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Moreover, in contrast to other works dealing with the 1-
Laplacian, we get much more regularity of the solutions in
the sense that the solutions of the problem above belong to
the Sobolev space W () instead of the space BV(Q) of
functions of bounded variation.
© 2026 The Author(s). Published by Elsevier Masson SAS.
This is an open access article under the CC BY license
(http://creativecommons.org/licenses /by /4.0/).

1. Introduction and notation

Given a bounded domain @ C RY, N > 2, with Lipschitz boundary 9, the main
objective of this work is to study the asymptotic behavior of solutions of the singular
(p, q)-problem

—Apu—Agu=u"" 4+ "t inQ
u>0 in €, (1.1)
u=20 on 01},

as p — 17, where A > 0 is a parameter to be specified, 0 < v <1 < p < ¢ < N,
q < r < ¢* and the operator A, for s € (1,00) denotes the usual s-Laplacian. As p — 17,
solutions of problem (1.1) are expected to converge to a solution of the (1, ¢)-problem

—Aju—Aju=u"" 4+ "7 inQ,
u>0 in Q, (1.2)
u=20 on 01,

where A; denotes the 1-Laplace operator, which is formally defined by

Vu
Aju=div | — | .
" dlv(WUl)

Over the past three decades, research interest in problems involving the 1-Laplacian
has grown considerably, with numerous studies employing various techniques. We refer
to the pioneering works by Andreu-Ballester—Caselles—Mazén [1-3], Demengel [12], and
Kawohl [19], see also the monograph by Andreu—Vaillo-Caselles—Mazén [4]. This operator
also appears in several applications in image restoration, see for example the papers by
Chen-Levine-Rao [9] and Rudin—Osher-Fatemi [26].

Our main result reads as follows.

Theorem 1.1. Let 0 < v < 1 < q < N and q < r < q*. Then there exists A > 0 such
that, for all X € (0,A), problem (1.2) has at least two nontrivial weak solutions.
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The idea in the proof of Theorem 1.1 is first to study the solvability of the purely
singular problem

—Aju—Agu=u"" in{,
u>0 in , (1.3)
u=20 on Of).

As we shall see in Lemma 4.8, the existence of a solution of problem (1.3) ensures
the nontriviality of the solutions of (1.2). In our approach we use an existence result
for problem (1.1) obtained by Liu-Dai-Papageorgiou—Winkert [22] which gives us two
nontrivial solutions provided the parameter ) is sufficiently small. Then we let p — 17
and show the existence of solutions for our original problem (1.2).

To the best of our knowledge, there does not exist any result for singular (1,q)-
problems. Recently, Ortiz Chata—Pimenta—Segura de Le6n [24] studied singular 1-
Laplacian problems and obtained two solutions of the problem

—Aqu =" +u! inQ,
u >0 in Q,
u=20 on 01,

where 0 < v < 1 < r < 1* and A > 0 is small enough. In [20], Latorre-
Oliva—Petitta—Segura de Ledén studied a general problem involving a nonlinearity which
can blow up at the origin and the 1-Laplacian operator. We also mention the work by
Giachetti-Oliva—Petitta [17] who proved existence, nonexistence and regularity results
for nonnegative solutions of the Dirichlet problem involving the 1-Laplacian operator

—Aqu = g(u)|Du| + h(u) f(z) inQ,

u=20 on 01,
where f € LV (Q), and g as well as h are continuous functions which may be singular at
zero. As far as the regularity is concerned, in all of these papers, it is known that the
solutions belong to the space BV(2). We point out that in our case, we get much more
regularity of the solutions. Indeed, instead of having solutions in the space BV(Q2), we
get solutions in the usual Sobolev space I/VO1 1(Q). Here, we also mention the problem

{—Alu = f(z) inQ, 14

u=>0 on 0,

which has been studied in the paper by Mercaldo—Segura de Leén-Trombetti [23] with
f € LY(). In particular, the convergence as p — 11 of the problem
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{—Apu = f(z) in Q, (15)

u=20 on 01},

has been analyzed by Cicalese-Trombetti [10] and Mercaldo-Segura de Leén—Trombetti
[23]. In [10] the authors showed that if f € L™V () has small norm, then solutions of (1.5)
converge to zero, but if the norm of f is large, then they converge to +o0o as p — 1.
In [23], the authors proved that a sequence of renormalized solutions of (1.5) converge
to a solution of (1.4) in a very weak sense. In general, singular problems involving the
1-Laplacian operator are of special interest. Here we also mention the work by De Cicco—
Giachetti-Segura de Leén [14] who studied the problem

—Aqu = g(u)f(z) in Q,
u=20 on 012,

with g(u) = v and f € LY (Q). De Cicco-Giachetti-Oliva—Petitta [15] considered a
general singular function g and obtained solutions provided ||f||L~. ) < 1/8S1g(c0),
where g(co) = lim, 0, g(s) and S is the best constant of the immersion W, (Q) —
LY1(Q). In addition, problems involving so-called convection terms have been studied.
For example, Balducci-Oliva—Petitta [5] considered the problem

—Aju+ h(u)|Du| = g(u) f(x) in Q,
u=20 on 01,

where g was again allowed to be singular at the origin. We used some ideas from [5] in our
work. For more problems involving the p-Laplacian operator for singular and non-singular
problems, we refer to the seminal works Bensoussan-Boccardo-Murat [7], Boccardo—
Murat—Puel [8], Crandall-Rabinowitz—Tartar [11], Lazer—-McKenna [21], Stuart [30] and
De Cave [13].

This paper is organized as follows. In Section 2 we recall some basic facts about the
space BV () and the usual Sobolev space Wy¢(€2). In Section 3, we obtain a sequence
u,, of nontrivial solutions for the problem

—Apu—Aju= f(x)u™" inQ,
u>0 in Q,
u=20 on 0},

provided f is nonnegative and in L7 () with 7 > %. In the next step we prove that this
sequence u, converges to a nontrivial solution of the problem

—Aju—Agu = f(z)u™? in Q,
u>0 in Q,
u=0 on 0f).
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Next, in Section 4 we use the Nehari manifold method (in a similar fashion as it was
done by Ortiz Chata—Pimenta—Segura de Leén [24], Figueiredo—Pimenta—Winkert [16]
and Liu-Dai-Papageorgiou-Winkert [22]) to obtain sequences u, and v, of solutions of
problem (1.1) for small values of the parameter A > 0 while the sequence u,, has negative
energy and the sequence v, has positive energy. Finally we show that these sequences
converge to nontrivial and distinct solutions of problem (1.2).

2. Preliminaries

In this section we state the main preliminaries that will be needed in the sequel. To
this end, let @ € RY, N > 2, be a bounded domain with Lipschitz boundary 9. For
1 < r < 00, we denote by L"(€2) and L"(€; RY) the usual Lebesgue spaces endowed with
the norm | - ||, and W,"" () is the related Sobolev space with zero traces equipped with
the equivalent norm ||V - ||,..

