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1. Introduction

Our starting point is the variable exponent double phase inclusion below, whose
principal coefficient may be unbounded and whose convection term involves an
intrinsic operator

—div [h(u, Jullpey lullpe) (V)] € f(@,u, Tu, Vu, V(Tu)) in €,

u=0 only, (P1)
fg—z € fro(z,u,Tu) on I's.

Here Q c RN, N > 2, is a bounded Lipschitz domain, and
K(Vu) = |Vu|" @2V + p(z)|Vu|* @2V,  K£(0) = 0.

The sets T'; and T's form a partition of 99 satisfying I'y N Ty = @ and |T4| > 0.
Here, 9,1,k € C(Q) fulfill 1 < 9(x) < N, d(z) < k(z) and 1 < k(x) < 9*(z) =

1\1,\[_1979(8) for all z € Q while 0 < pu(-) € L®(£). Moreover, the intrinsic operator

T:V — WH7-(Q) (see Remark for V') is continuous, the coefficient h: R x
[0,00) x [0,00) — [ag, +00) with ag > 0 is continuous and possibly unbounded and
F:i OxRxRxRY xRN — 2B\ {(} is a multivalued function defined in the domain
Qand fr,: o xR xR — 28\ {(} is a multivalued function defined on the boundary
T'y. Furthermore,

ou

on

where v represents the outward unit normal at I's.
The operator governing the variable exponent mixed boundary problem (P1]) has
a double phase structure. Applications that have motivated research on this class

= h(u, [[ullee), ullpe (V) - v,

of problems include image processing, transonic flow models, nonlinear versions
of Derrick’s problem, and the nonlinear theory of composite materials. We refer,
for instance, to the works by Bahrouni-Rédulescu-Repovs [4], Benci-D’Avenia—
Fortunato—Pisani 8], Charkaoui-Ben-Loghfyry—Zeng |12], Cherfils-I’yasov [13] and
Harjulehto-Hésto [24]. In its classical form, this operator reads

div (|Vw|19—2Vw + p(2)|Vw|**Vuw),

with the associated growth functional
w / (IVw|” + p(z)| Vw|®) da. (1.1)
Q
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Elliptic problems with an intrinsic operator

For a weight function 0 < p(-) € L>(), the integrand of (L.1) given by ®(z,t) =
t” 4 p(x)t* exhibits unbalanced growth, that is

t? < ®(x,t) < ki (1+1t%)  for all (z,t) € Q x [0, 00),

with some constant kq > 0.

Functionals of the type were first studied by Zhikov [47] and Marcellini
128, 129 in connection with nonlinear elasticity of composite materials. Such func-
tionals also arise in duality theory and in the study of the Lavrentiev phenomenon;
see Zhikov [48|. The qualitative behavior of is strongly influenced by the
modulating coefficient p(-). More precisely, on the set

Qoo :={z € Q: p(z) >0},

the functional exhibits k-growth and k-ellipticity in the gradient, while it re-
duces to ¥-growth and J-ellipticity on the complement where p vanishes. The term
“double phase” refers to these two elliptic regimes. The regularity of local minimiz-
ers of was studied by Baroni-Colombo-Mingione [5,[6] and Colombo—-Mingione
[14} [15]. Other studies of regularity under unbalanced growth include those of Beck—
Mingione [7], Byun-Ok-Song [9], Fuchs-Mingione [20], and Prasad-Tewary [41].
Boundedness of weak solutions for fractional double phase problems with loga-
rithmic perturbation is established by Zeng—Lu—-Radulescu—Winkert [44]. The rel-
evant Musielak—Orlicz Sobolev spaces and properties of double phase operators
are treated by Arora—Crespo-Blanco-Winkert |2 [3], Crespo-Blanco-Gasiriski—
Harjulehto-Winkert [16], Lu—Vetro—Zeng [27], and Vetro—Zeng [|42|. For different
choices of the right-hand side, existence has been studied by Crespo-Blanco—
Gasitiski-Harjulehto-Winkert [16], Gasiniski-Papageorgiou [22], Gasinski-Winkert
[23], Liu-Dai [26], Papageorgiou—Radulescu— Repovs [37, [38], Papageorgiou—Vetro—
Vetro [39], Perera—Squassina [40|, Zeng—Bai-Gasinski-Winkert [43] and Zeng—
Réadulescu-Winkert [45], 46], see also the references therein.

The second feature of problem is the occurrence of an unbounded nonlocal
coefficient

h:R % [0,00) X [0,00) = [ag, +00), ag >0,

which is continuous but may be unbounded from above. Importantly, the function
h depends not only on the unknown function u, but also on its norms in the spaces
LFO(Q) with 1 < k(x) < 9*(z) for all z € Q, and in W®(Q). The study of Dirichlet
problems for the p-Laplacian with unbounded coefficients was initiated by Motre-
anu |32]. Later, Motreanu-Tornatore [35] investigated a Dirichlet problem driven
by a degenerate p-Laplacian with an unbounded weight, where the reaction term
involves convection. Further contributions to the theory of Dirichlet problems with
unbounded coeflicients can be found in Diblik—Galewski—Kossowski-Motreanu [17],
Galewski-Motreanu [21], and Motreanu—Tornatore [36]. These works commonly rely
on truncation methods as a key tool to address the challenges posed by unbounded
weights.
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Problem (P1)) also involves the intrinsic operator
T:V — whi-(Q).

In , the multivalued term f describes convection in €2, whereas fr, acts on the
boundary. Intrinsic operators are of particular relevance due to their wide range of
applications. Prominent examples include convolution, truncation, and the inverse
of the p-Laplacian, see the paper by Motreanu—Tornatore [36]. Further studies of
intrinsic operators in p, g-Laplacian equations include those by Medeiros—Motreanu
[30] and Motreanu—Motreanu |33}, 34].

We study the variable exponent double phase inclusion with an unbounded
coeflicient, a multivalued convection term and an intrinsic operator, together with
its constant-exponent counterpart. It is worth noting that problem covers a
wide range of special cases. For example, by choosing 1 < ¢(x) =9 and 1 < k(z) =
& for all z € €, the corresponding constant exponent inclusion reads

—div [h(u, [Jullk), [[ull0)L(VW)] € f(z,u,Tu, Vu,V(Tu)) in €,
u=20 on I'y,

—g—z € fr,(z,u,Tu) on I'y,

where £(Vu) = |Vu|"=2Vu + p(z)|Vu[""2Vu. When |[Tz| = 0, (PI) becomes a
variable exponent double phase inclusion subject to a Dirichlet condition

—div [h(u, Jullugys [ulln (V0] € f(@,u,Tu, Y, 9(Tu) in €,
u=0 on 0.

Moreover, if p(z) = 0 for a.e. € Q, the principal part of problem (P1)) is an
unbounded coefficient 9(-)-Laplacian, and the inclusion reads

—div (h(u,Hu||k(.),||u||ﬁ¢)\Vu|‘9(”’)_2Vu) € f(z,u,Tu, Vu, V(Tw)) in ©Q,

u=0 onl}y,

0
—8—2 € fro(z,u,Tu) on Ts.

Several choices are possible for the intrinsic operator 7. For further details, see
Sec. ] and the work by Motreanu-Tornatore |36].

Establishing the existence of weak solutions to (P1]) poses two main challenges.
First, the unbounded coefficient i, which may be unbounded from above, precludes
a direct treatment of by standard operator theory. Second, the convection
term f(z,u, Tu, Vu, V(Tu)), whose arguments include the gradient of u, generally
prevents a direct variational treatment. Our strategy to overcome these obstacles
follows the approach by Motreanu—Tornatore [36]. Section [3|introduces an auxiliary
problem obtained by truncation. A surjectivity result for pseudomonotone multi-
valued operators then provides a solution. Uniform bounds for solutions of the
truncated problem allow us to recover solutions of the original problem . The
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analysis is carried out in two distinct cases, reflecting the different requirements for
variable versus constant exponents:

(i) In the variable exponent case, the coercivity estimates use growth at the
minimum exponent ¢ _.

(ii) In the constant exponent case, a broader range of subcritical growth is
admitted.

In both cases, the composition condition in (H5)(ii) or (H'5)(ii) is used for uniform
boundedness. Detailed proofs are presented in Subsec. (variable exponents) and
Subsec. (constant exponents).

