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In this paper we study the asymptotic behavior of the singular 
(p, q)-equation

−Δpu− Δqu = u−γ + λur−1 in Ω, u = 0 on ∂Ω,

as p → 1+, where Ω ⊆ ℝN , N ≥ 2, is a bounded domain 
with Lipschitz boundary ∂Ω, λ > 0, 0 < γ < 1 < p < q < N
and q < r < q∗. Based on a purely singular auxiliary problem 
along with the Nehari manifold and the fibering map we prove 
the existence of at least two weak solutions belonging to the 
usual Sobolev space W 1,q

0 (Ω) of the (1, q)-Laplace problem

− div
(︃ ∇u 
|∇u|

)︃
− Δqu = u−γ + λur−1 in Ω,

u = 0 on ∂Ω,

provided the parameter λ is sufficiently small. As far as 
we know this is the first result for singular (1, q)-problems. 
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Moreover, in contrast to other works dealing with the 1
Laplacian, we get much more regularity of the solutions in 
the sense that the solutions of the problem above belong to 
the Sobolev space W 1,q

0 (Ω) instead of the space BV(Ω) of 
functions of bounded variation.

© 2026 The Author(s). Published by Elsevier Masson SAS. 
This is an open access article under the CC BY license 

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction and notation

Given a bounded domain Ω ⊆ ℝN , N ≥ 2, with Lipschitz boundary ∂Ω, the main 
objective of this work is to study the asymptotic behavior of solutions of the singular 
(p, q)-problem

⎧⎪⎪⎨⎪⎪⎩
−Δpu− Δqu = u−γ + λur−1 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(1.1)

as p → 1+, where λ > 0 is a parameter to be specified, 0 < γ < 1 < p < q < N , 
q < r < q∗ and the operator Δs for s ∈ (1,∞) denotes the usual s-Laplacian. As p → 1+, 
solutions of problem (1.1) are expected to converge to a solution of the (1, q)-problem

⎧⎪⎪⎨⎪⎪⎩
−Δ1u− Δqu = u−γ + λur−1 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(1.2)

where Δ1 denotes the 1-Laplace operator, which is formally defined by

Δ1u = div
(︃

∇u 
|∇u|

)︃
.

Over the past three decades, research interest in problems involving the 1-Laplacian 
has grown considerably, with numerous studies employing various techniques. We refer 
to the pioneering works by Andreu–Ballester--Caselles--Mazón [1--3], Demengel [12], and 
Kawohl [19], see also the monograph by Andreu–Vaillo--Caselles--Mazón [4]. This operator 
also appears in several applications in image restoration, see for example the papers by 
Chen–Levine--Rao [9] and Rudin–Osher--Fatemi [26].

Our main result reads as follows.

Theorem 1.1. Let 0 < γ < 1 < q < N and q < r < q∗. Then there exists Λ > 0 such 
that, for all λ ∈ (0,Λ), problem (1.2) has at least two nontrivial weak solutions.

http://creativecommons.org/licenses/by/4.0/
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The idea in the proof of Theorem 1.1 is first to study the solvability of the purely 
singular problem ⎧⎪⎪⎨⎪⎪⎩

−Δ1u− Δqu = u−γ in Ω,

u > 0 in Ω,

u = 0 on ∂Ω.

(1.3)

As we shall see in Lemma 4.8, the existence of a solution of problem (1.3) ensures 
the nontriviality of the solutions of (1.2). In our approach we use an existence result 
for problem (1.1) obtained by Liu–Dai--Papageorgiou--Winkert [22] which gives us two 
nontrivial solutions provided the parameter λ is sufficiently small. Then we let p → 1+

and show the existence of solutions for our original problem (1.2).
To the best of our knowledge, there does not exist any result for singular (1, q)

problems. Recently, Ortiz Chata–Pimenta--Segura de León [24] studied singular 1
Laplacian problems and obtained two solutions of the problem⎧⎪⎪⎨⎪⎪⎩

−Δ1u = λu−γ + ur−1 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

where 0 < γ < 1 < r < 1∗ and λ > 0 is small enough. In [20], Latorre--
Oliva--Petitta--Segura de León studied a general problem involving a nonlinearity which 
can blow up at the origin and the 1-Laplacian operator. We also mention the work by 
Giachetti–Oliva--Petitta [17] who proved existence, nonexistence and regularity results 
for nonnegative solutions of the Dirichlet problem involving the 1-Laplacian operator

{︄
−Δ1u = g(u)|Du| + h(u)f(x) in Ω,

u = 0 on ∂Ω,

where f ∈ LN (Ω), and g as well as h are continuous functions which may be singular at 
zero. As far as the regularity is concerned, in all of these papers, it is known that the 
solutions belong to the space BV(Ω). We point out that in our case, we get much more 
regularity of the solutions. Indeed, instead of having solutions in the space BV(Ω), we 
get solutions in the usual Sobolev space W 1,q

0 (Ω). Here, we also mention the problem

{︄
−Δ1u = f(x) in Ω,

u = 0 on ∂Ω,
(1.4)

which has been studied in the paper by Mercaldo–Segura de León–Trombetti [23] with 
f ∈ L1(Ω). In particular, the convergence as p → 1+ of the problem
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{︄
−Δpu = f(x) in Ω,

u = 0 on ∂Ω,
(1.5)

has been analyzed by Cicalese–Trombetti [10] and Mercaldo–Segura de León–Trombetti 
[23]. In [10] the authors showed that if f ∈ LN (Ω) has small norm, then solutions of (1.5)
converge to zero, but if the norm of f is large, then they converge to +∞ as p → 1+. 
In [23], the authors proved that a sequence of renormalized solutions of (1.5) converge 
to a solution of (1.4) in a very weak sense. In general, singular problems involving the 
1-Laplacian operator are of special interest. Here we also mention the work by De Cicco--
Giachetti--Segura de León [14] who studied the problem{︄

−Δ1u = g(u)f(x) in Ω,

u = 0 on ∂Ω,

with g(u) = u−γ and f ∈ LN (Ω). De Cicco–Giachetti--Oliva--Petitta [15] considered a 
general singular function g and obtained solutions provided ∥f∥LN,∞(Ω) < 1/𝒮1g(∞), 
where g(∞) = lims→∞ g(s) and 𝒮1 is the best constant of the immersion W 1,1

0 (Ω) ↪→
L1∗,1(Ω). In addition, problems involving so-called convection terms have been studied. 
For example, Balducci–Oliva--Petitta [5] considered the problem{︄

−Δ1u + h(u)|Du| = g(u)f(x) in Ω,

u = 0 on ∂Ω,

where g was again allowed to be singular at the origin. We used some ideas from [5] in our 
work. For more problems involving the p-Laplacian operator for singular and non-singular 
problems, we refer to the seminal works Bensoussan–Boccardo--Murat [7], Boccardo--
Murat--Puel [8], Crandall–Rabinowitz--Tartar [11], Lazer–McKenna [21], Stuart [30] and 
De Cave [13].

This paper is organized as follows. In Section 2 we recall some basic facts about the 
space BV(Ω) and the usual Sobolev space W 1,q

0 (Ω). In Section 3, we obtain a sequence 
up of nontrivial solutions for the problem⎧⎪⎪⎨⎪⎪⎩

−Δpu− Δqu = f(x)u−γ in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω,

provided f is nonnegative and in Lτ (Ω) with τ > N
q . In the next step we prove that this 

sequence up converges to a nontrivial solution of the problem⎧⎪⎪⎨⎪⎪⎩
−Δ1u− Δqu = f(x)u−γ in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω.
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Next, in Section 4 we use the Nehari manifold method (in a similar fashion as it was 
done by Ortiz Chata–Pimenta--Segura de León [24], Figueiredo–Pimenta--Winkert [16] 
and Liu–Dai--Papageorgiou--Winkert [22]) to obtain sequences up and vp of solutions of 
problem (1.1) for small values of the parameter λ > 0 while the sequence up has negative 
energy and the sequence vp has positive energy. Finally we show that these sequences 
converge to nontrivial and distinct solutions of problem (1.2).

2. Preliminaries

In this section we state the main preliminaries that will be needed in the sequel. To 
this end, let Ω ⊆ ℝN , N ≥ 2, be a bounded domain with Lipschitz boundary ∂Ω. For 
1 ≤ r ≤ ∞, we denote by Lr(Ω) and Lr(Ω;ℝN ) the usual Lebesgue spaces endowed with 
the norm ∥ · ∥r and W 1,r

0 (Ω) is the related Sobolev space with zero traces equipped with 
the equivalent norm ∥∇ · ∥r.

For s ∈ ℝ, we set s± = max{±s, 0} and for u ∈ W 1,q
0 (Ω) we define u±(·) = u(·)±. 

Clearly, one has

u± ∈ W 1,q
0 (Ω), |u| = u+ + u−, u = u+ − u−.

For a number r ∈ (1,∞), we write r′ = r/(r − 1).
Next we introduce the space BV(Ω) of functions of bounded variation. We say that 

u ∈ BV(Ω), if u ∈ L1(Ω), and its distributional derivative Du is a vectorial Radon 
measure, i.e.,

BV(Ω) =
{︁
u ∈ L1(Ω) : Du ∈ ℳ(Ω,ℝN )

}︁
.

It can be proved that u ∈ BV(Ω) if and only if u ∈ L1(Ω) and

∫︂
Ω 

|Du| := sup

⎧⎨⎩
∫︂
Ω 

u divϕ dx : ϕ ∈ C1
c (Ω,ℝN ), ∥ϕ∥∞ ≤ 1

⎫⎬⎭ < +∞.