For s € R, we set s* = max{=s,0} and for u € W, %(Q) we define u®(-) = u(-)*.
Clearly, one has

ut e Wyl (Q), |ul=ut+u", u=ut—u".
For a number r € (1, 00), we write v’ = r/(r — 1).
Next we introduce the space BV(Q) of functions of bounded variation. We say that

u € BV(Q), if u € LY(Q), and its distributional derivative Du is a vectorial Radon
measure, i.e.,

BV(Q) = {u e L'(Q): Due M(Q,RY)}.
It can be proved that « € BV(Q) if and only if u € L'(Q2) and

/|Du| — sup /udivqﬁdx: 6 € CHLRYY, o]l <1 4 < to0.
Q Q

The space BV(£2) is a Banach space when endowed with the norm

llullBv :=/|Du|+/|u|dx.
Q Q

The Sobolev embeddings for this space also hold, in such a way that it is continuously
embedded into L"(f2) for all r € [1,1%], where 1* = N/(N — 1). If Q is bounded, these
embeddings are compact into L"(f2) for all r € [1,1%).
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3. Purely singular problems
In this section we first study the problem

—Apu—Aju= f(x)u™? inQ,
u>0 in Q, (3.1)
u=0 on 0},

with0 <y <1<p<gqg<N.Let a: RN —RY be given by

a(€) = [EP2€ + 1¢|7%.

A function u € W;%(Q) is a weak solution of problem (3.1), if u > 0 a.e. in Q,
fu=™ € L () and

loc
/a(Vu) -Vepdr = /fu_wapdx for all o € C(Q). (3.2)
Q Q

We assume that

N
f is nonnegative and f € L7 () for some 7 > —. (3.3)
q

The idea is to find a solution of problem (3.1) via approximation. For this purpose, we
consider for n € N the problem

1 -
—Apup — Aquy, = fn(x) (|un| + E) in Q,
Up =0 on 0f),

(3.4)

with f,, = T,(f) = min{f,n}. We say that u,, € W, %(Q) is a weak solution of problem
(3.4) if

/a(Vun) -Vodx = /fn(x) <|un| + %) B odz for all p € Wy 9(Q). (3.5)
Q Q

We have the following result.

Theorem 3.1. Let 0 < v < 1 < p < ¢ < N and assume that f satisfies (3.3). Then
there exists a sequence {un nen C Wy 9(Q) N L2(Q) of nonnegative solutions to (3.4).
Moreover, there exists a constant C > 0 independent of p such that

lunlloo < C  for allm € N. (3.6)
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Proof. We use ideas of Balducci—Oliva—Petitta [5, Theorem 3.3]. Let v € L7(£2). We know
from Theorem 1 by Boccardo-Murat—Puel [8] that there exists a solution w € WO1 Q)
of

1 -
- du=f@) (ld+5) e,
u=20 on O0f2.

(3.7)

Moreover, w is indeed unique, see Bénilan—-Boccardo—Gallouét—Gariepy—Pierre—Vazquez
[6] and Segura de Ledn [27]. Consequently, we may define the operator S: LI(Q) — L(Q)
by w = S(v), so that

/ |Vw|P~2Vw - Vo dz + / |Vw|9™2Vw - Vo dz

— (3.8)
/fn (|v+ ) @dz for all p € W, Q).

Taking ¢ = w™ as test function in (3.8), we conclude that w > 0. Moreover, if we choose
» =w in (3.8), we get

/|Vw|qu < n1+7/wdx. (3.9)
Q

Q

From this along with Poincaré’s and Hoélder’s inequality, we obtain

/|w|qdm < Cn't /|w|qdm

Q Q

for some C' > 0. Thus,
1
||’lU||Lq(Q) < (Cnl-‘rW) q—1

Since w = S(v), we conclude that a ball is invariant under S. Moreover, (3.9) and the
Sobolev embedding imply that S(L9(€)) is relatively compact in L?(€2). We also show
that S: L1(Q) — L%(f) is continuous. Indeed, assume that vy, — v in LI(Q2) and let
wy, = S(vg). Then,

1S (0e)ll o) < (Cn“’”)‘l%1 for all k € N.

Thus, from (3.9), we deduce that S(v;) is bounded in W,¢(Q). Therefore, up to a
subsequence,
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S(up) — w  weakly in Wy 9(Q).

We claim that w = S(v). Choosing u, = S(vr) — w as a test function in (3.7), we get

/|Vwk|p 2Vwy, - Vukdx+/|Vwk|q 2Vwy, - Vg, dz

—y
/fn (Uk|+ ) ur dx for all k € N.

Consequently,
/a(Vwk) -Vu dz| < wg,
Q

where w, — 0 as k — o0o. Thus,

/(a(Vwk) —a(Vw)) - V(wg —w)dz| < wg + /a(Vw) -Vug dx| — 0,
Q Q

as k — oo, since upy — 0 weakly in Wg P(Q). As a consequence, from Boccardo—
Murat—Puel [8, Lemma 5], we know that

wy — w  strongly in W,9(Q).

This in turn implies that w = S(v) and thus S: L9(£2) — L9(Q) is continuous. Schauder’s
fixed point theorem then shows that S has a nonnegative fixed point S(u,) = u,. We
have thus proved that for all n € N there exists u,, € Wy*?(€) that solves (3.4). Next,
we need to show that wu, is uniformly bounded in L>°(Q) independently of p. This is a
consequence of Stampacchia’s argument. Indeed, take Gy (uy,) = (u, — )" with k > 0
as a test function in (3.5). We get

[ ¥Gawiras < [ 56) (n+ %) Galin) e <570 [ F@)Guua)
Q Q Q

The Sobolev embedding and Hélder’s inequality imply that

a_ _1
q* (a%)’

/|Gﬁ(un)|q* dz <KV /f(x)@*)' dz /|G,§(un)|’f de |
Q A Q

1
F
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where S, denotes the best constant of the Sobolev embedding Wy() < L9 (%),
ﬁ + q% =1,and A, = {z € Q: u,(x) > k}. Thus,

- 1
* (¢%)’

q
’