Section [2] collects the Musielak—Orlicz space framework for the variable expo-
nent double phase operator and the required definitions for multivalued operators.
In Sec. [3] a surjectivity result yields solutions of an auxiliary truncated problem.
Their uniform bounds then give weak solutions of . Finally, in Sec. 4} we ex-
plore applications of problem by considering various choices of the intrinsic
operator T.

2. Preliminaries

The Musielak—Orlicz space framework used below is based primarily on the works
of Crespo-Blanco—Gasitiski-Harjulehto-Winkert [16] and Lu—Vetro—Zeng [27], with
emphasis on variable exponent double phase operators. Related multivalued double
phase inclusions are studied by Cen—Costea [11]. We work on a bounded domain
Q c RN, N > 2, whose boundary 05 is Lipschitz.

Definition 2.1

(i) A continuous, convex mapping ¢: [0,00) — [0,00) is an N-function when
»(t) = 0 only for t = 0 and the following limits hold:

lim @ =0 and lim M

t—0+ t t—+oo ¢

:+Oo

(ii) For a mapping ¢: Q x [0,00) — [0,00), membership in the generalized N-
function class, written ¢ € N(), requires ¢(-,t) to be measurable at each
t >0 and ¢(z,-) to be an N-function for a.e. x € Q.

Definition 2.2. For a function ¢, the doubling condition ¢ € Ay means that a
constant ¢, > 1 can be chosen so that

p(x,2t) < cpp(z,1)
for a.e. x € ) and for all ¢ > 0. Moreover, if ¢ € Ay, then
@(ﬂ?, t + S) S Ctp@('xa t) + Ciﬂ@(‘ra 8)

for a.e. x € Q and for all t,s > 0. For ¢,9 € N(Q), the relation ¢ < 1 means
that ¢ is weaker than 1): there are positive ¢y, co and a non-negative h € L*() for
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which
o(z,t) < crp(w, cat) + h(x)
for a.e. x € 2 and for all ¢ > 0.
For p € N(), its Fenchel conjugate is defined by
©*(x,t) = SL>11(:))(st —¢(x,s)) fora.e. x € and forall t >0,

which satisfies Young’s inequality
ts < @(x,t) + ¢*(z,s) for a.e. x € Q and for all s,¢t > 0.
Moreover, for f € L¥(Q) and g € L¥ (2), we have

[ 1#ls1az <2051 lgl
If ¢ € Ag is convex with derivative ¢’, then for some constants c,¢ > 1,
¢ lo(r,t) <@ (a, )t <cp(z,t) and @™ (x, ' (x,1)) < Cp(a,t)

for a.e. x € Q and for all ¢ > 0. To define the Musielak-Orlicz space L¥(§) for
v € N(2), we first introduce its modular

poli) = [ ol ful .
and the set
L?(Q) :={u e M(Q): there exists A > 0 such that p,(Au) < 400}

whose norm is the Luxemburg norm

ul|p.cp = inf {A > 0: p, (%) < 1}.

Here M () denotes the space of Lebesgue measurable real-valued functions on
Q, with functions identified when they agree almost everywhere. We suppress the
domain in the norm notation, writing |||, for |lul|,q. The associated Musielak—
Orlicz Sobolev space consists of the functions

Whe(Q) := {u € L¥(Q): |Vu| € L¥(Q)}
with norm
lull1e = llulle + Vulle,

where ||Vull, = [[|Vu| ||, and py(Vu) = pu(|[Vu|). When ¢ € N(Q) is locally
integrable (i.e. ¢(-,t) € LY(Q) for all ¢t > 0), completing C§°(Q) in W1#(Q) yields

1Le
Wy #(Q). Thus Wy'#(Q) := Cg° (Q)W ) Musielak states the next two results in
his monograph [31, Theorems 7.7 and 8.5].

Proposition 2.3

(i) For ¢ € N(Q), the norm | - ||, makes the Musielak-Orlicz space complete.
Equivalently, (L¥(2),] - ||,) is a Banach space.
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(ii) Local integrability of p,v € N(Q) together with ¢ < 1 implies the continuous
embedding LY () — L?(Q).

The unit ball properties below are recorded in Musielak [31, Theorem 8.13] and
Diening—Harjulehto—Hést6—Ruzicka [18, Lemma 2.1.14].

Proposition 2.4. The following assertions are valid:
(i) Let ¢ € N(2) N Ay. Then
L?(Q) = {u e M(Q): py(u) < +o0}.
(i) Let ¢ € N(Q) N Ay and u € L¥(Q). Then py,(u) < 1(respectively, = 1;> 1) if
and only if ||ull, <1 (respectively, =1;> 1).

For completeness and reflexivity of the Sobolev spaces, we use the following
sufficient conditions from Musielak |31, Theorem 10.2] and Fan |19, Proposition 1.7
and 1.8].

Theorem 2.5. Assume that ¢ € N(Q) is locally integrable and satisfies
;relggo(x, 1) >0.

The spaces W% (Q) and Wy () are then Banach spaces. If ¢ also satisfies the Aq
condition, these spaces are separable. Reflezivity of L? () also entails reflexivity of

Whe(Q) and Wy #(Q).
For the particular choice p(z,t) = t”(*) the conjugate takes the form
" (2,1) = 9(z) " (@) — 1”@,

where 1 < 9(-) € C(Q) and the relation ﬁ + ﬁ =1 holds for all z € Q. This

choice of ¢ yields the variable exponent Lebesgue space LY()(€).
For ¥ € C(f2), we write its minimum and maximum as
Y- :=mind(z) and I; :=maxd(x).
e ze

Analogous notation is used for k. Suppose 1 < ¥(x) < N for all x € . The critical

Sobolev exponents for 2 and 0f2, respectively, are
N9Y(x) (N —1)9(x)
0 (2) i= ———~ d d.(z) = —-——+
@)=y 4 -0 =50

We impose the following hypothesis:

for all z € Q.

(HO) Let ¥,x € C(Q) such that 1 < J(z) < N and J(z) < k(z) < 9*(z) for all
x €. Let 0 < pu(-) € L®(R). The case u = 0 is allowed.
The critical exponents corresponding to ¢_ are denoted by
NvY_ (N-1)9_

W)=y and (O )ei=——,
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respectively. The double phase structure is described by the function ®: Q x
[0,00) — [0, 00), namely

®(z,t) == t"@ 4 p(x)t"®  for all (z,t) € Q x [0, 00). (2.1)
The energy density associated with I is given by
v tﬂ(z) tm(z)
t) = .

For & # 0, K(§) = 0:¥(x,|E])¢/|€|, and K(0) = 0. Under (HO), the function @
in ([2.1)) is a locally integrable N-function. The associated modular for ® reads

polu) = [ (o, ful o
Q
The resulting Musielak—Orlicz space takes the form
L*(Q) = {u € M(Q): po(u) < 400},

and carries the Luxemburg norm

u

|lu|le = inf {)\ >0: po (X) < 1} i
Moreover, the Sobolev space W1®(Q) is defined as
Wl’(b(Q) ={ue LQ(Q): |Vu| € L‘I’(Q)}7

while W® () is obtained by completing Cg°() in the norm of W®(£2). On both
We®(Q) and W () we use the norm

[ullie = llulle + [[Vulle.

Under hypothesis (HO), the Luxemburg norm || - ||¢ makes L®(2) a Banach space
that is both separable and reflexive. These properties also hold for W% () and
W (Q).

An equivalent norm on WhH®(Q) is

ull 5 = inf{/\ >0 o (%) < 1},

with pg denoting the modular
o) = [ (1Val®) + w(@)u®) do+ [ 1’ a,
Q Q

for u € WH®(Q), see Amoroso—Crespo-Blanco-Pucci-Winkert 1, Proposition 3.1].
The norm-modular estimates below are given by Amoroso—Crespo-Blanco—
Pucci-Winkert [1, Proposition 3.2].

Proposition 2.6. Let hypothesis (HO) be satisfied and u € W12 (Q).

. K ~ 9
() If lullps <1, then [lull;; < po(u) < [lull;, -

po
. U ~
(i) 1 [l > L. then [}, < polu) < [l

pa
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We write X — Y when the embedding of X into Y is continuous, and X = Y
when the embedding of X into Y is compact. A function h: Q — R in C% s (Q)
is log-Hoélder continuous if there is a constant C' > 0 satisfying

C
h(z) —h < —
@) = h(0)| < o
For a bounded domain Q@ € RY and v > N, it holds

COL(Q) c W (Q) ¢ C% e (Q).