The space BV(Ω) is a Banach space when endowed with the norm

∥u∥BV :=
∫︂
Ω 

|Du| +
∫︂
Ω 

|u| dx.

The Sobolev embeddings for this space also hold, in such a way that it is continuously 
embedded into Lr(Ω) for all r ∈ [1, 1∗], where 1∗ = N/(N − 1). If Ω is bounded, these 
embeddings are compact into Lr(Ω) for all r ∈ [1, 1∗).
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3. Purely singular problems

In this section we first study the problem⎧⎪⎪⎨⎪⎪⎩
−Δpu− Δqu = f(x)u−γ in Ω,

u ≥ 0 in Ω,

u = 0 on ∂Ω,

(3.1)

with 0 < γ < 1 < p < q < N . Let a : ℝN → ℝN be given by

a(ξ) = |ξ|p−2ξ + |ξ|q−2ξ.

A function u ∈ W 1,q
0 (Ω) is a weak solution of problem (3.1), if u > 0 a.e. in Ω, 

fu−γ ∈ L1
loc(Ω) and∫︂

Ω 

a(∇u) · ∇φ dx =
∫︂
Ω 

fu−γφ dx for all φ ∈ C1
c (Ω). (3.2)

We assume that

f is nonnegative and f ∈ Lτ (Ω) for some τ >
N

q
. (3.3)

The idea is to find a solution of problem (3.1) via approximation. For this purpose, we 
consider for n ∈ ℕ the problem⎧⎪⎨⎪⎩−Δpun − Δqun = fn(x)

(︃
|un| +

1 
n

)︃−γ

in Ω,

un = 0 on ∂Ω,

(3.4)

with fn = Tn(f) = min{f, n}. We say that un ∈ W 1,q
0 (Ω) is a weak solution of problem 

(3.4) if

∫︂
Ω 

a(∇un) · ∇φ dx =
∫︂
Ω 

fn(x)
(︃
|un| +

1 
n

)︃−γ

φ dx for all φ ∈ W 1,q
0 (Ω). (3.5)

We have the following result.

Theorem 3.1. Let 0 < γ < 1 < p < q < N and assume that f satisfies (3.3). Then 
there exists a sequence {un}n∈ℕ ⊆ W 1,q

0 (Ω) ∩ L∞(Ω) of nonnegative solutions to (3.4). 
Moreover, there exists a constant C > 0 independent of p such that

∥un∥∞ ≤ C for all n ∈ ℕ. (3.6)
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Proof. We use ideas of Balducci–Oliva--Petitta [5, Theorem 3.3]. Let v ∈ Lq(Ω). We know 
from Theorem 1 by Boccardo–Murat--Puel [8] that there exists a solution w ∈ W 1,q

0 (Ω)
of ⎧⎪⎨⎪⎩−Δpu− Δqu = fn(x)

(︃
|v| + 1 

n

)︃−γ

in Ω,

u = 0 on ∂Ω.

(3.7)

Moreover, w is indeed unique, see Bénilan–Boccardo--Gallouët--Gariepy--Pierre--Vázquez 
[6] and Segura de León [27]. Consequently, we may define the operator S : Lq(Ω) → Lq(Ω)
by w = S(v), so that∫︂

Ω 

|∇w|p−2∇w · ∇φ dx +
∫︂
Ω 

|∇w|q−2∇w · ∇φ dx

=
∫︂
Ω 

fn(x)
(︃
|v| + 1 

n

)︃−γ

φ dx for all φ ∈ W 1,q
0 (Ω).

(3.8)

Taking φ = w− as test function in (3.8), we conclude that w ≥ 0. Moreover, if we choose 
φ = w in (3.8), we get ∫︂

Ω 

|∇w|q dx ≤ n1+γ

∫︂
Ω 

w dx. (3.9)

From this along with Poincaré’s and Hölder’s inequality, we obtain

⎛⎝∫︂
Ω 

|w|q dx

⎞⎠ ≤ Cn1+γ

⎛⎝∫︂
Ω 

|w|q dx

⎞⎠
1 
q

for some C > 0. Thus,

∥w∥Lq(Ω) ≤
(︁
Cn1+γ

)︁ 1 
q−1 .

Since w = S(v), we conclude that a ball is invariant under S. Moreover, (3.9) and the 
Sobolev embedding imply that S(Lq(Ω)) is relatively compact in Lq(Ω). We also show 
that S : Lq(Ω) → Lq(Ω) is continuous. Indeed, assume that vk → v in Lq(Ω) and let 
wk = S(vk). Then,

∥S(vk)∥Lq(Ω) ≤
(︁
Cn1+γ

)︁ 1 
q−1 for all k ∈ ℕ.

Thus, from (3.9), we deduce that S(vk) is bounded in W 1,q
0 (Ω). Therefore, up to a 

subsequence,
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S(vk) ⇀ w weakly in W 1,q
0 (Ω).

We claim that w = S(v). Choosing uk = S(vk) − w as a test function in (3.7), we get∫︂
Ω 

|∇wk|p−2∇wk · ∇uk dx +
∫︂
Ω 

|∇wk|q−2∇wk · ∇uk dx

=
∫︂
Ω 

fn(x)
(︃
|vk| +

1 
n

)︃−γ

uk dx for all k ∈ ℕ.

Consequently, ⃓⃓⃓⃓
⃓⃓∫︂
Ω 

a(∇wk) · ∇uk dx

⃓⃓⃓⃓
⃓⃓ ≤ ωk,

where ωk → 0 as k → ∞. Thus,⃓⃓⃓⃓
⃓⃓∫︂
Ω 

(a(∇wk) − a(∇w)) · ∇(wk − w) dx

⃓⃓⃓⃓
⃓⃓ ≤ ωk +

⃓⃓⃓⃓
⃓⃓∫︂
Ω 

a(∇w) · ∇uk dx

⃓⃓⃓⃓
⃓⃓→ 0,

as k → ∞, since uk ⇀ 0 weakly in W 1,p
0 (Ω). As a consequence, from Boccardo--

Murat--Puel [8, Lemma 5], we know that

wk → w strongly in W 1,q
0 (Ω).

This in turn implies that w = S(v) and thus S : Lq(Ω) → Lq(Ω) is continuous. Schauder’s 
fixed point theorem then shows that S has a nonnegative fixed point S(un) = un. We 
have thus proved that for all n ∈ ℕ there exists un ∈ W 1,q

0 (Ω) that solves (3.4). Next, 
we need to show that un is uniformly bounded in L∞(Ω) independently of p. This is a 
consequence of Stampacchia’s argument. Indeed, take Gκ(un) = (un − κ)+ with κ > 0
as a test function in (3.5). We get

∫︂
Ω 

|∇Gκ(un)|q dx ≤
∫︂
Ω 

f(x)
(︃
un + 1 

n

)︃−γ

Gκ(un) dx ≤ κ−γ

∫︂
Ω 

f(x)Gκ(un) dx.

The Sobolev embedding and Hölder’s inequality imply that

𝒮−q
q

⎛⎝∫︂
Ω 

|Gκ(un)|q∗ dx

⎞⎠
q
q∗

≤ κ−γ

⎛⎝∫︂
Aκ

f(x)(q
∗)′ dx

⎞⎠
1 

(q∗)′
⎛⎝∫︂

Ω 

|Gκ(un)|q∗ dx

⎞⎠
1 
q∗

,
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where 𝒮q denotes the best constant of the Sobolev embedding W 1,q
0 (Ω) ↪→ Lq∗(Ω), 

1 
(q∗)′ + 1 

q∗ = 1, and Aκ = {x ∈ Ω : un(x) > κ}. Thus,

⎛⎝∫︂
Ω 

|Gκ(un)|q∗ dx

⎞⎠
q−1
q∗

≤ 𝒮q
qκ

−γ

⎛⎝∫︂
Aκ

f(x)(q
∗)′ dx

⎞⎠
1 

(q∗)′

.

Since f ∈ Lτ (Ω) with τ > N
q and taking into account that Nq > (q∗)′, we have

⎛⎝∫︂
Ω 

|Gκ(un)|q∗ dx

⎞⎠
q−1
q∗

≤ 𝒮q
qκ

−γ

⎛⎜⎜⎝
⎛⎝∫︂

Ω 

f(x)τ dx

⎞⎠
(q∗)′

τ

|Aκ|1−
(q∗)′

τ

⎞⎟⎟⎠
1 

(q∗)′

.

Consequently,

⎛⎝∫︂
Ω 

|Gκ(un)|q∗ dx

⎞⎠
q−1
q∗

≤ 𝒮q
q∥f∥Lτ (Ω)κ

−γ |Aκ|
1 

(q∗)′ −
1 
τ .

We conclude that∫︂
Ω 

|Gκ(un)|q∗ dx ≤
(︁
𝒮q
q ∥f∥Lτ (Ω)κ

−γ
)︁ q∗

q−1 |Aκ|
(︂

1 
(q∗)′ −

1 
τ

)︂(︂
q∗
q−1

)︂
,

and thus

|Ah| ≤
1 

(h− κ)q∗
(︁
𝒮q
q∥f∥Lτ (Ω)κ

−γ
)︁ q∗

q−1 |Aκ|
(︂

1 
(q∗)′ −

1 
τ

)︂(︂
q∗
q−1

)︂
for all h > κ > 0.