Q A,

Since f € L™(Q2) with 7 > % and taking into account that % > (¢*)’, we have

1
(a*)’ (a*)’

i
[C

/|G,€(un)|q* dr <SikT /f(x)de |A |t
Q Q

Consequently,

: 11
/IGH(un)\q dz < S Fllpr@yr MA@
Q

We conclude that

/'Gﬁ(un)\q* dz < (‘Sg||f\|ff(9)/—fv)qq*1 IAK,|(<qi>f—%)(qqf1)7
Q

and thus

-

]. — % i T T %

m(sg”fHLr(Q)li V)q ! |AK|(<Q ) )( 1) for all h > k > 0.
Here we have used that A;, C A, and Gx(u,) > h — k in Ay, for all A > k. Finally,
since 7 > %, we have (ﬁ — %) (%) > 1. Hence, from Stampacchia’s Theorem, see
Stampacchia [29, Lemma 4.1], we conclude that there exists d > 0 depending only on
¢, 7, | fllz~ (o) and € such that |Ag4| = 0. This proves the result. O

|Ap| <

Let us study now the convergence properties of u,,. First, by taking w,, as test in (3.5),
we get

|Vu,|?de < [ ul ™ fu(z)de < C*7 | f(2)de,
=] /

with C' > 0 given by (3.6). We conclude that u,, is bounded in W;**(€2). The Sobolev
embedding then implies that there exists u € W, ?(2) such that
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u, —u  weakly in Wy4(€), (3.10)
u, = u strongly in L"(Q) for all 1 <r < ¢*. (3.11)

Also observe that a(Vu,) is bounded in L7 (Q)". Thus, there exists Cy > 0 such that

—

/fn(x) (un + 1) pdx = /a(Vun) -Veoder < Cy foralln € N.
n

Q Q

Since ¢ is arbitrary, it follows that f,(x) (un + l)J/ is bounded in L}

n loc

(Q). As a

consequence of Fatou’s Lemma, we conclude that
uTlf € Lige ().

The function u is a candidate solution to the original problem (3.1). Before we can
prove this, we need the following auxiliary result.

Proposition 3.2. Let 0 < v < 1 < p < ¢ < N and assume that [ satisfies (3.3). Then,
u, — u strongly in Wy ?(52).

Proof. Let w,, = u, —u and take w, as a test function in (3.5). We get

/a(Vun) -Vuw, dz = /fn(x) (un + %)7 wy, dz.
Q Q

On the other hand, the weak convergence of u,, implies that

/a(Vu)~andx%0 as n — oo.
Q

We conclude that
1 -
/(a(Vun) —a(Vu)) - Vw, dz < w, + /fn(x) (un + E) wy, dz,
Q Q

where lim, o, w, = 0. We will now show that the second term on the right-hand side
also goes to zero. Indeed,

1\
Q/fn(l') <un+ n) w, dz

_ / fn(x)(un+%>vw”da:+ / fn(:c)(un—#%)ﬁywndx

{un<d} {un>d}
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=:J51+ Js.2.

It is clear that J52 goes to zero as n — oo for all 6. For Js; we obtain

Js1 < / fulx ( Uy, —>_7undx<51_7 / f(z)dx

{un<s} {u,<6}
Consequently,
1 -
lim fn(x) <un + ) wy, do < 6177 / f(x)dx forall 6 > 0.
n—o00 n
{un <6} Q
Since
lim 51*7/]‘(&0) dz =0,
§—0
Q
we get

le (a(Vun) — a(Vu)) - Vw, dz = 0.
Q

Thus, from Lemma 5 by Boccardo-Murat—Puel [8], we conclude that u,, — u strongly
in W,*?(Q). This proves the result. O

Theorem 3.3. Let 0 < v < 1 < p < g < N and assume that [ satisfies (3.3). Then, the
function u € Wy 9(Q) given by (3.10) and (3.11) is a solution of problem (3.1).

Proof. Indeed, the sequence {u, },en is such that

/|Vun\p Vuy, - V@dx+/|Vun|q *Vu, - Veodzr

-
/fn (n —) edx for all p € CH(Q) and for all n € N.

Proposition 3.2 ensures that the left-hand side converges to

/ |VulP~2Vu - Vo dr + / |Vu|T2Vu - Vo dz,

for all p € C1(Q). Thus, we only need to show the convergence of the right-hand side.
By linearity, it is enough to consider nonnegative ¢ € C}(Q). We argue as follows: For
all 4 > 0, it holds
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/fn ( n+E>7g0dx: / fn(x) (un-l—%)Vgodx

{ungé}

/ fnlx (un + >A{<pdx.

{u" >6}

(3.12)

Next, we are going to estimate the two terms in the right-hand side of (3.12) separately.
We begin with the first one. To this end, let

1 for |s| <4,
Vs(s) = 265_ 5 for § < s <29 (3.13)
0 for s > 24.

Choosing Vs(uy,)y as a test function in (3.5), we get

/ (@) (un 4 %) oda

N
< Q/ 1) (w04 1) Vatun)ods

/Vg Un) |V P2V, - Vnpdx—i—/ 5 (Un)| Vun |72V, - Voda.
Q

Letting n — oo, we get
-7
lim sup / falz < Up, ) pdx
n—oo
{u, <6}

< /V:;(u)\VuV’_szVgodx—k/Vg(u)|Vu|q_2Vu-Vgodm.
Q Q

Consequently,

1 -
lim lim sup / fn(x) <un + —> pdz =0.
n

=0 n—oo
{un Sé}

On the other hand, for almost all 6 > 0 the set {u = ¢} is Lebesgue negligible, and thus

-
lim sup / In(x (Un —) pdr = / flx)uTpdz,
n—»00 n

{un>d} {u>d}
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and thus

-
hm lim sup / fnlz (un —) pdz
n—oo

{un,>8}

/ f@)u “’gpdx*/f(x)u*ﬂadx.

{u>0}

Here we have used the fact that {u = 0} C {f = 0}. From the above arguments, we
conclude that (3.2) holds. This proves the result. O

Next, we show that the space Wy () N L>°(f) is suitable as the space of the test
functions.

Proposition 3.4. The space of test functions can be extended up to Wol’q(Q) N L ().

Proof. Let v € Wy?(2) N L>®(Q) be nonnegative. Then there exists ¢, € C(Q)
such that ¢, — v strongly in WO1 "1(€Q). Moreover, let p, be the standard mollifier, see
Papageorgiou-Winkert [25, Definition 4.1.27 (c)]. We note that v, ,, = p,*min{v, ¢, } €
CL(Q) for n > 0. Hence it is an admissible test function and we can write

/a(Vu) -V de = /f(x)z/Jnmu_"Y dz.
Q

Q

Observe that ¢, ,, — min{v,p,} = ¥, as n — 0 strongly in Wy %(2), weakly-+ in
L>°(Q) and it has compact support in 2. Consequently,

[avu)-Fonar= [ j@puas,
Q

Q

where we have used the fact that v € L>(Q2). The strong Convergence in VVO1 1(2) implies
that the left-hand side of the last equality goes to fQ -Vudz as n — oo. As for
the right-hand side, using Fatou’s Lemma, gives

/f(x)vu_"y dz < liminf/f(x)zﬁnu_"y dz = /a(Vu) -Vude.
n—oo
Q Q Q
Consequently, f(z)ou™ € LY(Q). Since ¢, < v € L'Y(Q), Lebesgue’s dominated

convergence theorem yields

/a(Vu) -Vode = /f(av)mf7 dz  for all v € Wy 4(Q) N L>®(Q),v > 0.
Q
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A simple argument shows that this equality can be extended for sign-changing v €
Wy ?(€2) N L>®°(€2). This proves the result. O