— 1
for all z,y € Q with 0 < |z —y| < 7

The embeddings listed below are established in Proposition 2.16 of Crespo-
Blanco—Gasiiiski-Harjulehto-Winkert [16].

Proposition 2.7. Let hypothesis (HO) be satisfied. Then the following hold:

(i) L*(Q) — L™O(Q), Wh*(Q) — WLrO(Q), Wr*(Q) — Wl Q) for all
rEC’(ﬁ)with1<r() I(x) for all x € Q.

(i) Let 0 € C(Q) N C¥Tosm (Q), then WL2(Q) — L'O(Q) and WEHE(Q) —
L™O(Q) for all r € C(Q) with 1 < r(x) < 9*(x) for all x € Q. Under (HO),
if 1 < r(z) < 9*(x) for all x € Q, both embeddings are compact without the
additional log-Hélder assumption.

(iii) Let 19 € C(Q) NW(Q) for some v > N, then WhH®(Q) — L") (0Q) and

Q) — LN(mnﬁwaureO(WHMh1<r()<ﬁ()ﬁwaUxe§.

(iv) W1 Q) e LTO0Q), WP (Q) s L7O(Q) for all r € C(Q) with 1 <

r(x) < Vi (x) for all x € Q.

Proposition 2.8. Let hypothesis (HO) be satisfied. Then the following hold:

(i) Wh®(Q) —— L?(Q).
(ii) A constant C > 0, independent of u, can be chosen such that

lulle < C[[Vulls (2.2)
for allu € Wy *(9).

Remark 2.9. Following the norm-equivalence approach of Cen—Costea [11], we
show that ||Vulle is an equivalent norm on the closed mixed-boundary space
Vi={ueW"(Q): Tr u = 0 a.e. on T';}.

Take P(u) = fF1 | Tr u|do. The trace estimate implies P(u) < Clull1,s, and
P(c) = |¢||T"1| for constants c. It remains to prove that, for some C' > 0,

(|IVullg + P(u)) for all u € WH(Q).

If this estimate failed, homogeneity would provide a sequence u,, € W®(Q) with
[unlie =1, [Vunle + P(un) = 0.

The reflexivity of W1®(Q) and its compact embedding into L®() in Proposi-
tion (1) yield, after passage to a subsequence, u,, — u in WH®(Q) and u,, — u
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in L®(Q2). Since Vu,, — 0 in L*®, we have Vu = 0, so u is constant on the domain
Q. It follows that u, — u in W®(Q), and continuity of P gives P(u) = 0. Thus
u = 0 because |I'1| > 0, contradicting |lu,|1,6 = 1. Consequently, ||Vulle + P(u)
is equivalent to |lull1,¢ on WH®(Q). On V, P(u) = 0, so holds and ||Vul|e
is an equivalent norm. We retain ||u|| := [Ju||;, on V, including in the arguments
of h. Choose D > 1 such that |lu|| < D||Vulls on V and set a, := agD~Y-. For
|lu]l > D, we have ||Vullg > ||ul|/D > 1, and the norm-modular inequalities give

9 _
[ @V do > [Fuly = D70
Multiplying by ag yields
ao/ ®(z, |Vu|) dz > ay||ul/?-.
Q

Write C,., C. 1, for the embedding constants of V' (with norm ||-||) into L™(€2), L™ (T'2)
whenever the relevant embedding holds, and choose Gy_ so that |Vulls. <
Gy_||lul|. The output Tw need not have zero trace on I'y.

Next, we recall standard definitions for multivalued operators.

Definition 2.10. Consider a real reflexive Banach space X, its dual X™*, and the
duality pairing (-, -). For a multivalued operator B: X — 2% ", we use the following
terminology:
(i) pseudomonotone if and only if
(a) For each v € X, the value B(v) is a nonempty, closed, convex and bounded
set.
(b) On every finite-dimensional subspace of X, the restriction of B is upper
semicontinuous with respect to the weak topology of X*.
(c) For any sequence {vp}neny C X with v, — v in X and v} € B(v,) with
lim sup (v, v, — v) <0, there exists v*(w) € B(v) satisfying
liminf(v}, v, — w) > (v*(w),v — w)
for all w € X,
(ii) generalized pseudomonotone if and only if {v,}neny C X, {v} }neny C X* with
v* € B(vy,) such that v, = v in X, v} — v* in X* and
lim sup(vy;, v, —v) <0
imply v* € B(v) and
(v, vn) = (0%, 0),
(iii) coercive if and only if for v € D(B) such that ||v||x — oo, it holds that
inf{(v*,v): v* € B(v)}

ol x

— +00.

2650027-10
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The following surjective theorem is essential for our existence results, see
Carl-Le [10].

Theorem 2.11. Suppose X is a real reflexive Banach space and T: X — 2%
is bounded and pseudomonotone. Assume the following coercivity condition: a
real-valued function c¢: Ry — R with lim, . c(r) = 400 and a point vy € X
can be chosen so that

(W™ v —vg) > c(|]v]|x)|lvllx for all (v,v*) € Gr (T).

Its range is then the whole space, that is, range (T) = X*, so T is surjective.

3. Existence of Uniformly Bounded Weak Solutions

To obtain uniformly bounded weak solutions of , we truncate the unbounded
coeflicient h to define an auxiliary problem, and then establish its solvability via a
surjectivity theorem for multivalued pseudomonotone operators. Uniform estimates
independent of the truncation parameters allow us to choose those parameters so
that an auxiliary solution also satisfies the original problem.

First, we focus on the problem involving variable exponents and present the
corresponding assumptions for the function A, the multivalued functions f:  x
R xR xRV xRN — 28\{(} and fr,: Ta x R x R — 28\{()} as well as the intrinsic
operator T: V — W17-(Q).

(H1) The function h: R x [0,00) x [0,00) — [ag,00) is continuous, where ag is a
positive constant.

(H2) The functions f: 2 x R x R x RY x RN — 28\{(0} and fr,: s x Rx R —
28\ {()} are graph measurable with f(z,-,-,+,-): R x R x RN x RN — 28\ {(}}
being upper semicontinuous for a.e. x € Q and fr,(x,-,-): R x R — 28\ {0}
being upper semicontinuous for a.e. z € I'y. Both maps have nonempty closed
convex values.

(H3) The growth of the interior term is controlled by constants a; > 0 for i =
[

1,2,3,4 and a function o; € L7—1 (€2) through the estimate
sup {|77| ne f(xa 51, 82751752)}
<oi(@) +arls1[” 7 Faglse [P aglén |+ aaléel Y,

for a.e. x € €, for all 51,59 € R and for all &,& € RN,
(H4) For the boundary term, there are constants b; > 0 for ¢ = 1,2 and a function

9_
o9 € L7-~1(T'y) for which
sup {[¢]: € € fr,(z,51,82)} < 0a(x) + by|s|”= 71 + bafsa|” 7,
for a.e. z € T’y and for all 51,55 € R.
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(H5) (i) There are constants 0 < A < a, and K > 0 such that
/ nudz — / Cudo < Allul|?~ + K|ul| (3.1)
Q s

for every uw€V and all measurable selections n(z) € f(z,u, Tu, Vu,
V(Tw)) and ¢(z) € fr,(z,u,Tu) almost everywhere. The norm and a.
are fixed in Remark 2.9

(ii) There exist exponents

J_<d< (@), J-<e< (Vo)

N
- <M <09,

- ?97_1<72<OO

such that, for every M > 0, there exists Ly; > 0 with the following
property. For each u € V with ||u|| < M, there are non-negative functions
Wy € L7 (Q) and w,, 2 € L7?(T'2) satisfying

HwUJH’Yl + ||wu,2||727F2 < Lwm

and
nEf(a:,u,TSIBFV)u,V(Tu)) i
<wyi(z)+ Ly (|u|d*1 + |Vu|19*(d*1)/d) a.e. in €,
as well as

sup I¢| < wyo(z) + Lalul™"  a.e. on Ty
CEfry (z,u,Tu)

Hypothesis (H5)(i) provides the energy estimate. Hypothesis (H5)(ii) is used in
Lemma [3.7] to obtain uniform bounds independent of the truncation parameters.