Here we have used that Ah ⊂ Aκ and Gκ(un) ≥ h − κ in Ah for all h > κ. Finally, 
since τ > N

q , we have 
(︂

1 
(q∗)′ −

1 
τ

)︂(︂
q∗

q−1

)︂
> 1. Hence, from Stampacchia’s Theorem, see 

Stampacchia [29, Lemma 4.1], we conclude that there exists d > 0 depending only on 
q, τ, ∥f∥Lτ (Ω) and Ω such that |Ad| = 0. This proves the result. □

Let us study now the convergence properties of un. First, by taking un as test in (3.5), 
we get ∫︂

Ω 

|∇un|q dx ≤
∫︂
Ω 

u1−γ
n fn(x) dx ≤ C1−γ

∫︂
Ω 

f(x) dx,

with C > 0 given by (3.6). We conclude that un is bounded in W 1,q
0 (Ω). The Sobolev 

embedding then implies that there exists u ∈ W 1,q
0 (Ω) such that
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un ⇀ u weakly in W 1,q
0 (Ω), (3.10)

un → u strongly in Lr(Ω) for all 1 ≤ r < q∗. (3.11)

Also observe that a(∇un) is bounded in L
q

q−1 (Ω)N . Thus, there exists C2 > 0 such that

∫︂
Ω 

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx =
∫︂
Ω 

a(∇un) · ∇φ dx ≤ C2 for all n ∈ ℕ.

Since φ is arbitrary, it follows that fn(x)
(︁
un + 1 

n

)︁−γ is bounded in L1
loc(Ω). As a 

consequence of Fatou’s Lemma, we conclude that

u−γf ∈ L1
loc(Ω).

The function u is a candidate solution to the original problem (3.1). Before we can 
prove this, we need the following auxiliary result.

Proposition 3.2. Let 0 < γ < 1 < p < q < N and assume that f satisfies (3.3). Then, 
un → u strongly in W 1,q

0 (Ω).

Proof. Let wn = un − u and take wn as a test function in (3.5). We get

∫︂
Ω 

a(∇un) · ∇wn dx =
∫︂
Ω 

fn(x)
(︃
un + 1 

n

)︃−γ

wn dx.

On the other hand, the weak convergence of un implies that∫︂
Ω 

a(∇u) · ∇wn dx → 0 as n → ∞.

We conclude that∫︂
Ω 

(a(∇un) − a(∇u)) · ∇wn dx ≤ ωn +
∫︂
Ω 

fn(x)
(︃
un + 1 

n

)︃−γ

wn dx,

where limn→∞ ωn = 0. We will now show that the second term on the right-hand side 
also goes to zero. Indeed,∫︂

Ω 

fn(x)
(︃
un + 1 

n

)︃−γ

wn dx

=
∫︂

{un≤δ}

fn(x)
(︃
un + 1 

n

)︃−γ

wn dx +
∫︂

{un>δ}

fn(x)
(︃
un + 1 

n

)︃−γ

wn dx
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=: Jδ,1 + Jδ,2.

It is clear that Jδ,2 goes to zero as n → ∞ for all δ. For Jδ,1 we obtain

Jδ,1 ≤
∫︂

{un≤δ}

fn(x)
(︃
un + 1 

n

)︃−γ

un dx ≤ δ1−γ

∫︂
{un≤δ}

f(x) dx.

Consequently,

lim 
n→∞

∫︂
{un≤δ}

fn(x)
(︃
un + 1 

n

)︃−γ

wn dx ≤ δ1−γ

∫︂
Ω 

f(x) dx for all δ > 0.

Since

lim 
δ→0

δ1−γ

∫︂
Ω 

f(x) dx = 0,

we get

lim 
n→∞

∫︂
Ω 

(a(∇un) − a(∇u)) · ∇wn dx = 0.

Thus, from Lemma 5 by Boccardo–Murat--Puel [8], we conclude that un → u strongly 
in W 1,q

0 (Ω). This proves the result. □
Theorem 3.3. Let 0 < γ < 1 < p < q < N and assume that f satisfies (3.3). Then, the 
function u ∈ W 1,q

0 (Ω) given by (3.10) and (3.11) is a solution of problem (3.1).

Proof. Indeed, the sequence {un}n∈ℕ is such that∫︂
Ω 

|∇un|p−2∇un · ∇φ dx +
∫︂
Ω 

|∇un|q−2∇un · ∇φ dx

=
∫︂
Ω 

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx for all φ ∈ C1
c (Ω) and for all n ∈ ℕ.

Proposition 3.2 ensures that the left-hand side converges to∫︂
Ω 

|∇u|p−2∇u · ∇φ dx +
∫︂
Ω 

|∇u|q−2∇u · ∇φ dx,

for all φ ∈ C1
c (Ω). Thus, we only need to show the convergence of the right-hand side. 

By linearity, it is enough to consider nonnegative φ ∈ C1
c (Ω). We argue as follows: For 

all δ > 0, it holds
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∫︂
Ω 

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx =
∫︂

{un≤δ}

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx

+
∫︂

{un>δ}

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx.
(3.12)

Next, we are going to estimate the two terms in the right-hand side of (3.12) separately. 
We begin with the first one. To this end, let

Vδ(s) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 for |s| ≤ δ,

2δ − s

δ
for δ < s < 2δ

0 for s > 2δ.

(3.13)

Choosing Vδ(un)φ as a test function in (3.5), we get∫︂
{un≤δ}

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx

≤
∫︂
Ω 

fn(x)
(︃
un + 1 

n

)︃−γ

Vδ(un)φ dx

≤
∫︂
Ω 

Vδ(un)|∇un|p−2∇un · ∇φ dx +
∫︂
Ω 

Vδ(un)|∇un|q−2∇un · ∇φ dx.

Letting n → ∞, we get

lim sup
n→∞ 

∫︂
{un≤δ}

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx

≤
∫︂
Ω 

Vδ(u)|∇u|p−2∇u · ∇φ dx +
∫︂
Ω 

Vδ(u)|∇u|q−2∇u · ∇φ dx.

Consequently,

lim 
δ→0

lim sup
n→∞ 

∫︂
{un≤δ}

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx = 0.

On the other hand, for almost all δ > 0 the set {u = δ} is Lebesgue negligible, and thus

lim sup
n→∞ 

∫︂
{un>δ}

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx =
∫︂

{u>δ}

f(x)u−γφ dx,
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and thus

lim 
δ→0

lim sup
n→∞ 

∫︂
{un>δ}

fn(x)
(︃
un + 1 

n

)︃−γ

φ dx

=
∫︂

{u>0}

f(x)u−γφ dx =
∫︂
Ω 

f(x)u−γφ dx.

Here we have used the fact that {u = 0} ⊂ {f = 0}. From the above arguments, we 
conclude that (3.2) holds. This proves the result. □

Next, we show that the space W 1,q
0 (Ω) ∩ L∞(Ω) is suitable as the space of the test 

functions.

Proposition 3.4. The space of test functions can be extended up to W 1,q
0 (Ω) ∩ L∞(Ω).

Proof. Let v ∈ W 1,q
0 (Ω) ∩ L∞(Ω) be nonnegative. Then there exists φn ∈ C∞

c (Ω)
such that φn → v strongly in W 1,q

0 (Ω). Moreover, let ρη be the standard mollifier, see 
Papageorgiou–Winkert [25, Definition 4.1.27 (c)]. We note that ψn,η = ρη ∗min{v, φn} ∈
C1

c (Ω) for η > 0. Hence it is an admissible test function and we can write∫︂
Ω 

a(∇u) · ∇ψn,η dx =
∫︂
Ω 

f(x)ψn,ηu
−γ dx.

Observe that ψn,η → min{v, φn} := ψn as η → 0 strongly in W 1,q
0 (Ω), weakly-∗ in 

L∞(Ω) and it has compact support in Ω. Consequently,∫︂
Ω 

a(∇u) · ∇ψn dx =
∫︂
Ω 

f(x)ψnu
−γ dx,

where we have used the fact that v ∈ L∞(Ω). The strong convergence in W 1,q
0 (Ω) implies 

that the left-hand side of the last equality goes to 
∫︁
Ω a(∇u) · ∇v dx as n → ∞. As for 

the right-hand side, using Fatou’s Lemma, gives∫︂
Ω 

f(x)vu−γ dx ≤ lim inf
n→∞ 

∫︂
Ω 

f(x)ψnu
−γ dx =

∫︂
Ω 

a(∇u) · ∇v dx.