In the second part of this section we are going to show that the solutions obtained in
Theorem 3.3 converge to a solution of the associated (1, ¢)-Laplacian problem. Assuming
0<vy<1l<p<g<N and (3.3), Theorem 3.3 yields a sequence u,, of solutions of the
problem

—Apup — Agup = f(x)u,”  in Q,
up > 0 in Q, (3.14)

up, =0 on 012,

in the sense that u, € Wy'?(€2) N L>® (1), fuy 7 € L, .(Q) and

/a(Vup) -Vedz = /f(:v)u;”go dz for all € Wy (Q) N L®(Q) (3.15)
Q Q

and for all p > 1. Due to (3.6), it is clear that the sequence w, is uniformly bounded
in L>(€2). We now show that this sequence is also bounded in W, %(Q). Indeed, since
u, € Wy 9 (Q) N L®(Q), we may take it as test function in (3.15), thus getting

/|Vup\qdm < /ull)_'yf(x) dz < Cl_“’/f(:v) dr =: C < 0. (3.16)
Q Q Q

This proves the claim. In addition, since 1 < p < g, this implies that ( Jo [Vuy|? d:c)
is bounded. Indeed,

p>1

/|Vup\pdx§/(max{1,|Vup|})p dx
)

Q

< /(max{1,|Vup|})q da
(3.17)

Q
gt/(1+¢VupP)dx
Q

<lQ+C=C

for all p > 1.
It immediately follows that there exists u € VVO1 “4(Q) such that, up to a subsequence,

u, — u  weakly in W, %(Q), (3.18)
up, — u strongly in L"(Q2) for all 1 <n < ¢*. (3.19)
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We are going to prove that v is a solution of the problem

—Au—Agu = f(x)u™” inQ,
u>0 in 2 (3.20)
u=0 on 0f).

Definition 3.5. We say that u € W, %(Q) is a weak solution of problem (3.20) if
fu € Lh(@), (321)
and if there exists a vector field z € L°(Q, RY) with ||z]s < 1 such that
—divz — Aju= f(z)u™" in D'(Q), (3.22)
and
z+-Vu=|Vu| a.e.in . (3.23)
We have the following existence result for problem (3.20).
Theorem 3.6. Let 0 < v < 1 < ¢ < N and assume that [ satisfies (3.3). Then, the
function u € Wy'U() given by (3.18) and (3.19) is a solution of problem (3.20) in the
sense of Definition 3.5.

Proof. First we show (3.21). For ¢ € C2°(Q), we have

/f(m)u;”godx :/|Vup\p*2Vup . chdx+/|Vup|q*2Vup -Vepdx
Q Q Q

< / VPV do -+ / V17 (V] do

/|Vg0\dx+2/|Vup|q YWVl dz

/|Vgp\dx+2 /\V plTda + = /|Vg0|qu

Since the right-hand side is uniformly bounded with respect to p, one has that fu,” is
locally bounded in L' () with respect to p. An application of Fatou’s Lemma as p — 1%
ensures that fu~7 € L} (). This proves (3.21).

To proceed further, let

zp = |Vu, [P~ Vu,.
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We now prove the existence of a vector field z € L>(£2; RY) such that z, — z weakly in
L3 (S RY) for all 1 < s < oo. Let us fix 1 < s < 0o. Since p — 17, we may assume that
1 < p < &'. By Holder’s inequality and (3.17), we obtain

/HVup\p%Vuprdx:/\Vup|s(p71) dz
Q Q

Therefore,

|| Vup P2V, |

ey S (3.24)

Hence, for every 1 < s < oo, the family {|Vu,[P"2Vu,}, is bounded in L*(Q;RY) for
p > 1 sufficiently close to 1. By a diagonal argument, there exist a subsequence and a
vector field z, independent of s, such that

|V, [P~ 2Vu, — 2 weakly in L*(Q; RY)

for every 1 < s < 0o as p — 1. Since € has finite measure, the same convergence also
holds weakly in L'(Q; RY). Consequently,

2y = |Vu,[P"2Vu, — 2z weakly in L*(Q;RY) for every 1 < s < oo (3.25)

as p — 17, For every 1 < s < oo, the lower semicontinuity of the norm and (3.24) yield

1
s,

lzllLs ) <192 (3.26)

Finally, letting s — oo in (3.26), we conclude that z € L (2; RY) and 2]l oo () < 1.
Thus, letting p — 17 in (3.14), we get

/z -Vedzr + lim /|Vup|q72Vup -Vedr = lim /f(x)u;”godm.
p—1t p—1t
Q Q Q

Arguing as in the proof of Theorem 4.9, we conclude that
Vu, = Vu a.e.in .

Moreover, from (3.16),
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/’|Vup|q_2Vup’qu dz = /|Vup|qdac <C,
) )

where C' does not depend on p. Hence, (|Vup|q_2Vup)p is bounded in L7 1 ()N, From
Lemma 4.8 by Kavian [18], we have

V|72V, — |V 2Vu  weakly in L1 (Q)N asp — 1+,

Hence, for ¢ € C(£2),

/|Vup\q_2Vup -Vedr — / |Vu|?™2Vu - Vpdz.
Q Q

The term on the right-hand side converges to [, f(z)u "¢ dz as in the proof of
Theorem 3.3. Therefore, it holds

/z -Vedz + / |Vu|?2Vu - Vpdr = /f(x)u_”Up dz, (3.27)
o) Q )

for all ¢ € C°(2). We have thus shown that
—divz — Agju= f(z)u™" in D'(Q).

This proves (3.22). Finally, we have to show that z-Vu = |Vu| a.e. in Q. For this purpose,
let p € C1(Q) be nonnegative and take up* p. as a test function in (3.27). Then we have

/z - (Vup * p.) dx

Q
:/Z~V(ugp*p€)d:r—/z~(chu*ps)dx

“ “ (3.28)
= /f(m)u(p *x peu” Y do — / V|92V - V(up * pe) dz

Q Q

—/z~ (Vu * pe) dz.
Q

Next, we will estimate the terms in the right-hand side of (3.28). First of all, we know
that

(@) (ug * p)u™ — f(x)u'™7¢ a.e.in Qase — 0.

Furthermore,
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f(@)((up) * p)u™ < f(2)((up) * pe) + [[ulloo f (2) (¢ % p)u™  in Q.

Indeed, note that

f(@)(up x p)u™ < fa)(up*pe) in{u>1}.