Remark 3.1. Under (H3)—(H4), a sufficient condition for (H5)(i) is that T" satisfies
the following estimates with constants ¢; > 0 for : = 1,2, 3,4:

9_—1 0_—1
[Tully” " < cllull;, — +cs

J_—1 v_—1
IV(Twlly- < eallull;, — +es

S
£

SN
\
A

ooy < callullp, ™ s,
for all u € V, together with
A= ang: +agc1Cy_ + agGZ:flCﬁf + aacaCy
+01C) " 1, +b2caCy_ry < a, (3.2)

2650027-12



Elliptic problems with an intrinsic operator

Indeed, Holder’s inequality and these estimates give

/nudx— (uda§/|n||u\dx+/ [¢||u] do
Q Fz Q F2
9_—1 Y_—1
< (loullor +aallTully- ™" +aal V(@)= "") ullo-

Y J_—1
+arllully” + asl|Vully~lulls

Y9_—1 I
+ (Nozllor v, + b2 Tully L) ello s + Bulull”

< Auf)’= + K|ul,
where
K =Cy_[llorllo_r + (a2 + as)es] + Co_ n, [llozllo_rr, + bacs].

Thus (3.1)) holds with constants independent of w.

If, in addition, ¥_ > N — 1, the same norm estimates imply (H5)(ii). Indeed,

N N -1

> d .
_ > 0 an _ > 0 —1

Take d =e =19_ and 71 = 75 =9, and set

)

Wy1 =01+ a2|Tu|79*_1 + a4|V(Tu)\79*_1,
Wy,2 = 02 + b2|Tu|19*_1.

Since (¢ — 1)9_ = J_, the displayed norm estimates give, for ||u|| < M,

wu,1llor + llwuzllor 1, < lloillor + llo2llo r,

+ (a261 “+ aqco + bgC4)Mﬁ_7l + (ag + a4 + b2)03.

The remaining terms in (H3)—(H4) have exactly the powers required in (H5)(ii).
Choose Lj; larger than the displayed norm bound and a1, as, b;.

We use the following weak formulation of (P1J).

Definition 3.2. We say that a function u € V is a weak solution of problem ,
if there exist fixed measurable selections n € f(z,u, Tu, Vu, V(Tu)) a.e.in Q and
¢ € fry(z,u,Tu) a.e. on I'y, such that, for every v € V, h(u, |[ul|x(.), [ull 55 ) (V) -
Vo € LY(Q), nv € L(Q), (v € L}(T'y), and the following identity holds:

/Q hw, el lullpe) (IV"O 7290 + () Va0 2Vu) - Vo da

= / nuvdx — Cvdo. (3.3)
Q T's
The main existence statements for weak solutions of (P1)) are given next.

Theorem 3.3. Let hypotheses (H0)—(H5) be satisfied. Then problem (P1)) possesses
a uniformly bounded weak solution u € V. Its trace on T'y is also bounded.
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Next, we consider the particular case when the exponents are constants, that
is, 9(x) =9 > 1 and k(z) = & > 1 for all x € Q. In this scenario, the growth
conditions for the multivalued functions f: O x R x R x RY x RY — 28\ {(}} and
fro: Ta x R x R — 2B\ {0} are weaker as seen below:

(H'3) There exist constants a; > 0 for i = 1,2,3,4, 71 € (1,0%) and 61 € L™ ()
satisfying
sup {|77| N e f(xa 51, 52, 51) 52)}

29
7
1

< G1(2) +anfse|” T+ dofse| ™ T a6 [P+ Aol T,
for a.e. x € Q, for all 51,52 € R and for all &,&, € RY.
(H'4) For the boundary term, choose constants b; > 0 for i = 1,2, 7 € (1,7,) and
a function G4 € L™ (T'y) so that
sup {[€]: € € fro(z,51,52)} < Ga(@) +bilsa|” ™" + bafsa| >,

for a.e. x € I'y and for all 51,82 € R.
(H'5) (i) There are constants 0 < A < a, and K > 0 such that

/ nudx —/ Cudo < K||u\|1§ + K|lul| (3.4)
Q Iy

for every u € V' and all measurable selections specified in (H5)(i).
(ii) Hypothesis (H5)(ii) holds with ¥_ = 9.
Remark 3.4. Under (H'3)-(H'4), a sufficient condition for (H'5)(i) is that T" sat-

isfies the following estimates with constants ¢; > 0 for i = 1,2, 3, 4:

I Tull2 7" < eully, " + és,

=

IV(Tw)l;

S ‘ea.

Tl 27 < 54HU||§;1 + G,
for all u € V, together with
A= @1C§ +a26:C__5«  + dgGgflng + a462Cr,

9* —7+1

+ 82540 3.

Dy —7g+1"

—|—b10

5.Ts < Q. (3.5)

I

The terms involving T" are estimated by Holder’s inequality as follows:

/ITUI” Hul dz < | Tul5. 1||u|| ,

r1+1

T 97
| V@l de < o) ul,

(Tul™  ul do < (| Tl 270 flull_s.
9

P T2

s
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Here the first and third pairs of Holder exponents follow from
fl—1 9 =7 +1 Fo—1 D, — 7+ 1
no1 ~7“1—|— _1, -1 ~7“2+ _

o o D D
By substituting the norm bounds for 7" and estimating the remaining terms as in
Remark we obtain (3.4 with the displayed A and
K = ||61]l7 Cr, + &3(a2C o+ @aCr,) + [152]l75.r,Crora + b283C__5,

V-1 Te—Totl’

1.

FQ-

When 7, = 75 = 9 > N — 1, these estimates also imply (H'5)(ii). The critical
domain and trace norm estimates control the corresponding LY norms on these
finite-measure sets, so the argument at the end of Remark applies.

We have the following existence result.

Theorem 3.5. Suppose ¥(z) =9 > 1, k(z) = & > 1 for all x € Q, and assume
(HO)—(H2) together with (H'3) <(H'5). Problem then has a weak solutionu € V
that is uniformly bounded in ), with bounded trace on I's.

3.1. Variable exponents

We now give the proof of Theorem [3.3]

Lemma 3.6. Assume (HO0)—(H5). Every weak solution w € V of (P1), or of its
auziliary problem with hg, obeys ||ul|;, < My for a constant My > 1 depending on
the problem data and the lower bound ag of h.

Proof. Let u be a solution of (P1)). Choosing v = u as a test function in (3.3
yields

[ bt el ) (197 + (o) V")

= / nudx — Cudo. (3.6)
5o = D. By (H1), Proposition and Remark we obtain

/Q B, Nl ellpa) (1907 + (@) Val")) da

Assume |lu

> ao/ O(z, |Vu|)dz > a*||u||g;. (3.7
Q
By (H5)(i), (3.6) and (3.7)), we obtain
(as = A)lu]”~ < K]ul.
Hence, we have

K
el < (

ay, — A

1/(9--1)
) =: M whenever |ul/z, > D.
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Taking M; = max{D, 1, M} shows the assertion. The estimate uses only the lower
bound ag, and therefore also holds for hg, independently of R. O

Lemma 3.7. Under (HO), (H1) and (H5)(ii), let u € V satisfy the weak formulation
of the original or an auxiliary problem, with a principal coefficient bounded below
by ao, and assume |ul|;, < M. A constant Ma(M) > 0, independent of the upper
bound of that coefficient, satisfies ||ulloo + ||t 0o,y < Ma(M).

Proof. We use a Moser iteration, as in Motreanu-Tornatore [36]. Put u™ =

max{u,0} and uy = min{u™, ¢} for £ > 1. For a > 0, take
v = u"‘u?“g’7 z=utud.

Both functions belong to V, since the corresponding scalar truncation maps are
Lipschitz and vanish at zero. Their gradients satisfy

Vv = (1 +ad_ 1{0<u+<€}) “Vut
Vz=(1+ a1{0<u+<g})u?Vu .

Denote the principal coefficient by H, > ag. Since |£]7- < 1+ [€]7(®), testing
the weak formulation with v and discarding the non-negative extra gradient terms
yields

ao/ué ~|Vut|?- dx<ao/ue ’da:—&—/ In|utu, P i
Q Q

[ et don
I

Taking (H5)(ii) into account, apply Young’s inequality with conjugate exponents
d/(d—1) and d to

(d—1)/d
<|Vu+\19*u2“9’) (uﬂ;?ﬁ’/d) .
After choosing the Young parameter in terms of ag and Lj;, we obtain
LM|V’U,+|197(d71)/dU+ ad_ <=2 ‘vu+|197 ad_ + CM( )d ?19—.