Consequently, f(x)vu−γ ∈ L1(Ω). Since ψn ≤ v ∈ L1(Ω), Lebesgue’s dominated 
convergence theorem yields∫︂

Ω 

a(∇u) · ∇v dx =
∫︂
Ω 

f(x)vu−γ dx for all v ∈ W 1,q
0 (Ω) ∩ L∞(Ω), v ≥ 0.
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A simple argument shows that this equality can be extended for sign-changing v ∈
W 1,q

0 (Ω) ∩ L∞(Ω). This proves the result. □
In the second part of this section we are going to show that the solutions obtained in 

Theorem 3.3 converge to a solution of the associated (1, q)-Laplacian problem. Assuming 
0 < γ < 1 < p < q < N and (3.3), Theorem 3.3 yields a sequence up of solutions of the 
problem ⎧⎪⎪⎨⎪⎪⎩

−Δpup − Δqup = f(x)u−γ
p in Ω,

up ≥ 0 in Ω,

up = 0 on ∂Ω,

(3.14)

in the sense that up ∈ W 1,q
0 (Ω) ∩ L∞(Ω), fu−γ

p ∈ L1
loc(Ω) and∫︂

Ω 

a(∇up) · ∇φ dx =
∫︂
Ω 

f(x)u−γ
p φ dx for all φ ∈ W 1,q

0 (Ω) ∩ L∞(Ω) (3.15)

and for all p > 1. Due to (3.6), it is clear that the sequence up is uniformly bounded 
in L∞(Ω). We now show that this sequence is also bounded in W 1,q

0 (Ω). Indeed, since 
up ∈ W 1,q

0 (Ω) ∩ L∞(Ω), we may take it as test function in (3.15), thus getting∫︂
Ω 

|∇up|q dx ≤
∫︂
Ω 

u1−γ
p f(x) dx ≤ C1−γ

∫︂
Ω 

f(x) dx =: C < ∞. (3.16)

This proves the claim. In addition, since 1 < p < q, this implies that 
(︁∫︁

Ω |∇up|p dx
)︁
p>1

is bounded. Indeed, ∫︂
Ω 

|∇up|p dx ≤
∫︂
Ω 

(max {1, |∇up|})p dx

≤
∫︂
Ω 

(max {1, |∇up|})q dx

≤
∫︂
Ω 

(1 + |∇up|q) dx

≤ |Ω| + C = ˜︁C

(3.17)

for all p > 1.
It immediately follows that there exists u ∈ W 1,q

0 (Ω) such that, up to a subsequence,

up ⇀ u weakly in W 1,q
0 (Ω), (3.18)

up → u strongly in Lη(Ω) for all 1 ≤ η < q∗. (3.19)
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We are going to prove that u is a solution of the problem⎧⎪⎪⎨⎪⎪⎩
−Δ1u− Δqu = f(x)u−γ in Ω,

u ≥ 0 in Ω
u = 0 on ∂Ω.

(3.20)

Definition 3.5. We say that u ∈ W 1,q
0 (Ω) is a weak solution of problem (3.20) if

fu−γ ∈ L1
loc(Ω), (3.21)

and if there exists a vector field z ∈ L∞(Ω,ℝN ) with ∥z∥∞ ≤ 1 such that

− div z − Δqu = f(x)u−γ in 𝒟′(Ω), (3.22)

and

z · ∇u = |∇u| a.e. in Ω. (3.23)

We have the following existence result for problem (3.20).

Theorem 3.6. Let 0 < γ < 1 < q < N and assume that f satisfies (3.3). Then, the 
function u ∈ W 1,q

0 (Ω) given by (3.18) and (3.19) is a solution of problem (3.20) in the 
sense of Definition 3.5.

Proof. First we show (3.21). For φ ∈ C∞
c (Ω), we have∫︂

Ω 

f(x)u−γ
p φ dx =

∫︂
Ω 

|∇up|p−2∇up · ∇φ dx +
∫︂
Ω 

|∇up|q−2∇up · ∇φ dx

≤
∫︂
Ω 

|∇up|p−1|∇φ| dx +
∫︂
Ω 

|∇up|q−1|∇φ| dx

≤
∫︂
Ω 

|∇φ| dx + 2
∫︂
Ω 

|∇up|q−1|∇φ| dx

≤
∫︂
Ω 

|∇φ| dx + 2(q − 1)
q

∫︂
Ω 

|∇up|q dx + 2
q

∫︂
Ω 

|∇φ|q dx.

Since the right-hand side is uniformly bounded with respect to p, one has that fu−γ
p is 

locally bounded in L1(Ω) with respect to p. An application of Fatou’s Lemma as p → 1+

ensures that fu−γ ∈ L1
loc(Ω). This proves (3.21).

To proceed further, let

zp = |∇up|p−2∇up.
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We now prove the existence of a vector field z ∈ L∞(Ω;ℝN ) such that zp ⇀ z weakly in 
Ls(Ω;ℝN ) for all 1 ≤ s < ∞. Let us fix 1 < s < ∞. Since p → 1+, we may assume that 
1 < p < s′. By Hölder’s inequality and (3.17), we obtain∫︂

Ω 

⃓⃓
|∇up|p−2∇up

⃓⃓s dx =
∫︂
Ω 

|∇up|s(p−1) dx

≤

⎛⎝∫︂
Ω 

|∇up|p dx

⎞⎠
s 
p′

|Ω|1−
s 
p′

≤ ˜︁C s 
p′ |Ω|1−

s 
p′ .

Therefore,

⃦⃦
|∇up|p−2∇up

⃦⃦
Ls(Ω) ≤ ˜︁C 1 

p′ |Ω|
1
s − 1 

p′ . (3.24)

Hence, for every 1 < s < ∞, the family {|∇up|p−2∇up}p is bounded in Ls(Ω;ℝN ) for 
p > 1 sufficiently close to 1. By a diagonal argument, there exist a subsequence and a 
vector field z, independent of s, such that

|∇up|p−2∇up ⇀ z weakly in Ls(Ω;ℝN )

for every 1 < s < ∞ as p → 1+. Since Ω has finite measure, the same convergence also 
holds weakly in L1(Ω;ℝN ). Consequently,

zp = |∇up|p−2∇up ⇀ z weakly in Ls(Ω;ℝN ) for every 1 ≤ s < ∞ (3.25)

as p → 1+. For every 1 < s < ∞, the lower semicontinuity of the norm and (3.24) yield

∥z∥Ls(Ω) ≤ |Ω| 1s . (3.26)

Finally, letting s → ∞ in (3.26), we conclude that z ∈ L∞(Ω;ℝN ) and ∥z∥L∞(Ω) ≤ 1.
Thus, letting p → 1+ in (3.14), we get∫︂

Ω 

z · ∇φ dx + lim 
p→1+

∫︂
Ω 

|∇up|q−2∇up · ∇φ dx = lim 
p→1+

∫︂
Ω 

f(x)u−γ
p φ dx.

Arguing as in the proof of Theorem 4.9, we conclude that

∇up → ∇u a.e. in Ω.

Moreover, from (3.16),
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Ω 

⃓⃓
|∇up|q−2∇up

⃓⃓ q
q−1 dx =

∫︂
Ω 

|∇up|q dx ≤ C,

where C does not depend on p. Hence, 
(︁
|∇up|q−2∇up

)︁
p

is bounded in L
q

q−1 (Ω)N . From 
Lemma 4.8 by Kavian [18], we have

|∇up|q−2∇up ⇀ |∇u|q−2∇u weakly in L
q

q−1 (Ω)N as p → 1+.

Hence, for φ ∈ C∞
c (Ω),∫︂

Ω 

|∇up|q−2∇up · ∇φ dx →
∫︂
Ω 

|∇u|q−2∇u · ∇φ dx.

The term on the right-hand side converges to 
∫︁
Ω f(x)u−γφ dx as in the proof of 

Theorem 3.3. Therefore, it holds∫︂
Ω 

z · ∇φ dx +
∫︂
Ω 

|∇u|q−2∇u · ∇φ dx =
∫︂
Ω 

f(x)u−γφ dx, (3.27)

for all φ ∈ C∞
c (Ω). We have thus shown that

− div z − Δqu = f(x)u−γ in 𝒟′(Ω).

This proves (3.22). Finally, we have to show that z ·∇u = |∇u| a.e. in Ω. For this purpose, 
let φ ∈ C1

c (Ω) be nonnegative and take uφ∗ρε as a test function in (3.27). Then we have∫︂
Ω 

z · (∇uφ ∗ ρε) dx

=
∫︂
Ω 

z · ∇(uφ ∗ ρε) dx−
∫︂
Ω 

z · (∇φu ∗ ρε) dx

=
∫︂
Ω 

f(x)uφ ∗ ρεu−γ dx−
∫︂
Ω 

|∇u|q−2∇u · ∇(uφ ∗ ρε) dx

−
∫︂
Ω 

z · (∇φu ∗ ρε) dx.

(3.28)

Next, we will estimate the terms in the right-hand side of (3.28). First of all, we know 
that

f(x)(uφ ∗ ρε)u−γ → f(x)u1−γφ a.e. in Ω as ε → 0.

Furthermore,
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f(x)((uφ) ∗ ρε)u−γ ≤ f(x)((uφ) ∗ ρε) + ∥u∥∞f(x)(φ ∗ ρε)u−γ in Ω.

Indeed, note that

f(x)(uφ ∗ ρϵ)u−γ ≤ f(x)(uφ ∗ ρϵ) in {u > 1}.

On the other hand, in {u ≤ 1}, since u ∈ L∞(Ω),

f(x)((uφ) ∗ ρε)u−γ ≤ ∥u∥∞f(x)
∫︂
Ω 

ρε(y)φ(x− y) dy u−γ

= ∥u∥∞f(x)(φ ∗ ρε)u−γ .

Putting together the last two inequalities yields the estimate above. Since the right-hand 
side converges in L1(Ω), the generalized Lebesgue’s dominated convergence theorem 
implies that the first term on the right-hand side of (3.28) converges to 

∫︁
Ω fu1−γφ dx. 

The estimates for the other terms of (3.28) are trivial. Thus, we get∫︂
Ω 

z · ∇uφ dx

=
∫︂
Ω 

fu1−γφ dx−
∫︂
Ω 

|∇u|q−2∇u · ∇(uφ) dx−
∫︂
Ω 

z · ∇φu dx
(3.29)

for all nonnegative φ ∈ C1
c (Ω). On the other hand, taking upφ in (3.14), we have∫︂

Ω 

φ|∇up|p dx +
∫︂
Ω 

up|∇up|p−2∇up · ∇φ dx +
∫︂
Ω 

φ|∇up|q dx

+
∫︂
Ω 

up|∇up|q−2∇up · ∇φ dx =
∫︂
Ω 

fu1−γ
p φ dx.