On the other hand, in {u < 1}, since u € L>°(Q),

F@)(ug) * po)u < lulloc () / pe(y)p(a —y) dyu™

Q
= l[ullsc f () (e % pe)u™"
Putting together the last two inequalities yields the estimate above. Since the right-hand
side converges in L'(f2), the generalized Lebesgue’s dominated convergence theorem

implies that the first term on the right-hand side of (3.28) converges to fQ fult~7pdx.
The estimates for the other terms of (3.28) are trivial. Thus, we get

/Z-Vugodx

“ (3.29)
= /fulfﬁfcp dz — / V|72V - V(up) dz — /z -Voudz

Q Q Q

for all nonnegative ¢ € C}(£2). On the other hand, taking u, in (3.14), we have

/4,0|Vup|p dz + /up|Vup\p_2Vup -Vedz + / ©|Vu,|?dz
¢ ¢ ¢ (3.30)
+ /up|Vup|q72Vup -Vepdx = /fuéfnp dz.

Q Q

To estimate the first term on the left-hand side, observe that the weak lower
semicontinuity of the functional u — [, |[Vu|p da with respect to the L'-convergence
yields

/<p|Vu|dx < liminf/<p|Vup\ dz
p—1+t
Q Q

1 p—1
N P o
Sl;rg}rifp/ap|Vup| dx“}fﬂiﬁf , /<pd33
Q

= liminf/<p|Vup\p dz.
p—1t
Q
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In the same way, the functional u — fQ ©|Vu|?dz is lower semicontinuous with respect
to the L-convergence. Indeed, this is a consequence of the convexity of the integrand and
Serrin’s Lower Semicontinuity Theorem (see Serrin [28]). Consequently, letting p — 17
in (3.30) and using (3.6), (3.18), (3.19), (3.25), we get

/<p|Vu|dx+/uz-V<pda:+/<p|Vu|qu
Q Q Q

+/u|Vu\q*2Vu~Vg0dx§ /fuk”cpdx.
Q Q

From (3.29), we conclude that

/|Vu|g@dx < /(z “Vu)pdr for all p € CX(Q) with ¢ > 0.
) )

This proves (3.23) and the assertion of the theorem. 0O
4. Concave-convex problems
In this section we first study the solvability of the problem

—Apu—Agu=-1+M""! inQ,
u>0 in O (4.1)
u=0 on 012,

for small values of A\, where 0 < v <1< p<q< N and g <r < ¢*. We are looking for
weak solutions u € Wy'?(€2) of problem (4.1) in the sense that

/ |VulP~2Vu - Vo dz + / |Vu|?™2Vu - Vo da
Q )

= /cpu*"yder/\/u’”*lcpdx

Q Q

is satisfied for all ¢ € W, %Q). To this end, we define the energy functional
I: Wy Q) — R of (4.1) by

1 1 1 A
In(u) = = | Vu|? + =||Vu? — —— =7 dg — 2|l
N pll u\|p+qll ullg 1—79/“' @ = —lully

Since the functional I is not differentiable, we will make use of the Nehari manifold
method. For u € W,'%(£2), we define the fibering function w, : [0, +00) — R by
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wy(t) = Ix(tu).

Then, the Nehari manifold related to (4.1) is defined by
7 = {u € W@\ (0 9l + 9l = [ ' a4 Al
Q

= {u e Wy () \ {0}: (1) = 0}

As shown in the paper by Liu-Dai-Papageorgiou—Winkert [22, Proposition 3.1], the
restriction to NV of the functional I is coercive. We split the Nehari manifold into three
disjoint parts given by

N ={ueNa: (p+v = DIVullp + (g +v = DIVul§ = Ao+ = Dul7}
={ueN,:w,(1) =0},
N ={ueNa: (p+y = DIVulp + (g +5 = DIVl = A+~ = 1)lfull}: > 0}
= {u e N,:w!/(1) > 0},
Ny ={uweNx: (p+v=DIVulp + (¢ +7 = DIIVul[§ = Ar +v = Djull; < 0}
={ueN\:w,(1) <0}
Our objective is to obtain a solution u, of problem (4.1) which belongs to N and a

second solution v, which belongs to A/;". Our first result states that for small enough A
the component N7 of the Nehari manifold N} is empty.

Proposition 4.1. Let 0 < vy <1< p<qg< N and g <r < q*. Then, there exrists Ay > 0
such that NY =0 for all X € (0,A1). The number Ay does not depend on p.

Proof. Let us suppose that A > 0 is such that there exists u € NY. Since u € N, we get
(r+v=DIVullf + (r+v = D[[Vul|F

= (7= 1) [l de 4 A+ = Dl
Q

Substituting this in the expression w), (1) = 0, we get

=PIVl + (= ) Vul = ¢+ 7= 1) [ =7 de,
Q

Since r > p, we may ignore the first term in the left-hand side. The right-hand side can
be estimated via Holder’s inequality and the Sobolev embedding theorem. From this, we
get a constant ¢; > 0 such that
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(r = )[[Vul|§ < er(r+7 = 1) Vullg™

Thus, we can find ¢y > 0, which does not depend on A nor on p such that

IVl < ca. (4.3)
On the other hand, since u € /\/}?, we have

(a7 = DIVullg < M+ = Dlull; < esA(r +7— D[ Vullj,
for some c3 > 0. Consequently,
AM[Vaullg7 > ca.

Here, ¢4 does not depend on A nor on p. Using (4.3), it follows that

cq < Aey L
Therefore, A > C;—Eq This proves the result. O

Proposition 4.2. Let 0 <y <1 <p<q< N and q <r < q*. Then, there exists Ao > 0
such that ./\/;\i # 0 for all 0 < X\ < Ay. This number does not depend on p. Furthermore,
for each u € W, 9(Q) \ {0}, there exist unique numbers ty,ts > 0 such that tyu € Ny
and tou € Ny .

Proof. We follow arguments similar to those in the paper by Liu-Dai—Papa-

georgiouWinkert [22]. Let u € Wy %(Q)\{0} and consider the function Pu: (0,+00) - R
defined by

bu(t) = |Vl — £ / | da.
o

Since 0 > g —r > 1 —r — ~, there exists o > 0 such that &u(?o) = max;>g qzu(t)
Moreover, 1!, (fo) = 0, and consequently,

R <(r +y = 1) [yt dx> T
(r — @)|IVul[§ '

Moreover,

py—1 a(r+v—1)
|Vl

(o [l ) 7571
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On the other hand,

11—~
=
/|u|1*7 dz < /|u|'f‘ dz Q7 = |u ;:V\ml—lq‘»«”,
Q Q
and
—1 q
Sq ||U q* S ||VUH37

where S, is the best constant of the Sobolev embedding W, 9(Q) < L?" (). Combining
the preceding estimates, we obtain

~ g+v—1 r—gq Tt SZTJfII
%(to)z k
rT—q r+vy—1

f”u‘lr*.
Q| “asse

Hence, wu(tAO) > cqryllu

o+ for some constant ¢y ., that does not depend on p. Thus,

Yulto) = Allully > cqryllullze = NQ'™7 Ju

g*.
We conclude that if

)\ < C‘Z;"V'Yl
o
then
bu(to) = Allull;. > 0.
Now let

0ult) = 07|Vl 4 Tl - 67 [l
Q

Since 0 >q¢—7>p—r >1—1r —-, there exists tg > 0 such that

Yu(to) = t>aé( P ().
Moreover,

Yulto) — Al >0 forall 0 < A< —

ary
Q7"
Thus, for each A in this range, there exist t; < ty < t2 such that
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Yu(tr) = Mully = Yu(t) and oy, (t2) <0 < 9y, (t1).