Moreover, |Vz| < (a+1)uy |Vu™], u?ﬁ’ < 142%- and u*uj‘ﬁ’ < 142~ Absorbing
the gradient term, we obtain

||Vz||19 < Cy(a+1)7- [1 —|—/ (14 wy1 + [u|*7) 27~ da
Q

T /F (a2 + [ul¢™7=) 27~ da} : (3.8)

Here and below Cj; > 1 may be enlarged. The bounds on |[wy 1|y, and ||wy2||s,rs
in (H5)(ii) ensure that Cy; is independent of the choice of u with |lu]| < M, of «
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and /¢, and of the upper bound of H,. Set

rQ—max{ﬁ I 1’(19)*d—|—19}<(19) ,
9

- S }<(’9)*'

)
The strict inequalities follow from (H5)(ii). Holder’s inequality yields the interior
estimates

F—max{ﬁ I _7h, e

9
/ w12~ dz < w12l
Q

[l o <

The second estimate uses conjugate exponents (J_)*/(d—4_) and (9_)*/((9-)* —
d+9_). If d = 9_, the weight is 1, and the integral is ||z||,,~
on I's use 72, e and (J9_).. The norm bound on u and the Sobolev and trace
embeddings therefore turn into

if d>9_.

H 9_(9_)*
W —a+9_

. The same calculations

Y
IV2015- < Carla+ 1)~ (14112019 + 1120, ) -

Choose 0 < 6q, 0r < 1 such that

1 1—0q Oa
re 0= o)
1 1-6r Or
N N

Interpolation and the Sobolev and trace inequalities on the partial zero-trace space
give

(1-6 9_0,
l2l%s < Cllall= vzl

—0 I_60
202, < Cllzlly- S vz °r

Young’s inequality with exponents 1/6q, 1/(1 — 6g), and their boundary counter-
parts implies that, for every 0 < e <1,

25 + 120, < eIVl +Ce (Il + 1215 r,)

rr,I'2

where b = max{fq/(1 — 0q),0r/(1 — 0r)} > 0. Take ¢ = [2Cyr(a + 1)?-]7L. The
coefficient of the gradient term on the right is then 1/2, so absorption yields, with
B=9_(14+0),

9 Y Y
192057 < Cara+ 17 (14 203 + 1215, ) -

1/s
olleoors = ( [ s+ |w|8da) .
Q I's
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Since (¥_ ). < (¥-)*, the same Sobolev and trace inequalities control ||z[/(y_). our,
by ||Vz|ly_. Letting £ — oo and using Fatou’s lemma therefore yields

max {1, [|u™ || (a1)0_)..0urs }

< [Car(a+1)7) /=00

max {1, [[u™|ly_(at1).00r, } - (3.9)
whenever the norm on the right is finite. Set x = (J_)./9_ > 1 and take aj+1 = x’
for 7 =0,1,.... The initial norm is bounded by CyM, and repeated application of
(3.9) bounds all norms with exponents ¥_x’ by Py max{1, CoM}, where
_ <= log Car + Bjlog x
log Py = Z I

=0

log C 1
_ xlogCu  fBxlogx

I-(x—1)  J-(x-1)?

Since dz 4+ do on Q UTs is a finite measure, letting j — oo proves

max{||u" oo, 4" [loo,r,} < Pay max{1,CoM}.

Testing with v = —u~ min{u~,¢}*"~, where u~ = max{—u,0}, leads to the same
estimates for w~. This proves the asserted bound Ms(M), independently of the
truncation parameters. |

Since the coefficient A may be unbounded, the standard operator theory cannot
be applied directly to problem (P1)). We therefore replace it with the truncated
function hp: R x [0,00) x [0,00) — R defined by

h(R1, Ra, R3) if t> Ry,s> Ro,l > R3,
h(R:, Ry, 1) if t > Ry,s> Ro,0<1< Rj,
h(R1,s, R3) if t>R1,0<5s<Ry,l>Rj,
h(Ry,s,1) if t>R1,0<s<Ry0<I<Rs,
h(t, Ra, R3) if —Ry<t<Ry,s>Rs > R3,
bl 5.0) = h(t, Ry, 1) if —Ry <t<Ri,s>Ry0<Il<Rj, (310)
h(t, s, R3) if —Ry <t<R,0<s<Ryl>Rs,
h(t,s,1) if —Ry <t<R;,0<s<Ry0<Il<Rs,
h(—=Ri1,Ra,R3) if t < —Ry,s> Ra,l > R3,
h(—Ry,Ry,l)  if t < —Ry,s > Ry,0 <1< Rs,
h(—R1,s, R3) ift<—R1,0<s<Ry,1>R3,
h(—Ry, s,1) if t<—R1,0<s<Ry,0<1[<Rs,
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for parameters R;, Ro, Rz > 0. Clearly, hr is bounded and continuous, with ag <
hr < Mg for some Mg > 0. The corresponding auxiliary inclusion reads

—div [hg(u, Jullk(), [l pe)K(VU)] € f(z,u,Tu, Vu, V(Tu)) in Q,
u=0 only, (P2)
—hr(u, [[ullke, [[ullpe)K(VU) - v € fr,(z,u,Tu) onTs.
The operator associated with , Jr:V — V* acts through
(Tr(u),v)
= [ Rt s L) (96077290 + () V=29 0) - Voda,
for all u,v € V.

Deﬁnition 3.8. We say that a function @ € V is a weak solution of problem
B2, i ha@, [@lluy, [l ) (V3 "D -2V + ()| Val©) -2V i) - Vo € L1(Q) and
there exist fixed measurable selections n € f(z,u,Ta,Vu, V(Ta)) as well as ( €
fr,(z, 4, Ta) with nv € L () and (v € L(T3), such that

/ Pl il [l 5a) (1917 72Va + (@) Va0 -2Va) - Tode

= / nvdx — (vdo,
Q Ty
for all v € V. The pointwise memberships hold almost everywhere on the corre-
sponding sets.
The operator Jg fulfills the following useful properties.

Proposition 3.9. Under (HO) and (H1), Jr: V — V* is a bounded and continuous
operator. It also has the (S )-property, i.e.

up, ~win V. and limsup(JTr(un),tn —u) <0 = up, —uin V.

n—oo

Proof. We use the basic double phase operator A: V — V* namely

/ o |Vu| | -Vodx

= / (|Vu|ﬁ(x)*2Vu + u(:z)|Vu|’""(z)*2Vu) -Vodz, w,veV.
Q

The double phase estimates of Crespo-Blanco—Gasiriski-Harjulehto-Winkert [16]
show that A4 is bounded, continuous and of type (S;). Their gradient estimates
apply on V' by the norm equivalence in Remark and remain valid when the two
exponents coincide or p vanishes. The strict monotonicity of the first power flux
also implies

(A(u) — A(w),u —v) >0 for u # v.
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Indeed, equality would imply Vu = Vv almost everywhere. Their difference is
constant, and its zero trace on I'y forces that constant to vanish.
Continuity of hr provides the finite constant
Mg = h(t,s,l).
R (t,s,l) [ Ry, Rl] [0 RQ]X[O R3] ( )
For Hy, = hr(u, [[ullky, [|ull5 ), we have ag < H, < Mpg. The flux map & — K(§)
is continuous from L®(Q;RY) to L® (;RY) and is bounded on bounded sets.

Holder’s inequality gives
[(Tr(u),v)| < 2MRg[K(Vu)|

Together with boundedness of A, this estimate bounds Jg.

For continuity, assume u,, — w in V, and write H,, = hg(un, |[Unllkc), |tnllps)
and H = H,. The subcritical embedding in Proposition (ii) and convergence in
VAmply [[un [[k) = ullke) and [Jun |55 — [Jull 55 - Every subsequence has a further
subsequence with wu,(x) — u(z) almost everywhere, and continuity of hr implies
H,(z) — H(z) there. The power bounds in (HO) imply the Ay condition for ®*,
and the fixed flux belongs to its Orlicz heart. Since |H,, — H| < 2Mg, for every
A > 0 the integrand below tends to zero almost everywhere and is dominated by
the integrable function ®*(z, 2Mg|K(Vu)|/\). Thus

por (U HORTOYY _ [ g, Mo = BTN g,

H* VU||<I>-

A A

For each A > 0 this modular is eventually at most 1, so the Luxemburg norm is
eventually at most A. Since A is arbitrary, we obtain

|(H,, — H)K(Vu)|| o — 0. (3.11)

The subsequence principle extends this convergence for the whole sequence. For
v € V, Holder’s inequality now yields the estimate

KTr(un) — Tr(w),v)]

K(Vuy,) — K(Vu)] - Vo dx

+ /Q(Hn — H)K(Vu) - Vo dz

<2( MR||IC(Vun) — K(Vu)

o+ [|(Hn = H)E(Vu)|le-) [Vol[o.