(3.30)

To estimate the first term on the left-hand side, observe that the weak lower 
semicontinuity of the functional u ↦→

∫︁
Ω |∇u|φ dx with respect to the L1-convergence 

yields ∫︂
Ω 

φ|∇u| dx ≤ lim inf
p→1+

∫︂
Ω 

φ|∇up| dx

≤ lim inf
p→1+

1 
p

∫︂
Ω 

φ|∇up|p dx + lim inf
p→1+

p− 1
p 

∫︂
Ω 

φ dx

= lim inf
p→1+

∫︂
Ω 

φ|∇up|p dx.
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In the same way, the functional u ↦→
∫︁
Ω φ|∇u|q dx is lower semicontinuous with respect 

to the Lq-convergence. Indeed, this is a consequence of the convexity of the integrand and 
Serrin’s Lower Semicontinuity Theorem (see Serrin [28]). Consequently, letting p → 1+

in (3.30) and using (3.6), (3.18), (3.19), (3.25), we get∫︂
Ω 

φ|∇u| dx +
∫︂
Ω 

uz · ∇φ dx +
∫︂
Ω 

φ|∇u|q dx

+
∫︂
Ω 

u|∇u|q−2∇u · ∇φ dx ≤
∫︂
Ω 

fu1−γφ dx.

From (3.29), we conclude that∫︂
Ω 

|∇u|φ dx ≤
∫︂
Ω 

(z · ∇u)φ dx for all φ ∈ C1
c (Ω) with φ ≥ 0.

This proves (3.23) and the assertion of the theorem. □
4. Concave-convex problems

In this section we first study the solvability of the problem⎧⎪⎪⎨⎪⎪⎩
−Δpu− Δqu = 1 

uγ + λur−1 in Ω,

u > 0 in Ω
u = 0 on ∂Ω,

(4.1)

for small values of λ, where 0 < γ < 1 < p < q < N and q < r < q∗. We are looking for 
weak solutions u ∈ W 1,q

0 (Ω) of problem (4.1) in the sense that∫︂
Ω 

|∇u|p−2∇u · ∇φ dx +
∫︂
Ω 

|∇u|q−2∇u · ∇φ dx

=
∫︂
Ω 

φu−γ dx + λ

∫︂
Ω 

ur−1φ dx
(4.2)

is satisfied for all φ ∈ W 1,q
0 (Ω). To this end, we define the energy functional 

Iλ : W 1,q
0 (Ω) → ℝ of (4.1) by

Iλ(u) = 1 
p
∥∇u∥pp + 1

q
∥∇u∥qq −

1 
1 − γ

∫︂
Ω 

|u|1−γ dx− λ

r
∥u∥rr.

Since the functional Iλ is not differentiable, we will make use of the Nehari manifold 
method. For u ∈ W 1,q

0 (Ω), we define the fibering function ωu : [0,+∞) → ℝ by
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ωu(t) = Iλ(tu).

Then, the Nehari manifold related to (4.1) is defined by

𝒩λ =
{︃
u ∈ W 1,q

0 (Ω) \ {0} : ∥∇u∥pp + ∥∇u∥qq =
∫︂
Ω 

|u|1−γ dx + λ∥u∥rr
}︃

= {u ∈ W 1,q
0 (Ω) \ {0} : ω′

u(1) = 0}.

As shown in the paper by Liu–Dai--Papageorgiou--Winkert [22, Proposition 3.1], the 
restriction to 𝒩λ of the functional Iλ is coercive. We split the Nehari manifold into three 
disjoint parts given by

𝒩 0
λ = {u ∈ 𝒩λ : (p + γ − 1)∥∇u∥pp + (q + γ − 1)∥∇u∥qq = λ(r + γ − 1)∥u∥rr}

= {u ∈ 𝒩λ : ω′′
u(1) = 0},

𝒩+
λ = {u ∈ 𝒩λ : (p + γ − 1)∥∇u∥pp + (q + γ − 1)∥∇u∥qq − λ(r + γ − 1)∥u∥rr > 0}

= {u ∈ 𝒩λ : ω′′
u(1) > 0},

𝒩−
λ = {u ∈ 𝒩λ : (p + γ − 1)∥∇u∥pp + (q + γ − 1)∥∇u∥qq − λ(r + γ − 1)∥u∥rr < 0}

= {u ∈ 𝒩λ : ω′′
u(1) < 0}.

Our objective is to obtain a solution up of problem (4.1) which belongs to 𝒩+
λ and a 

second solution vp which belongs to 𝒩−
λ . Our first result states that for small enough λ

the component 𝒩 0
λ of the Nehari manifold 𝒩λ is empty.

Proposition 4.1. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then, there exists Λ1 > 0
such that 𝒩 0

λ = ∅ for all λ ∈ (0,Λ1). The number Λ1 does not depend on p.

Proof. Let us suppose that λ > 0 is such that there exists u ∈ 𝒩 0
λ . Since u ∈ 𝒩λ, we get

(r + γ − 1)∥∇u∥pp + (r + γ − 1)∥∇u∥qq

= (r + γ − 1)
∫︂
Ω 

|u|1−γ dx + λ(r + γ − 1)∥u∥rr.

Substituting this in the expression ω′′
u(1) = 0, we get

(r − p)∥∇u∥pp + (r − q)∥∇u∥qq = (r + γ − 1)
∫︂
Ω 

|u|1−γ dx.

Since r > p, we may ignore the first term in the left-hand side. The right-hand side can 
be estimated via Hölder’s inequality and the Sobolev embedding theorem. From this, we 
get a constant c1 > 0 such that
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(r − q)∥∇u∥qq ≤ c1(r + γ − 1)∥∇u∥1−γ
q .

Thus, we can find c2 > 0, which does not depend on λ nor on p such that

∥∇u∥q ≤ c2. (4.3)

On the other hand, since u ∈ 𝒩 0
λ , we have

(q + γ − 1)∥∇u∥qq ≤ λ(r + γ − 1)∥u∥rr ≤ c3λ(r + γ − 1)∥∇u∥rq,

for some c3 > 0. Consequently,

λ∥∇u∥r−q
q ≥ c4.

Here, c4 does not depend on λ nor on p. Using (4.3), it follows that

c4 ≤ λcr−q
2 .

Therefore, λ ≥ c4
cr−q
2

. This proves the result. □
Proposition 4.2. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then, there exists Λ2 > 0
such that 𝒩±

λ ̸= ∅ for all 0 < λ < Λ2. This number does not depend on p. Furthermore, 
for each u ∈ W 1,q

0 (Ω) \ {0}, there exist unique numbers t1, t2 > 0 such that t1u ∈ 𝒩+
λ

and t2u ∈ 𝒩−
λ .

Proof. We follow arguments similar to those in the paper by Liu–Dai--Papa- 
georgiou--Winkert [22]. Let u ∈ W 1,q

0 (Ω)\{0} and consider the function ˆ︁ψu : (0,+∞) → ℝ

defined by

ˆ︁ψu(t) = tq−r∥∇u∥qq − t1−r−γ

∫︂
Ω 

|u|1−γ dx.

Since 0 > q − r > 1 − r − γ, there exists ˆ︁t0 > 0 such that ˆ︁ψu(ˆ︁t0) = maxt>0 ˆ︁ψu(t). 
Moreover, ˆ︁ψ′

u(ˆ︁t0) = 0, and consequently,

ˆ︁t0 =
(︃ (r + γ − 1)

∫︁
Ω |u|1−γ dx

(r − q)∥∇u∥qq

)︃ 1 
q+γ−1

.

Moreover,

ˆ︁ψu(ˆ︁t0) = q + γ − 1
r − q 

(︃
r − q 

r + γ − 1

)︃ r+γ−1
q+γ−1 ∥∇u∥

q(r+γ−1)
q+γ−1 

q(︁∫︁
Ω |u|1−γ dx

)︁ r−q 
q+γ−1

.
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On the other hand,

∫︂
Ω 

|u|1−γ dx ≤

⎛⎝∫︂
Ω 

|u|q∗ dx

⎞⎠
1−γ
q∗

|Ω|1−
1−γ
q∗ = ∥u∥1−γ

q∗ |Ω|1−
1−γ
q∗ ,

and

𝒮−1
q ∥u∥qq∗ ≤ ∥∇u∥qq,

where 𝒮q is the best constant of the Sobolev embedding W 1,q
0 (Ω) ↪→ Lq∗(Ω). Combining 

the preceding estimates, we obtain

ˆ︁ψu(ˆ︁t0) ≥ q + γ − 1
r − q 

(︃
r − q 

r + γ − 1

)︃ r+γ−1
q+γ−1 𝒮

−r−γ+1
q+γ−1 

q

|Ω|
(r−q)(q∗+γ−1)

(q+γ−1)q∗
∥u∥rq∗ .

Hence, ˆ︁ψu(ˆ︁t0) ≥ cq,r,γ∥u∥rq∗ for some constant cq,r,γ that does not depend on p. Thus,

ˆ︁ψu(ˆ︁t0) − λ∥u∥rr ≥ cq,r,γ∥u∥rq∗ − λ|Ω|1− r
q∗ ∥u∥rq∗ .