Arguing as in [22], one can conclude that t u € ./\/;r and that tou € Ny and that ¢; and
to are unique. This shows the result. O

Theorem 4.3. Let 0 < v < 1 <p < q< N and g <r <q*. Then, there exists Ag > 0
which does not depend on p such that for all 0 < X\ < Ag, problem (4.1) has at least one
weak solution u* € Wy (Q) such that u* € Ny and I)(u*) = min -+ Iy <0.

Proof. The proof of this result follows the same steps as in Propositions 3.6 and 3.7
by Liu-Dai-Papageorgiou—Winkert [22]. Here we only give a sketch. We first choose
Ao = min{A;, Ao}, so that Propositions 4.1 and 4.2 are applicable for 0 < A\ < Ag. For
any such A, we define

+ .
my = inf Iy.
ATV +
Proposition 4.2 implies that mj\r is well defined. Furthermore, one can check that (see
[22, Proposition 3.2])
m;\r<0 for all 0 < A < Ay.

Thus, one can consider a minimizing sequence {un}nen C N, /\+ . The coercivity of the
restriction of I to Ny implies that {u, },en is uniformly bounded in Wol’q(Q) and thus
there exists u* € Wol’q(Q) so that, up to a subsequence,

u, — u*  weakly in Wy(€).

Next, it can be shown that this convergence is actually strong, so that I, (u*) = m} < 0.
Finally, one can show that v* > 0 a.e. in 2 and that u* is a weak solution of problem
(4.1) which belongs to Ny This finishes the proof. O

Our goal is now to obtain a second solution of problem (4.1) which belongs to N, .

Lemma 4.4. Let 0 < y<1<p<qg< N and g <r < q*. Then, there exists A3 > 0 such
that the restriction of I to Ny is positive for all 0 < X < Az. The number Az does not
depend on p.

Proof. First, by the definition of N together with the embedding Wyl(Q) < L"(),
one has

A+ = Dllulll > (q+7 - DIVull§ = cilg+7 - Dljull? for all ue Ny,

for some ¢; > 0. Thus,
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1

d —1 T—q .

l|lul|» > (M> = Cq# for all u € N . (4.4)
)\(7’ +v— 1) AT—4a

On the other hand, since

1 1 A o1
- / ' dz + 2fullf — L[ Vullr for all u € N3,
q q A q q

we get

11 11 B 11\, ..
B = (5= ) ivulp+ (5 - 2 ) [l asea (G- 1) e
Q

for all w € N, . We may ignore the first term on the right-hand side while the second

one can be estimated via Hoélder’s inequality with exponents ﬁ and ML_l This gives
1 1 Co,r 1— -
I)\(U) Z)\ (&-;) ||U||:— EHUHT 7 for aHUEN)\ 5

with ¢4, > 0 not depending on A nor on p. Using (4.4) it follows that

B 1 1\ qeny Gy
B = i (3 (5= 7) gt - )

L 1 1 cg—‘;’yr—l Cor (45)
> full, ™ (5 - ;) )\q’ﬁzﬂ - m .

Therefore, Iy(u) > 0 for all w € Ny provided

Next we obtain the existence of a second solution.

Theorem 4.5. Let 0 < v < 1 < p < q < N and q <r < q*. Then, there exists Ag > 0
which does not depend on p such that for all 0 < A < Ag, problem (4.1) has a weak
solution v* € W,9(Q) such that v* € Ny and I)(v*) = min, -~ Iy > 0.

Proof. We choose Ag = min{Ag, A3}. The rest of the proof works in a very similar way
as in [22, Propositions 3.8, 3.9 and 3.10]. O
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Now we are interested in solving the problem

—Aju—Agu = u% + Xt in Q,
u>0 in Q (4.6)
u=20 on 0f2.

In order to do this, we will show that the solutions of problem (4.1) converge to solutions
of problem (4.6) as p — 1. First, we establish uniform estimates.

Lemma 4.6. Let 0 <y <1 <p<q< N, g<r<q* and {uy} be the sequence of weak
solutions of problem (4.1) obtained in Theorem 4.3. Then, {u,} is uniformly bounded in

Wy(Q).

Proof. Indeed, since Iy (up) < 0 for all p, we know that
1 1 1 _ Ao
CIVlE + IVl < 7= [ luplt o+ Sl
Q
On the other hand, u, € Ny, and thus
Mgl = gl + 1905l ~ [ fuf =7
Q

This leads to

1 1 1 1 1 1
- _Z P - _ = q _ - _ = 1—y
(p T)nwpnﬁ(q T)Vup||q<(17 T)/up| da.
Q

Since 0 <y <1<p<g<rand |u,|'™7 <1+ |u,l|, we get

1 1 1 1 1 1
- _Z q —— )0 - =z
(q r) IVupli2 < (1_7 T) 9l + (1 — T) SVl

where we have also used the embedding Wy'?(€2) — L'(Q). Thus, {up} is uniformly
bounded in W, 4(Q). O

Next, we show the same result for the solutions v, which have positive energy.
Lemma 4.7. Let 0 <y <1 <p < q< N and g <r < q* and {v,} be the sequence of weak

solutions of problem (4.1) obtained in Theorem 4.5. Then, {v,} is uniformly bounded in

Wy(Q).
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Proof. It is clear from the previous proof that it is enough to find a constant a; > 0
independent of p such that

In(vy) <ar forallp>1. (4.7)

Recall that Iy(v,) = min,, Iy, and that for all u € Wy?(€2) \ {0} there exists a unique
t > 0 such that tu € Ny . Let w € C2°(Q2) be a smooth function with compact support.
Then tow € Ny for some ¢y > 0, and thus

I (vp) < sup Iy (tw).
>0

On the other hand, we have

tr 1 t= by
I\ (tw) = —||Vw||? + —||Vw||? — w7 dz — Z||wl|”
A(tw) pll ||p+q|| K 1_79/| | el

T

t9 At
< (1+¢t9)(1 4 sup |Vw|))|Q| + EHVQ}HZ —
Q
as t — oo. Thus, there exists a; > 0 such that

sup I\ (tw) < ay for all p > 1.
t>0

Observe that a; depends on A but does not depend on p. This proves (4.7). O

From Lemmas 4.6 and 4.7, we know that there exist ug,vy € Wy9(Q) such that
ug, Vo > 0 in Q and, up to subsequences,
u, = ug and v, — vy weakly in Wy4(€),
up, —>up and v, — vy in L7(Q) forall 1 <n < g".