Flux continuity and show that Jr(un) — Jr(u) in V*.

To verify the (S;)-property, assume w,, — u in V and the stated limsup condi-
tion. The compact embedding V << L®(Q) in Proposition i) implies u, — u
in L®(£2). From any subsequence we may extract a further subsequence such that

Un(r) = u(w) ae., |unllpey =8 lunllpe — L
Set H(x) = hr(u(x),s,l). As above,
I(Hy, — H)K(Vu) o — 0.
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Weak convergence of the gradients and Holder’s inequality therefore imply

= / H,K(Vu) - V(up, —u)dz
Q

HK(Vu) - V(u, —u)dr + / (H, — H)K(Vu) - V(u, —u)dz — 0.
Q Q

Pointwise monotonicity of the flux, together with H,, > ag, yields

0 < ag(A(un) — A(w), u, — u)
/ H,[K(Vu,) — K(Vu)] - V(u, —u)dx

= (Tr(un), un — uy — I.

It follows that limsup,, (A(uy ), un — u) < 0, since (A(u),u, —u) — 0. The (S;)-
property of A yields strong convergence in V along this further subsequence.
Applying the subsequence principle to the arbitrary initial subsequence proves
Up, — uin V. O

Define the selection sets
Sp(u) = {n e L’ (Q): n(x) € f(z,u, Tu, Vu, V(Tu)) ae.},
Sr(u) :={¢ € L’ (T3): ((x) € fr,(z,u, Tu) a.e.}.

Each selection defines a functional on V' by integration against the test function.
The corresponding multivalued operators By, By, 'V — 2V" are defined by

Bf(u):{v'—}/ﬂnvdz:nes‘f(u)},

By, (u) = {v [ Cudo:Ce sp(u)}.

s

We write B, and B for the corresponding linear functionals. Holder’s inequality
and the embeddings fixed in Remark give

By (0)| < Co_l[nllor_l[o]],
B¢ ()] < Cy_r, [ICllorrs [[]l-

Thus these functionals belong to V*, and By (u) and By, (u) collect all functionals
obtained from the selections at wu.

By (H2)—(H4), the scalar values are nonempty and compact almost everywhere.
Graph measurability and the measurable selection theorem ensure that S¢(u) and
Sp(u) are nonempty. Their L7~ integrability follows from (H3)—(H4) for fixed u.

Convexity of the pointwise values implies convexity of the selection sets. If a
sequence of selections converges in Lﬁl, an almost everywhere convergent subse-
quence and pointwise closedness show that its limit remains a selection. The sets are
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therefore norm closed, convex and bounded, hence weakly compact in the reflexive
spaces LU~ () and L~ (T'3).

On the ball ||ul| < M, (H5)(ii) and the continuous embeddings into L4(Q2) and
Le(T'z) imply

HnHmin{"/l,d’} =+ ||C||min{'yg7e’}7r‘2 < CM7 ne Sf(u)a C S SF(U)
Indeed, (d —1)d’ =d and 9_(d — 1)d'/d = V_, so
_ 9_(d—1)
el = lallg™, [ IFul?==2/ = o)z,
Similarly, |||ul*"!|e r, = JullST . 1“2 The growth bounds and the finite-measure em-

beddings therefore yield the displayed uniform estimate. Since d,v] < (9_)* and
e, 75 < (V-)x, the associated dual embeddings

V eses Lmax{d,%}(Q), V s Lmax{eﬁé}(l—é)
are compact.

Proposition 3.10. Under (H0)~(H5), Fr := Jr—Bs+By, : V — 2V is bounded,
coercive and pseudomonotone.

Proof. We first verify the closed-graph property of the selection maps. Suppose
up = uin 'V, n, € S¢(un), ¢n € Sr(u,), and

I in Lmin{—yhd/}(Q)’ Cn N C in Lmin{'yg,e/}(rz)'

Continuity of 7 implies Tu,, — Tu in W7~ (Q). After extraction, all interior
arguments converge almost everywhere, as do the traces of u,, and Tu, on I's. Set
F.(x) = f(z,u,Tu, Vu, V(Tu)). Upper semicontinuity and compactness of F,(x)
imply

dist (nn(z), Fu(z)) = 0 for a.e. z € Q.

. e k
9 _ n .
By Mazur’s lemma, there are finite convex combinations 7, = > ;" ay ;jn;, where

oy,; > 0 and Zf;n ap,j = 1, such that 5, = n in Lmintrd’} () A further subse-
quence converges almost everywhere. Convexity of Fy,(x) yields
dist (M (2), Fu(x)) < sup dist (n;(x), Fu(z)) — 0.
jzn

Pointwise closedness therefore implies n(x) € F,(x) almost everywhere. The growth
bound (H3) at the limiting input shows that n € L~ (2), so n € Sy(u). The same
argument on I's, using (H4), proves ¢ € Sr(u).

The preceding selection bounds and the bound for Jg imply boundedness. Each

value is nonempty, convex and weakly compact, hence closed. For v* = Jr(u) —
By, + B¢ € Fr(u) and |lul| > D, the calculation in Lemma [3.6] yields

(u*,u) > (an = A)lu]]” = K ul|
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Dividing by ||u|| shows that the lower bound tends to +o00 as |lu|| = co. For ||ul| <
D, boundedness on this ball gives (u*,u) > —Cp||u/. Combining the two estimates
verifies the coercivity condition in Theorem with v = 0.

Let w, — wu, choose uw} = Jgr(un) — By, + B¢, € Fgr(un), and suppose
limsup,, (u);, up, —u) < 0. If @ = max{1,sup,, ||u,|| s} < oo, (H5)(ii) and Holder’s
inequality give a constant Cg > 0 such that

/Q il 1 — ] dz < Co (fttm — tlla + 1t — ot )

[ Klun = uldor < Co (e = s + fhen = g )
>
The compact embeddings just established give
/ Dn(un —u)de — | Cp(up —u)do — 0.
Q Ty

Consequently lim sup,,(Jr(un), 4, —u) < 0, and Proposition implies u,, — u
in V. Fix w € V and pass to a subsequence attaining liminf, (v}, v, — w). Extract
selections 7, — 7 in Lmin{w,d'}(Q) and {, — (in Lmi“{7275/}(1"2). The closed-graph
property just proved implies n € S¢(u), ¢ € Sr(u). By continuity of Jr and strong
convergence of the inputs,

lim inf(u),, u, —w) = (JTr(u) — By + B¢, u — w).
n

This verifies condition (c) of pseudomonotonicity. Condition (a) was established
above. To verify condition (b), let E C V be a finite-dimensional subspace, u €
E, and let O C V* be weakly open with Fr(u) C O. If Fr|g were not upper
semicontinuous at u, there would exist sequences satisfying

1
up € E, |up —ul| < =, wu} € Fr(un)\O.
n

The inputs lie in a norm ball, so boundedness of Fr and reflexivity of V* imply,
after extraction, w), — w* in V*. Write v}, = Jr(u,) — By, + B¢, The uniform
selection bounds yield a further subsequence with 7, — 7 in Lmi“{w,d'}(Q) and
Cn — Cin Lmi“{w’e/}(l"g). Since u, — u in V, the closed-graph property implies
n € Sg(u) and ¢ € Sr(u). Continuity of Jr and the dual embeddings established
above show, for every v € V, that
(w*,v) = lim (u),v) = (Tr(u),v) — / ndz+ [ (vdo.
Q Ty

n—oo

Thus w* € Fr(u) C O. Weak convergence and weak openness of O imply u’, € O
for all sufficiently large n, contradicting the choice of w). Consequently, Fr|g is
upper semicontinuous from E with its norm topology to V* with its weak topology.
This verifies condition (b). |

Theorem 3.11. Under (HO)—-(H5), (P2) has a weak solution uw € V, and every such
solution satisfies ||ul]| < My and ||ulloo + [|tlco,r, < Ma(Mi), independently of R.
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Proof. Proposition and Theorem yield a solution of 0 € Fgr(u). The
two estimates follow from Lemmas [3.6] and applied to the auxiliary coefficient
hr > ag. O

We can now complete the proof of Theorem

Proof of Theorem Choose R3 > M, Ry > CyM; and Ry > My (M),
where C}, is the continuous embedding constant into L*() (). Solve for these
parameters. The estimates in Theorem [B.11] imply that all three truncations in
are inactive at this solution, so hr = h a.e.in its weak formulation. Thus it
solves , with the asserted bounds. O

3.2. Constant exponents

We turn to the proof of Theorem [3.5]

Lemma 3.12. Suppose 9(x) = 0 > 1, k(z) = & > 1 for all z € Q, and assume
(HO)-(H1) together with (H'3)~(H'5). Every weak solution u € V of (PI)), or of its
auziliary problem with hg, obeys ||ul|;, < M, for a constant M, > 1 depending on
the problem data and the lower bound ag of h.