We conclude that if

λ <
cq,r,γ

|Ω|1− r
q∗

,

then

ˆ︁ψu(ˆ︁t0) − λ∥u∥rr > 0.

Now let

ψu(t) = tp−r∥∇u∥pp + tq−r∥∇u∥qq − t1−r−γ

∫︂
Ω 

|u|1−γ dx.

Since 0 > q − r > p− r > 1 − r − γ, there exists t0 > 0 such that

ψu(t0) = max
t>0 

ψu(t).

Moreover,

ψu(t0) − λ∥u∥rr > 0 for all 0 < λ <
cq,r,γ

|Ω|1− r
q∗

.

Thus, for each λ in this range, there exist t1 < t0 < t2 such that
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ψu(t1) = λ∥u∥rr = ψu(t2) and ψ′
u(t2) < 0 < ψ′

u(t1).

Arguing as in [22], one can conclude that t1u ∈ 𝒩+
λ and that t2u ∈ 𝒩−

λ and that t1 and 
t2 are unique. This shows the result. □
Theorem 4.3. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then, there exists Λ0 > 0
which does not depend on p such that for all 0 < λ < Λ0, problem (4.1) has at least one 
weak solution u∗ ∈ W 1,q

0 (Ω) such that u∗ ∈ 𝒩+
λ and Iλ(u∗) = min𝒩+

λ
Iλ < 0.

Proof. The proof of this result follows the same steps as in Propositions 3.6 and 3.7 
by Liu–Dai--Papageorgiou--Winkert [22]. Here we only give a sketch. We first choose 
Λ0 = min{Λ1,Λ2}, so that Propositions 4.1 and 4.2 are applicable for 0 < λ < Λ0. For 
any such λ, we define

m+
λ = inf 

𝒩+
λ

Iλ.

Proposition 4.2 implies that m+
λ is well defined. Furthermore, one can check that (see 

[22, Proposition 3.2])

m+
λ < 0 for all 0 < λ < Λ0.

Thus, one can consider a minimizing sequence {un}n∈ℕ ⊆ 𝒩+
λ . The coercivity of the 

restriction of Iλ to 𝒩λ implies that {un}n∈ℕ is uniformly bounded in W 1,q
0 (Ω) and thus 

there exists u∗ ∈ W 1,q
0 (Ω) so that, up to a subsequence,

un ⇀ u∗ weakly in W 1,q
0 (Ω).

Next, it can be shown that this convergence is actually strong, so that Iλ(u∗) = m+
λ < 0. 

Finally, one can show that u∗ > 0 a.e. in Ω and that u∗ is a weak solution of problem 
(4.1) which belongs to 𝒩+

λ . This finishes the proof. □
Our goal is now to obtain a second solution of problem (4.1) which belongs to 𝒩−

λ .

Lemma 4.4. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then, there exists Λ3 > 0 such 
that the restriction of Iλ to 𝒩−

λ is positive for all 0 < λ < Λ3. The number Λ3 does not 
depend on p.

Proof. First, by the definition of 𝒩−
λ together with the embedding W 1,q

0 (Ω) ↪→ Lr(Ω), 
one has

λ(r + γ − 1)∥u∥rr ≥ (q + γ − 1)∥∇u∥qq ≥ cq1(q + γ − 1)∥u∥qr for all u ∈ 𝒩−
λ ,

for some c1 > 0. Thus,
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∥u∥r ≥
(︃
cq1(q + γ − 1)
λ(r + γ − 1) 

)︃ 1 
r−q

:= cq,γ,r

λ
1 

r−q

for all u ∈ 𝒩−
λ . (4.4)

On the other hand, since

1
q
∥∇u∥qq = 1

q

∫︂
Ω 

|u|1−γ dx + λ

q
∥u∥rr −

1
q
∥∇u∥pp for all u ∈ 𝒩λ,

we get

Iλ(u) =
(︃

1 
p
− 1

q

)︃
∥∇u∥pp +

(︃
1
q
− 1 

1 − γ

)︃∫︂
Ω 

|u|1−γ dx + λ

(︃
1
q
− 1

r

)︃
∥u∥rr

for all u ∈ 𝒩−
λ . We may ignore the first term on the right-hand side while the second 

one can be estimated via Hölder’s inequality with exponents r
1−γ and r

r+γ−1 . This gives

Iλ(u) ≥ λ

(︃
1
q
− 1

r

)︃
∥u∥rr −

cγ,r
1 − γ

∥u∥1−γ
r for all u ∈ 𝒩−

λ ,

with cγ,r > 0 not depending on λ nor on p. Using (4.4) it follows that

Iλ(u) ≥ ∥u∥1−γ
r

(︃
λ

(︃
1
q
− 1

r

)︃
∥u∥r+γ−1

r − cγ,r
1 − γ

)︃

≥ ∥u∥1−γ
r

(︄(︃
1
q
− 1

r

)︃
cr+γ−1
q,γ,r

λ
q+γ−1
r−q 

− cγ,r
1 − γ

)︄
.

(4.5)

Therefore, Iλ(u) > 0 for all u ∈ 𝒩−
λ provided

0 < λ <

⎛⎝ (1 − γ)
(︂

1
q − 1

r

)︂
cr+γ−1
q,γ,r

cγ,r

⎞⎠
r−q 

q+γ−1

:= Λ3. □

Next we obtain the existence of a second solution.

Theorem 4.5. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then, there exists Λ0 > 0
which does not depend on p such that for all 0 < λ < Λ0, problem (4.1) has a weak 
solution v∗ ∈ W 1,q

0 (Ω) such that v∗ ∈ 𝒩−
λ and Iλ(v∗) = min𝒩−

λ
Iλ > 0.

Proof. We choose Λ0 = min{Λ0,Λ3}. The rest of the proof works in a very similar way 
as in [22, Propositions 3.8, 3.9 and 3.10]. □
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Now we are interested in solving the problem⎧⎪⎪⎨⎪⎪⎩
−Δ1u− Δqu = 1 

uγ + λur−1 in Ω,

u > 0 in Ω
u = 0 on ∂Ω.

(4.6)

In order to do this, we will show that the solutions of problem (4.1) converge to solutions 
of problem (4.6) as p → 1+. First, we establish uniform estimates.

Lemma 4.6. Let 0 < γ < 1 < p < q < N , q < r < q∗ and {up} be the sequence of weak 
solutions of problem (4.1) obtained in Theorem 4.3. Then, {up} is uniformly bounded in 
W 1,q

0 (Ω).

Proof. Indeed, since Iλ(up) < 0 for all p, we know that

1 
p
∥∇up∥pp + 1

q
∥∇up∥qq <

1 
1 − γ

∫︂
Ω 

|up|1−γ dx + λ

r
∥up∥rr.

On the other hand, up ∈ 𝒩λ, and thus

λ∥up∥rr = ∥∇up∥pp + ∥∇up∥qq −
∫︂
Ω 

|up|1−γ dx.

This leads to(︃
1 
p
− 1

r

)︃
∥∇up∥pp +

(︃
1
q
− 1

r

)︃
∥∇up∥qq <

(︃
1 

1 − γ
− 1

r

)︃∫︂
Ω 

|up|1−γ dx.

Since 0 < γ < 1 < p < q < r and |up|1−γ ≤ 1 + |up|, we get

(︃
1
q
− 1

r

)︃
∥∇up∥qq <

(︃
1 

1 − γ
− 1

r

)︃
|Ω| +

(︃
1 

1 − γ
− 1

r

)︃
S1∥∇up∥q,

where we have also used the embedding W 1,q
0 (Ω) ↪→ L1(Ω). Thus, {up} is uniformly 

bounded in W 1,q
0 (Ω). □

Next, we show the same result for the solutions vp which have positive energy.

Lemma 4.7. Let 0 < γ < 1 < p < q < N and q < r < q∗ and {vp} be the sequence of weak 
solutions of problem (4.1) obtained in Theorem 4.5. Then, {vp} is uniformly bounded in 
W 1,q

0 (Ω).
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Proof. It is clear from the previous proof that it is enough to find a constant a1 > 0
independent of p such that

Iλ(vp) < a1 for all p > 1. (4.7)

Recall that Iλ(vp) = min𝒩−
λ
Iλ, and that for all u ∈ W 1,q

0 (Ω) \ {0} there exists a unique 

t > 0 such that tu ∈ 𝒩−
λ . Let ω ∈ C∞

c (Ω) be a smooth function with compact support. 
Then t0ω ∈ 𝒩−

λ for some t0 > 0, and thus

Iλ(vp) ≤ sup
t>0 

Iλ(tω).

On the other hand, we have

Iλ(tω) = tp

p 
∥∇ω∥pp + tq

q
∥∇ω∥qq −

t1−γ

1 − γ

∫︂
Ω 

|ω|1−γ dx− λtr

r
∥ω∥rr

≤ (1 + tq)(1 + sup
Ω 

|∇ω|q)|Ω| + tq

q
∥∇ω∥qq −

λtr

r
∥ω∥rr → −∞

as t → ∞. Thus, there exists a1 > 0 such that

sup
t>0 

Iλ(tω) < a1 for all p > 1.

Observe that a1 depends on λ but does not depend on p. This proves (4.7). □
From Lemmas 4.6 and 4.7, we know that there exist u0, v0 ∈ W 1,q

0 (Ω) such that 
u0, v0 ≥ 0 in Ω and, up to subsequences,

up ⇀ u0 and vp ⇀ v0 weakly in W 1,q
0 (Ω),

up → u0 and vp → v0 in Lη(Ω) for all 1 ≤ η < q∗.