Lemma 4.8. Let 0 < v <1 <p<q< N and q <r < q*. Then, the functions ug,vy are
nontrivial and ug ", vy " € Li (). In particular, ug,vo > 0 a.e. in 2.

Proof. Let w, € W, '%(Q) satisfy

/ |Vw, [P~2Vw, - Ve dz + / |Vw, |7 2Vw, - Ve dr
o) )
= /gawlj” dz  for all ¢ € Wy 9(2) N L>(N).

Q

Such a sequence of functions exists due to Theorem 3.3. Choosing ¢ = (w, — u,)" as a
test function (this function belongs to L>(£2) because w, € L>(Q)), we get
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/ |Vw, P2 Vw, - V(w, —up) T dz + / |Vw, |9 2Vw, - V(w, — u,)t da

Q Q

= /(wp —up)tw, 7 dz
Q

< /(wp —up)tu, Y dz 4+ A / up M (wp — up)t da
Q Q

= / |V P2V, - V(w, —up)t dz + / Vup| T2V, - V(w, — u,) ™ da.
Q Q

Thus, (w, —u,)T = 0 and so u, > w,. Since w, — w a.e. in Q and w=7 € Ll (Q) (see

Theorem 3.6), we conclude that ug > w. Therefore, ug is nontrivial and u,’ € L, ().
A similar argument can be made for vy. The result is proved. O

Theorem 4.9. Let 0 <y <1 <p<qg< N and g <r <q*. Then, the sequences u, and
vp converge strongly to ug and vo, respectively, in WOI’Q(Q),

Proof. We prove the result only for ug, the proof for vy is analogous. Taking w, = u,—uo
as test function in (4.2) yields

/ |V, |P~?Vuy, - Vw, dz + / |Vup|12Vuy, - Vw, dz
Q Q

= /(up — ug)u, " dz + )\/u;fl(up — up) dz.
Q Q

Let us estimate the two terms on the right-hand side. First note that for any #;71) <

n < ¢*, it holds that (7;%1)77 < ¢* and thus u;_l is bounded in Lnfll(Q) Moreover,
up — ug — 0 strongly in L"(Q) for any such . Therefore, we have
(r—1)n
i

/ Up_l(up — UO) dz S ||Up — UOHL”(Q) /up"*l dx — 0,
Q Q

n—1

as p — 1T. To estimate the singular term, observe that, for all § > 0,

/(up —ug)u,” dz

Q

= / (up - UQ)u;'Y dz + / (up - uo)u,;’Y dx

{up<s} {up>8}
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<59+ (up — uo)u, " dx.
{up>d}

Thus,

/ |V |P~?Vuy, - Vw, dz + / |V, 2V, - Vw, dz

Q Q
<aN [ (- w) do b,
{up>d}
with lim,_,;+ w, = 0. Since
lim (up —up)u, "dr =0 forall § >0,
p—1t
{up>6}

we conclude that

/ |V, |P~2Vuy, - Vw, dz + / |V 2V, - Vw, dz
Q Q

< Wp.§,

where lims_,o lim, 1+ wp 5 = 0.

On the other hand, the weak convergence to zero of w, implies that

/|Vu0\q_2Vu0 -Vw,dz —0 asp— 17,
Q

and thus

/(\Vup|q_2Vup — |Vup|T2Vuy) - Vuw, dx
Q

< Wps — / |Vup,|P~2Vuy, - Vw, dr,
Q
where again lims_,q lim,_,1+ &, 5 = 0. Rewriting this inequality gives

/(|Vup|q_2Vup — |Vug |7 2Vug) - Vw, dz
o)

< Wps — / [Vu,|P do + / |V, [P2Vu, - Vug dz.
Q Q
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Now we set
2, = |V, [P 2Vu
p = P p-
Since

/|Vup|p dz < C,

where C' > 0 is independent of p, we can argue as in the proof of Theorem 3.6. Thus, up
to a subsequence, there exists z € L°°(€; RY) with ||z|[ =) < 1 such that

z, — z weakly in L¥(Q;RY)

for every 1 < s < oo as p— 1. Letting p — 17 and 6 — 0 we obtain

lim sup/(|Vup|q_2Vup — |Vug|72Vug) - Vw, dz

p—1t

—11m1nf/|Vup|de;+/z Vug da
Q

< fliminf/|Vup|pdx+/|Vu0|d:c,
P

—1+
Q Q

where we have used that z € L*(Q) with ||z]lcc < 1. Observe that the weak lower-
semicontinuity of the norm implies that

/|Vu0\ dz < liminf/ |Vu,|de
p—1+t
Q Q

1
< lim inf —/|Vup|pdx—|— |Q|
p—1t
Q

= liminf/ [Vu,|P dz.
p—1+t
Q
We finally conclude that

lim [ (V|9 2Vu, — |Vug|9*Vug) - Vw, dz = 0.
p—1t
Q

This proves the result due to Lemma 5 by Boccardo-Murat—Puel [8]. O
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Lemma 4.10. Let 0 <y <1 <p<qg< N and q <r < q*. Then it holds ug # vg.
Proof. Since v, € Ny for all p > 1, we may use (4.5) to get
() 2 cllupl™, (48)

where the constant ¢ > 0 does not depend on p. Using Theorem 4.9, it holds that
Vv, = Vg a.e. in Q. This leads to

1 1 1— A
. _ - . q = ’Y _ - r
Jim, 13 (vp) = [[Vwolls + i IVopllg = 5 — /vo da = —flvoll7-
Q
On the other hand, since v, € Ny, we know that

[Vupl|d = / [op |17 da + A||vpl|h — [Vup||h for all p > 1,
Q

and thus,

, B 1 11 - 11 .
Jlim, Ix(vp) = (1 - 5) [Vvollr + <5 - m) /Uo dz + A (5 - ;) [[vo -
Q

Letting p — 17 in (4.8) yields
0 < cllvg]|}™ < lim I\(v,) = 1—1 IVvoll1 + L /vl_’ydx
Ol S ¢) " g 1)) 0

1 1
+A < - ) l[voll7,
q T

where we used the fact that vg is nontrivial, see Lemma 4.8. We now estimate I (u,).
From Theorem 4.3 we know that I)(u,) < 0 for all p > 1. Thus, since Vu, — Vuy a.e.

in Q,
1 11 . 11
1—=]|V - — Tdr + A (- - = v
(1-2) 1l + 1_,y>ﬂ/uo o+ 3 (3= 2) ol

. < .
plir{a Ix(up) <0 < plir{{r I\ (vp)