Proof. Take a weak solution v € V of (P1]). By choosing v = u in (3.3)) we arrive at

/Q Bl lullpa) (190l + p(@) [ Vul*) do = /Q nude — | Cudo.  (3.12)

I

If ||ull 5, > D, hypotheses (H1), Proposition [2.6| and Remark [2.9) give
/Q Bw, el lullpe) (IVul? + p(@)Vul*) do > aull],.  (313)

By (H'5)(i), (B-12) and (3.13), we obtain
(ax = D)Jul” < KJull

_ 1/(9—1)
g .
a, — A

From this we conclude that ||lulls, < M whenever |luls, > D. Setting M, =
max{D, 1, M} completes the proof. As in Lemma this estimate is also valid for
the auxiliary coefficient hg, independently of its truncation parameters. O

Hence,

Lemma 3.13. Under the assumptions of Lemma(3.12] every such solution satisfies
lulloo + [|tlloo,ry < Ma2(My), independently of the truncation parameters.
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Proof. The assertion follows from Lemrpa with M = M, since (H'5)(ii) sup-
plies (H5)(ii) and its proof uses the W' embeddings and the lower bound ag. O

Proposition 3.14. Under (H0)~(H2) and (H'3)—~(H'5), Fr: V — 2V is bounded,
coercive and pseudomonotone.

Proof. The selection sets are defined as above, now in L% () and L¢ (I'y), where
dy = max{tg,h} and ¢y = max{ﬁ,fg}. For fixed u, the growth estimates imply
bounded selections in these spaces: the v and Vu terms have L bounds. The
Twu and V(Tu) terms have L™ bounds, and the boundary terms have L? or L™
bounds. On finite-measure sets these bounds imply the asserted Ldf), L bounds.
On each norm ball, (H'5)(ii) also bounds the selections uniformly in L™in{7.4'}(Q)
and Lmi“{sze/}(Fg). The corresponding dual embeddings and boundedness of Jg
therefore imply boundedness of Fr. As above, (H2) and these growth bounds en-
sure nonempty, convex and weakly compact values, and the Mazur argument in
Proposition [3.10] establishes their closed graph for strong convergence of inputs in
V and weak convergence of selections in Lmi““hd’}(ﬂ) and L™n{72:¢H(Dy). The
estimate in Lemmaimplies (w*,u) > (ay — N)|ul|? — K||ul| for u* € Fr(u) and
|lu|| = D, proving coercivity. For a weakly convergent input sequence in the pseu-
domonotonicity condition, (H'5)(ii) yields uniform bounds in L™{1-4}(Q) and
Lin{72,¢'H(Ty). The compact embeddings into L™*{471}(Q) and L™ax{e2}(Ty)
imply that both source pairings tend to zero, exactly as in Proposition [3.10] Propo-
sition [3.9] then implies strong convergence of the inputs in V. Passing to weak limits
of the selections verifies condition (c) as in Proposition For condition (b), ap-
ply the weak-open-set contradiction from that proposition to a norm-convergent
sequence in a finite-dimensional input space. The same uniform bounds and closed-
graph argument identify the weak limit with an element of the value at the limiting
input. O

Proof of Theorem Proposition and Theorem give an auxiliary
solution for every R. Lemmas [3.12 and B.13] provide bounds independent of R.
Choose R3 > My, Ry > Cy M, and Ry > My (My). All truncations are then inactive,
and the auxiliary solution solves the original problem. This completes the constant-
exponent argument. O

4. Applications

Following Motreanu—Tornatore [36], we examine several choices of the intrinsic op-
erator T: V. — W1?-(Q) and their applications. We verify the sufficient norm
conditions in Remarks [3.1) and (3.4 for each choice. We also verify (H5)(ii) from the
concrete assumptions in each application. In the sufficient conditions below, 1, v2
satisfy the inequalities in (H5)(ii). All domain and trace embedding constants are
those fixed in Remark unless the full space W7~ (Q) is specified.
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Choosing the convolution operator Tu = (p * Eu)|q, where p € L'(RY) and
E: W-(Q) — W17 (RY) is a bounded linear extension operator, gives the
inclusion

—div [h(u, [[ullk), [|ull50)K(VU)] € f(2,u,p* Eu, Vu,V(p* Eu)) in Q,

u=0 only, (4.1)
0
fafz € fr,(z,u,p* Eu) on Ts.

Fix Eg > 0 so that ”EUHWL“L(RN) < Epllullpg, and put L = Eo||p||p1@n~y. For
the output of this operator, let S, S, r, denote the embedding constants of the full
space WH?-(Q) into L™(Q) and L"(T3).

Theorem 4.1. Assume (H0)—(H4) and either 9_ > N — 1, or p € L~ (RV),
o1 € LM (Q) and o9 € L7?(T'2). Suppose also that

ang: + agLﬂ__lcQL + G3GZ:_10197 + G,4L19__1CI97

+b10§j$2 +b2(Sy_r, L)~ "1Cy_ 1, < an.
Under these conditions, problem has a weak solution u € V' that is uniformly
bounded. Its trace on I's is also bounded.
Proof. To apply Theorem we verify the sufficient conditions in Remark
The extension estimate reads
[Eully0 - gy < Eollullp, forallue V.
Young’s convolution inequality, including its derivative version, gives
[Tullo_ .o < llp* Eully_ rx < llplliry[[Bully_ gy < Lijulls,,
IV(Tu)llo_ o < llp*V(Eu)ls_ry < ol evV(EWlly_ gy < Lilulls,.  (4.2)

Using the full W'Y~ norm as the sum of the function and gradient norms, the same
argument also yields

HTUHWW—(Q) < Hp”l,RN”EuHWl’ﬁ—(RN) < Lilullps-
For the boundary estimate, the trace embedding of the full space implies
ITullo_.r, < So_ralTullyro- o) < So_ vy Llullp,-
Thus the norm estimates in Remark B.1] hold with
c1 = Lﬂ__l, Coy = Lﬁ__l, C3 = 0, Cq4 = (5197,1“211)19__1.

The extension and convolution maps are continuous, so T: V- — W1?-(€Q) is con-
tinuous. The displayed smallness inequality is exactly (3.2)) with these constants,
so Remark [3.1| implies (H5)(i).
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If ¥_ > N—1, Remark[3.1]also verifies (H5)(ii). In the other case, the hypotheses
on p, 01,09 apply. Holder’s inequality and the derivative identity in (4.2]) yield
[Tulloc,0 + [[V(Tu)lloo,0 < llolly_r my [ Eull o vy < Eollpllo_r v [lull o -
The convolution has bounded continuous representatives, and the same bound
applies to its trace. Hence (H3)-(H4) imply (H5)(ii) with d = e = J_ and
Wy,; = 0; + Cyy for i = 1,2 on every norm ball. Theorem therefore applies. O

In particular, a smooth compactly supported kernel and bounded source func-
tions o1, oy satisfy the second set of sufficient conditions.

Theorem 4.2. Let J(z) = U > 1 and k(z) = & > 1 for all z € Q, and set 7y =
o = 0. Assume (HO) —(H2), (H'3)-(H'4) and either 9 > N —1, or p € L (RN),
g1 € L"(Q) and 64 € L72(Ty). Suppose also that

01CY +5(85. L)' C__pe +a3G Oy +anl’ I Cy

TF—F+1

+blcg,r2+b2(51§*,F2L)ﬁflc b po < G

Tu—rpt1 2
Under these conditions, problem (4.1)) has a weak solution uw € V' that is uniformly
bounded. Its trace is also bounded.