Lemma 4.8. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then, the functions u0, v0 are 
nontrivial and u−γ

0 , v−γ
0 ∈ L1

loc(Ω). In particular, u0, v0 > 0 a.e. in Ω.

Proof. Let wp ∈ W 1,q
0 (Ω) satisfy∫︂

Ω 

|∇wp|p−2∇wp · ∇φ dx +
∫︂
Ω 

|∇wp|q−2∇wp · ∇φ dx

=
∫︂
Ω 

φw−γ
p dx for all φ ∈ W 1,q

0 (Ω) ∩ L∞(Ω).

Such a sequence of functions exists due to Theorem 3.3. Choosing φ = (wp − up)+ as a 
test function (this function belongs to L∞(Ω) because wp ∈ L∞(Ω)), we get
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Ω 

|∇wp|p−2∇wp · ∇(wp − up)+ dx +
∫︂
Ω 

|∇wp|q−2∇wp · ∇(wp − up)+ dx

=
∫︂
Ω 

(wp − up)+w−γ
p dx

≤
∫︂
Ω 

(wp − up)+u−γ
p dx + λ

∫︂
Ω 

ur−1
p (wp − up)+ dx

=
∫︂
Ω 

|∇up|p−2∇up · ∇(wp − up)+ dx +
∫︂
Ω 

|∇up|q−2∇up · ∇(wp − up)+ dx.

Thus, (wp − up)+ = 0 and so up ≥ wp. Since wp → w a.e. in Ω and w−γ ∈ L1
loc(Ω) (see 

Theorem 3.6), we conclude that u0 ≥ w. Therefore, u0 is nontrivial and u−γ
0 ∈ L1

loc(Ω). 
A similar argument can be made for v0. The result is proved. □
Theorem 4.9. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then, the sequences up and 
vp converge strongly to u0 and v0, respectively, in W 1,q

0 (Ω).

Proof. We prove the result only for u0, the proof for v0 is analogous. Taking wp = up−u0
as test function in (4.2) yields∫︂

Ω 

|∇up|p−2∇up · ∇wp dx +
∫︂
Ω 

|∇up|q−2∇up · ∇wp dx

=
∫︂
Ω 

(up − u0)u−γ
p dx + λ

∫︂
Ω 

ur−1
p (up − u0) dx.

Let us estimate the two terms on the right-hand side. First note that for any q∗

q∗−(r−1) <

η < q∗, it holds that (r−1)η
η−1 < q∗ and thus ur−1

p is bounded in L
η

η−1 (Ω). Moreover, 
up − u0 → 0 strongly in Lη(Ω) for any such η. Therefore, we have

∫︂
Ω 

⃓⃓⃓⃓
ur−1
p (up − u0)

⃓⃓⃓⃓
dx ≤ ∥up − u0∥Lη(Ω)

⎛⎝∫︂
Ω 

u
(r−1)η
η−1 

p dx

⎞⎠
η−1
η

→ 0,

as p → 1+. To estimate the singular term, observe that, for all δ > 0,∫︂
Ω 

(up − u0)u−γ
p dx

=
∫︂

{up≤δ}

(up − u0)u−γ
p dx +

∫︂
{up>δ}

(up − u0)u−γ
p dx
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≤ δ1−γ |Ω| +
∫︂

{up>δ}

(up − u0)u−γ
p dx.

Thus, ∫︂
Ω 

|∇up|p−2∇up · ∇wp dx +
∫︂
Ω 

|∇up|q−2∇up · ∇wp dx

≤ δ1−γ |Ω| +
∫︂

{up>δ}

(up − u0)u−γ
p dx + ωp,

with limp→1+ ωp = 0. Since

lim 
p→1+

∫︂
{up>δ}

(up − u0)u−γ
p dx = 0 for all δ > 0,

we conclude that ∫︂
Ω 

|∇up|p−2∇up · ∇wp dx +
∫︂
Ω 

|∇up|q−2∇up · ∇wp dx

≤ ωp,δ,

where limδ→0 limp→1+ ωp,δ = 0.
On the other hand, the weak convergence to zero of wp implies that∫︂

Ω 

|∇u0|q−2∇u0 · ∇wp dx → 0 as p → 1+,

and thus ∫︂
Ω 

(|∇up|q−2∇up − |∇u0|q−2∇u0) · ∇wp dx

≤ ˜︁ωp,δ −
∫︂
Ω 

|∇up|p−2∇up · ∇wp dx,

where again limδ→0 limp→1+ ˜︁ωp,δ = 0. Rewriting this inequality gives∫︂
Ω 

(|∇up|q−2∇up − |∇u0|q−2∇u0) · ∇wp dx

≤ ˜︁ωp,δ −
∫︂
Ω 

|∇up|p dx +
∫︂
Ω 

|∇up|p−2∇up · ∇u0 dx.
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Now we set

zp = |∇up|p−2∇up.

Since ∫︂
Ω 

|∇up|p dx ≤ C,

where C > 0 is independent of p, we can argue as in the proof of Theorem 3.6. Thus, up 
to a subsequence, there exists z ∈ L∞(Ω;ℝN ) with ∥z∥L∞(Ω) ≤ 1 such that

zp ⇀ z weakly in Ls(Ω;ℝN )

for every 1 ≤ s < ∞ as p → 1+. Letting p → 1+ and δ → 0 we obtain

lim sup
p→1+

∫︂
Ω 

(|∇up|q−2∇up − |∇u0|q−2∇u0) · ∇wp dx

≤ − lim inf
p→1+

∫︂
Ω 

|∇up|p dx +
∫︂
Ω 

z · ∇u0 dx

≤ − lim inf
p→1+

∫︂
Ω 

|∇up|p dx +
∫︂
Ω 

|∇u0| dx,

where we have used that z ∈ L∞(Ω) with ∥z∥∞ ≤ 1. Observe that the weak lower
semicontinuity of the norm implies that∫︂

Ω 

|∇u0| dx ≤ lim inf
p→1+

∫︂
Ω 

|∇up| dx

≤ lim inf
p→1+

⎛⎝1 
p

∫︂
Ω 

|∇up|p dx + p− 1
p 

|Ω|

⎞⎠
= lim inf

p→1+

∫︂
Ω 

|∇up|p dx.

We finally conclude that

lim 
p→1+

∫︂
Ω 

(|∇up|q−2∇up − |∇u0|q−2∇u0) · ∇wp dx = 0.

This proves the result due to Lemma 5 by Boccardo–Murat--Puel [8]. □
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Lemma 4.10. Let 0 < γ < 1 < p < q < N and q < r < q∗. Then it holds u0 ̸≡ v0.

Proof. Since vp ∈ 𝒩−
λ for all p > 1, we may use (4.5) to get

Iλ(vp) ≥ c∥vp∥1−γ
r , (4.8)

where the constant c > 0 does not depend on p. Using Theorem 4.9, it holds that 
∇vp → ∇v0 a.e. in Ω. This leads to

lim 
p→1+

Iλ(vp) = ∥∇v0∥1 + 1
q

lim 
p→1+

∥∇vp∥qq −
1 

1 − γ

∫︂
Ω 

v1−γ
0 dx− λ

r
∥v0∥rr.

On the other hand, since vp ∈ 𝒩λ, we know that

∥∇vp∥qq =
∫︂
Ω 

|vp|1−γ dx + λ∥vp∥rr − ∥∇vp∥pp for all p > 1,

and thus,

lim 
p→1+

Iλ(vp) =
(︃

1 − 1
q

)︃
∥∇v0∥1 +

(︃
1
q
− 1 

1 − γ

)︃∫︂
Ω 

v1−γ
0 dx + λ

(︃
1
q
− 1

r

)︃
∥v0∥rr.

Letting p → 1+ in (4.8) yields

0 < c∥v0∥1−γ
r ≤ lim 

p→1+
Iλ(vp) =

(︃
1 − 1

q

)︃
∥∇v0∥1 +

(︃
1
q
− 1 

1 − γ

)︃∫︂
Ω 

v1−γ
0 dx

+ λ

(︃
1
q
− 1

r

)︃
∥v0∥rr,

where we used the fact that v0 is nontrivial, see Lemma 4.8. We now estimate Iλ(up). 
From Theorem 4.3 we know that Iλ(up) < 0 for all p > 1. Thus, since ∇up → ∇u0 a.e. 
in Ω, (︃

1 − 1
q

)︃
∥∇u0∥1 +

(︃
1
q
− 1 

1 − γ

)︃∫︂
Ω 

u1−γ
0 dx + λ

(︃
1
q
− 1

r

)︃
∥u0∥rr

= lim 
p→1+

Iλ(up) ≤ 0 < lim 
p→1+

Iλ(vp)

≤
(︃

1 − 1
q

)︃
∥∇v0∥1 +

(︃
1
q
− 1 

1 − γ

)︃∫︂
Ω 

v1−γ
0 dx + λ

(︃
1
q
− 1

r

)︃
∥v0∥rr.

Consequently, u0 and v0 must be different. This proves the result. □
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We will now show that u0 and v0 are solutions of problem (4.6) in the following sense.