1 1 1 _ 1 1 .
<1 — —) (Vo1 + (— — —> /vé Tdz + A (— — —> [lvollr-
q q 1-v J q T

Consequently, ug and vy must be different. This proves the result. O

IN
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We will now show that ug and vy are solutions of problem (4.6) in the following sense.
Definition 4.11. We say that u € W, '?(2) is a weak solution of problem (4.6) if
u™Y € Ljy (), (4.9)
and if there exists a vector field z € L= (Q; RY) with ||z]|sc < 1 such that
—divz — Agu=u""+ X"t inD'(Q), (4.10)
and
z+-Vu=|Vu| a.e.in . (4.11)

Proof of Theorem 1.1. We will prove the result only for ug, the one for vy is analogous.
From Lemma 4.8, we obtain (4.9). Let’s show (4.10). Recall that ug is the weak limit of
u, in W, () satisfying

/|Vup|p72Vup -Vedz + / |Vu,|T2Vu, - Ve dr
Q Q

(4.12)
= /@u;V dx + )\/ugflcpdx for all p € C°(Q).
Q Q

We estimate the left-hand side of (4.12). Let z, = |Vu,|P~"2Vu,. From Lemma 4.6 and
the arguments in the proof of Theorem 3.6, it follows that there exists a vector field
z € L= (Q;RYN) with [|z]| () < 1 such that

z, — z weakly in L¥(Q;RY)

for every 1 < s < oo as p — 17. Thus,

lim [ z,-Veder= [ z-Vedax forall p € CZ(Q).
p—1t ¢
Q Q

Furthermore, Theorem 4.9 implies that Vu, — Vug a.e. in . From Lemma 4.6, we
know that {Vu,} is uniformly bounded in L9(€2). Thus,

lim /|Vup|q_2Vup Veodr = /|Vu0|q_2Vuo -Vedz.
Q Q

p—1t

We now estimate the right-hand side of (4.12). For the non-singular term, we have
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plin11+ u;_lgodx = /ug_lgodm for all ¢ € C°(Q),
Q Q

. . a*_ _ - . .
because uf~! is bounded in L7=7 () and u),~! — ug L a.e. in Q. For the singular term,

by linearity it is enough to consider nonnegative ¢ € C2°(£2). Let § > 0. Then,
/wu;'ydac: / ou,’ dx + / pu, " dz.
Q {'“‘p§5} {“p>5}

Let Vs(s) be given by (3.13). Choosing Vs(u,)p as a test function in (4.12), we get

u, "pdz

{upgfs}

< [ w4 Vaw)pds
Q

< /V(g(up)|Vup\p72Vup -Vepdx + / Vs (up)| V|9 *Vu, - Ve da.
Q Q

Letting p — 17, we get

1imsitip / u, Tpdr < /VZ;(uo)z'Vgader/V:;(uo)\VuoP&Vuo~V<pd:r.
P <oy Q Q

Consequently,

lim lims Todr =0.
e
{up<s}

On the other hand, for almost every § > 0,

lim sup / u, Tpdr = / ug o da,
p—1t
{up>d} {uo>d}

and thus

0—0p—1+t

lim lim u, pdr = / uavcpdx:/uavcpdx.
{up>0} {uo>0} Q2

Here we used the fact that the set {ug = 0} is negligible with respect to Lebesgue’s
measure. This finishes the estimate for the singular term in (4.12). Taking everything
together and letting p — 17 in (4.12), we deduce that
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/z-Vnpdx+/|Vuo|q_2Vuo-Vgpdx:/@uo_’ydx—l—/\/ug_lgodx (4.13)
Q

Q Q Q

for all ¢ € C1(Q), which proves (4.10). It only remains to show that (4.11) holds. To this

aim, let ¢ € C1(Q)) be nonnegative. Taking (T} (uo)p) * pe as a test function in (4.13),
we have

/z~ (VT (ug)) * pe) dz

Q

- /Z - V((Tk(uo)p) * pe) dz — /Z ((Th(uo)Vep) x pe) d
Q

Q

— [ (@to)e) x py™ do A [ a5 (Tuluo)io) + ) o
Q Q

- / |Vug |7 2Vug - V(T (uo)g) * pe) da — /z - ((Tx (uo) V) * po) de.
) Q

We will estimate all the terms in this equation. We start with the singular one. Observe
that

(Tx(uo)p) * pe)ug '(z) = Ti(ug)ug "o(x) a.e.in Q as e — 0.

Furthermore,

(Tk(uo)p) * pe)ug ” < (@ * pe)kug "

Since p#*p. — @ uniformly in the norm || ||, we know that the right-hand side converges
in L*(€2). Thus, the generalized Lebesgue’s dominated convergence theorem implies that

/((Tk(uo)gp) * pe)ug | dr — /Tk(uo)uo_’ygo(a:) dz ase— 0.
Q Q

For the term involving the parameter A\, we know that (Tk(uo)y) * pe — Tr(ug)p in
L7 (Q). Thus

[ 1 (@w)e) ¢ ) = i Tilua)ol
Q

< [ |(Tilua)e) * .~ Tiuo)el
Q

r—1 ¥ +1—r
e —

< / ul" da / (T (o)) # pe — Tiluo)p
Q

Q

.
F+i—r dg
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g *+1—r
r

-
+1-r dx —0 ase—0.

<c / |(Ti(u0) ) * p= — Ti(uio)p
Q

It is also clear that

/ 2 (Te(uo)Vp) * pe) dz — / Ty(up)z - Vepdr,
Q Q

/ |Vu0|q_2Vuo -V((Tk(uo)p) * pe) de — / \Vuo\q_QVuo - V(T (up)p) d,
Q Q

/ 2 ($VTk(up)) * pe) dz — / 2 (oY Tk(uo)) dz,
Q Q

as € — 0. All together, we get

/z VT (up) do = /Tk(uo)ua'ygodx + )\/ug_lTk(uo)gpdx
Q Q Q

- / |Vug |92 Vug - V(T (uo)p) do — /z T (uo) Ve da.
Q Q

Thus, using T (up) — ug strongly in VVO1 7(Q2) and the monotone convergence theorem
for the singular term, and letting k& — oo, we conclude that

/z~g0Vu0da::/u(l)_"’godx—i—)\/uggodx
) ) o)

— / |Vuo T 2Vug - V(ugp) do — /z ~ugVede.
Q Q

(4.14)

On the other hand, taking u,p in (4.12), we have

/g0|Vup|p dz + /up|Vup\p*2Vup -Vepdx
Q Q

+/<p|Vup|qu+/up|Vup\q72Vup~V<pdac
Q Q

= /ull,_'ygodx—i—)\/u;apdx for all p > 1.
Q Q

Letting p — 17 and using weak lower semicontinuity properties, we arrive at
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/<p|Vu0|dJ;+/uoz-V(pdx—|—/¢|Vu0\qu+/uo\Vu0|q_2Vuo~V<pdac
Q Q Q Q

< /u(1)77<pdx+>\/u6<pdx.
) )

Using (4.14) yields

/|Vu0|<pd:c < /(z “Vug)pdz for all ¢ € CH(Q) with ¢ > 0.
Q Q

This proves (4.11) and the result. O
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