma 3.12, we have that {y, },,cn is bounded and

Yn —> Yo € Q asn — oo.
Therefore, we can conclude that
lim V (y) = V (x0) = Vo.
n—oo
]
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