Definition 4.11. We say that u ∈ W 1,q
0 (Ω) is a weak solution of problem (4.6) if

u−γ ∈ L1
loc(Ω), (4.9)

and if there exists a vector field z ∈ L∞(Ω;ℝN ) with ∥z∥∞ ≤ 1 such that

− div z − Δqu = u−γ + λur−1 in 𝒟′(Ω), (4.10)

and

z · ∇u = |∇u| a.e. in Ω. (4.11)

Proof of Theorem 1.1. We will prove the result only for u0, the one for v0 is analogous. 
From Lemma 4.8, we obtain (4.9). Let’s show (4.10). Recall that u0 is the weak limit of 
up in W 1,q

0 (Ω) satisfying∫︂
Ω 

|∇up|p−2∇up · ∇φ dx +
∫︂
Ω 

|∇up|q−2∇up · ∇φ dx

=
∫︂
Ω 

φu−γ
p dx + λ

∫︂
Ω 

ur−1
p φ dx for all φ ∈ C∞

c (Ω).
(4.12)

We estimate the left-hand side of (4.12). Let zp = |∇up|p−2∇up. From Lemma 4.6 and 
the arguments in the proof of Theorem 3.6, it follows that there exists a vector field 
z ∈ L∞(Ω;ℝN ) with ∥z∥L∞(Ω) ≤ 1 such that

zp ⇀ z weakly in Ls(Ω;ℝN )

for every 1 ≤ s < ∞ as p → 1+. Thus,

lim 
p→1+

∫︂
Ω 

zp · ∇φ dx =
∫︂
Ω 

z · ∇φ dx for all φ ∈ C∞
c (Ω).

Furthermore, Theorem 4.9 implies that ∇up → ∇u0 a.e. in Ω. From Lemma 4.6, we 
know that {∇up} is uniformly bounded in Lq(Ω). Thus,

lim 
p→1+

∫︂
Ω 

|∇up|q−2∇up · ∇φ dx =
∫︂
Ω 

|∇u0|q−2∇u0 · ∇φ dx.

We now estimate the right-hand side of (4.12). For the non-singular term, we have
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lim 
p→1+

∫︂
Ω 

ur−1
p φ dx =

∫︂
Ω 

ur−1
0 φ dx for all φ ∈ C∞

c (Ω),

because ur−1
p is bounded in L

q∗
r−1 (Ω) and ur−1

p → ur−1
0 a.e. in Ω. For the singular term, 

by linearity it is enough to consider nonnegative φ ∈ C∞
c (Ω). Let δ > 0. Then,∫︂

Ω 

φu−γ
p dx =

∫︂
{up≤δ}

φu−γ
p dx +

∫︂
{up>δ}

φu−γ
p dx.

Let Vδ(s) be given by (3.13). Choosing Vδ(up)φ as a test function in (4.12), we get∫︂
{up≤δ}

u−γ
p φ dx

≤
∫︂
Ω 

u−γ
p Vδ(up)φ dx

≤
∫︂
Ω 

Vδ(up)|∇up|p−2∇up · ∇φ dx +
∫︂
Ω 

Vδ(up)|∇up|q−2∇up · ∇φ dx.

Letting p → 1+, we get

lim sup
p→1+

∫︂
{up≤δ}

u−γ
p φ dx ≤

∫︂
Ω 

Vδ(u0)z · ∇φ dx +
∫︂
Ω 

Vδ(u0)|∇u0|q−2∇u0 · ∇φ dx.

Consequently,

lim 
δ→0

lim sup
p→1+

∫︂
{up≤δ}

u−γ
p φ dx = 0.

On the other hand, for almost every δ > 0,

lim sup
p→1+

∫︂
{up>δ}

u−γ
p φ dx =

∫︂
{u0>δ}

u−γ
0 φ dx,

and thus

lim 
δ→0

lim 
p→1+

∫︂
{up>δ}

u−γ
p φ dx =

∫︂
{u0>0}

u−γ
0 φ dx =

∫︂
Ω 

u−γ
0 φ dx.

Here we used the fact that the set {u0 = 0} is negligible with respect to Lebesgue’s 
measure. This finishes the estimate for the singular term in (4.12). Taking everything 
together and letting p → 1+ in (4.12), we deduce that
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Ω 

z · ∇φ dx +
∫︂
Ω 

|∇u0|q−2∇u0 · ∇φ dx =
∫︂
Ω 

φu−γ
0 dx + λ

∫︂
Ω 

ur−1
0 φ dx (4.13)

for all φ ∈ C1
c (Ω), which proves (4.10). It only remains to show that (4.11) holds. To this 

aim, let φ ∈ C1
c (Ω) be nonnegative. Taking (Tk(u0)φ) ∗ ρε as a test function in (4.13), 

we have∫︂
Ω 

z · ((φ∇Tk(u0)) ∗ ρε) dx

=
∫︂
Ω 

z · ∇((Tk(u0)φ) ∗ ρε) dx−
∫︂
Ω 

z · ((Tk(u0)∇φ) ∗ ρε) dx

=
∫︂
Ω 

((Tk(u0)φ) ∗ ρε)u−γ
0 dx + λ

∫︂
Ω 

ur−1
0 ((Tk(u0)φ) ∗ ρε) dx

−
∫︂
Ω 

|∇u0|q−2∇u0 · ∇((Tk(u0)φ) ∗ ρε) dx−
∫︂
Ω 

z · ((Tk(u0)∇φ) ∗ ρε) dx.

We will estimate all the terms in this equation. We start with the singular one. Observe 
that

((Tk(u0)φ) ∗ ρε)u−γ
0 (x) → Tk(u0)u−γ

0 φ(x) a.e. in Ω as ε → 0.

Furthermore,

((Tk(u0)φ) ∗ ρε)u−γ
0 ≤ (φ ∗ ρε)ku−γ

0 .

Since φ∗ρε → φ uniformly in the norm ∥·∥∞, we know that the right-hand side converges 
in L1(Ω). Thus, the generalized Lebesgue’s dominated convergence theorem implies that∫︂

Ω 

((Tk(u0)φ) ∗ ρε)u−γ
0 dx →

∫︂
Ω 

Tk(u0)u−γ
0 φ(x) dx as ε → 0.

For the term involving the parameter λ, we know that (Tk(u0)φ) ∗ ρε → Tk(u0)φ in 
Lq∗(Ω). Thus∫︂

Ω 

|ur−1
0 ((Tk(u0)φ) ∗ ρε) − ur−1

0 Tk(u0)φ| dx

≤
∫︂
Ω 

ur−1
0 |(Tk(u0)φ) ∗ ρε − Tk(u0)φ| dx

≤

⎛⎝∫︂
Ω 

uq∗

0 dx

⎞⎠
r−1
q∗
⎛⎝∫︂

Ω 

|(Tk(u0)φ) ∗ ρε − Tk(u0)φ|
q∗

q∗+1−r dx

⎞⎠
q∗+1−r

q∗
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≤ C

⎛⎝∫︂
Ω 

|(Tk(u0)φ) ∗ ρε − Tk(u0)φ|
q∗

q∗+1−r dx

⎞⎠
q∗+1−r

q∗

→ 0 as ε → 0.

It is also clear that∫︂
Ω 

z · ((Tk(u0)∇φ) ∗ ρε) dx →
∫︂
Ω 

Tk(u0)z · ∇φ dx,

∫︂
Ω 

|∇u0|q−2∇u0 · ∇((Tk(u0)φ) ∗ ρε) dx →
∫︂
Ω 

|∇u0|q−2∇u0 · ∇(Tk(u0)φ) dx,

∫︂
Ω 

z · ((φ∇Tk(u0)) ∗ ρε) dx →
∫︂
Ω 

z · (φ∇Tk(u0)) dx,

as ε → 0. All together, we get∫︂
Ω 

z · φ∇Tk(u0) dx =
∫︂
Ω 

Tk(u0)u−γ
0 φ dx + λ

∫︂
Ω 

ur−1
0 Tk(u0)φ dx

−
∫︂
Ω 

|∇u0|q−2∇u0 · ∇(Tk(u0)φ) dx−
∫︂
Ω 

z · Tk(u0)∇φ dx.

Thus, using Tk(u0) → u0 strongly in W 1,q
0 (Ω) and the monotone convergence theorem 

for the singular term, and letting k → ∞, we conclude that∫︂
Ω 

z · φ∇u0 dx =
∫︂
Ω 

u1−γ
0 φ dx + λ

∫︂
Ω 

ur
0φ dx

−
∫︂
Ω 

|∇u0|q−2∇u0 · ∇(u0φ) dx−
∫︂
Ω 

z · u0∇φ dx.
(4.14)

On the other hand, taking upφ in (4.12), we have∫︂
Ω 

φ|∇up|p dx +
∫︂
Ω 

up|∇up|p−2∇up · ∇φ dx

+
∫︂
Ω 

φ|∇up|q dx +
∫︂
Ω 

up|∇up|q−2∇up · ∇φ dx

=
∫︂
Ω 

u1−γ
p φ dx + λ

∫︂
Ω 

ur
pφ dx for all p > 1.

Letting p → 1+ and using weak lower semicontinuity properties, we arrive at
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Ω 

φ|∇u0| dx +
∫︂
Ω 

u0z · ∇φ dx +
∫︂
Ω 

φ|∇u0|q dx +
∫︂
Ω 

u0|∇u0|q−2∇u0 · ∇φ dx

≤
∫︂
Ω 

u1−γ
0 φ dx + λ

∫︂
Ω 

ur
0φ dx.

Using (4.14) yields∫︂
Ω 

|∇u0|φ dx ≤
∫︂
Ω 

(z · ∇u0)φ dx for all φ ∈ C1
c (Ω) with φ ≥ 0.

This proves (4.11) and the result. □
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