Proof. Theorem [3.5] reduces the proof to checking the sufficient conditions in Re-
mark |3.4] . For constant exponents, (4.2]) yields

9/ J— J— J—
V@l = IV@wl]~ < 27 lull}, ™
The critical domain embedding of the full space yields

1_ 9— 9—
1Tl S5 L)~ Hlullp,

W1 Q) = = (

For the boundary estimate, the critical trace embedding implies

J— _ g
ITull? = HTUIIﬂ <S5 IITUIIWW(Q (S5, 1, D)7 Yl 97

Thus the norm estimates in Remark hold with ¢ = (Sj. L)1, &y = L9,
é3 = 0 and &4 = (Sé*,rzL)5_1~ The stated inequality verifies (H'5)(i) by
Remark If 9 > N — 1, the same remark verifies (H'5)(ii). In the other case, the
preceding convolution bound and 7y = 7y = 9 verify (H'5)(ii) with d = e = 9 and
Wy,; = 0; + Cpr. Thus Theorem applies. O

Next, we consider the continuous map Tw = u* with ut = max{0,u} and
u~ = —min{0, u} in problem (P1)). For this choice, problem (P1)) becomes
—div [h(u, [Jullk(.), 1ulle ) K(VY)] € flz,u,u™, Vu, V(uF)) in Q,
u=0 only,

0
—8—Z € fr,(z,u,u™) on Ty. (4.3)
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The next existence statements apply to (4.3)). We give the proof for Tu = u~.
The argument for Tu = ut is analogous.

Theorem 4.3. Assume (H0)-(H4), 01 € L7 (), 02 € L7 (T'2), and the inequality
(a1 +a2)Cy~ + (as + as)Gy~ " Cy_ + (by +b2)Cy~ 1. < .

Under these conditions, problem (4.3)) has a weak solution w € V' that is uniformly
bounded. Its trace is also bounded.

Proof. We verify the norm estimates in Remark For all u € V', we get
1 Tullo- = llu"llo- < llullo- < Co_llullp,,
IV(Tw)llo- = Vu~llo- < [[Vullo_ < Go_|lullpe
||Tu||'l9—’r2 = ”u_HﬁfIz < ”uHﬁﬂFz < CﬁﬂFQHUHPA@‘

Therefore, the norm estimates in Remark hold with

9_—1 9_—1 9_—1
ca=Cy 7, =Gy, 7, c3=0, 04:C197,F2.

The truncation map is continuous in W17~ (Q) and preserves the zero trace on TI'y.
To check (H5)(ii), the pointwise bounds |u~| < |u| and |[Vu™| < |Vul give

sup nl < o1(x) + (a1 + a2)lu|”~ " + (a3 + aq)[Vu|’~ 1,
nef(z,u,u=,Vu,Vu~)

sup  [¢] < oa(@) + (b + bo)[ul” -
CEfry(z,u,u™)

These are (H5)(ii) with d = ¢ = 9_ and w,,; = o; for i = 1,2. The smallness
condition is precisely (3.2)) for the displayed constants. Remark [3.1] verifies (H5)(i),
and Theorem proves the assertion. O

Theorem 4.4. Let ¥(z) = ¥ > 1 and k(x) = & > 1 for all x € Q, and set
71 = 7y = 0. Assume (HO)~(H2), (H'3)~(H'4), 61 € L™ (Q), 65 € L"*(T'3), and the
inequality

a10 + aQC’ﬂ 1C R L =+ (C~L3 + C~L4)G§_1C§

9% — 71

Y OO 5 <.

Y, T2 Tiorariol?

Under these conditions, problem (4.3)) has a weak solution w € V' that is uniformly
bounded. Its trace is also bounded.

Proof. Again, the proof reduces to checking the sufficient conditions in Remark[3.4]

2650027-28



Elliptic problems with an intrinsic operator

For all w € V, one can estimate that

I1Tu) 37 = he
97 9—1 9—1
IV @uwl|y ™ = a5 < G jull 2,
7 1 _ d— 1 d—1 d-1
ITully = e 57, < Coop, lull
Thus, we only need to choose ¢; = Cg:l, Gy = Ggfl, ¢z =0andé Cg 1{ The
2
same pointwise estimates verify (H'5)(ii), because 74 = 7o = . Remark |3.4| and
(B-5) give (H'5)(i), and Theorem [3.5] applies. O

Furthermore, let Tu = (—Ay_)~*(u) with £: R — R continuous and satisfying
[e()] < du|t]”=7" + da,  dy,dz > 0.

Here T'u is the unique solution in Wol’ﬂ’ () of —Ay_(Tu) = £(u) with zero Dirichlet
data on the whole boundary. This specifies the inverse operator, whose values are
only required to belong to W17~ (Q). We consider the problem

—div [h(u, |ullkys 2l pe (V)]
€ o, (~Dg_) (), Vu, V(~Ay_) " 0(w)) in

u=0 onl}y,

ou

“on

The existence statements for are as follows. Let Py_, Py_)~ denote the Dirich-
let Poincaré and Sobolev constants, and put

A1 =Py diCy~ " Ay =Py dy|QV-

€ fr,(z,u, (—Ay_)"'4(u)) on Ty. (4.4)

Theorem 4.5. Assume (H0)—(H4) and either 9_ > N —1, or Q has C? boundary,
¢ is bounded, o1 € L' (2) and o9 € L"2(T'2). Suppose also that

a1Cy~ +axPy~ ' A1Cy_ +asGy~ Co +asAiCy_ + 510y~ 1 < a..

Under these conditions, problem (4.4]) has a weak solution uw € V' that is uniformly
bounded. Its trace is also bounded.

Proof. Since for a given u € V', Tu solves —Ay_(Tu) = £(u) in Q, testing with T'u
we get

V@l = [ 9@ do= [ dwTuds
Q Q
< ()= + dol927=") Tl
< (=M ully, ™ + ol @MY Py IV(Tw) o
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If the gradient norm is nonzero, divide by it. The resulting inequality is also true
when it is zero. Thus

_—1 Y_—1
VT~ < Allullz, + Ao

The Dirichlet Poincaré inequality then implies

_—1

-1 9_—1 v_—1 I_—1 9_—1
[Tully~ " < By~ “IV(Tu)lly” < By” Aullullpy + Py~ Ao

The trace of T'w vanishes on the whole boundary. Consequently the norm estimates
in Remark 3.1 hold with

Cc1 = P:;:_lAl, Cy = 1417 C3 = max{l,Pg:_l}Ao, Cq4 = 0.

The continuity and growth assumptions on ¢ imply continuity of w — £(u) from
L%~ to L?-". To verify continuity of the Dirichlet inverse, let F,, — F' in L°- and
let wy,,w € Wol’ﬂ’ (Q) solve —Ay_w, = F,, and —Ay_w = F. Testing with w,, and
using the Dirichlet Poincaré inequality gives

_—1

||vwn||19 SP@?HFnHﬁ/_,

where the estimate is also valid if the gradient vanishes. Hence a subsequence con-
verges weakly to some wq in I/VO1 - (Q). Writing Ay_ for the Dirichlet J_-Laplacian,
we have

(Ag_(wy), wn — wo) = /

(Fn—F)(wn—wo)der/ F(w, —wg) dx — 0.
Q

Q
The (Sy) property of Ay_ implies w,, — wy strongly in Wol’ﬂ’ (Q). Passing to the
equation gives —Ay_wy = F, and uniqueness implies wy = w. The subsequence
principle yields w, — w in WO1 - (Q) for the full sequence, proving continuity of
the inverse. Hence T: V. — W1?-(Q) is continuous. The smallness inequality is
for these constants, so Remark [3.1] implies (H5)(i).

If 9_ > N — 1, the verified norm estimates imply (H5)(ii) by Remark In
the other case, Q has C? boundary and ¢ is bounded. Put B = ||{||~ and choose a
ball Bg(xg) containing Q. Its ¥_-Laplacian torsion function is

RO~ _ = mo‘ﬂ’,

—AﬁiT =1 in BR(.%'()).

Since |[¢(u)| < B, weak comparison with +BY(?~=r gives
|Tul < BYO-"Yr inQ, |Tulle <C(Q,0_)BY -1,

If B = 0, uniqueness gives T'u = 0. Combining this solution bound with the global
Dirichlet boundary regularity estimate for bounded forcing yields

||T’LLHW1°<>(Q) S 0(9719—7 ||€||<X>)’

see Lieberman [25]. Substituting these bounds in (H3)—(H4) proves (H5)(ii) with
d=e=19_ and w,; = 0; + Cp for i = 1,2. Theorem therefore applies. a
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For example, £(t) = tanht and bounded o7, o5 satisfy the bounded-forcing as-
sumptions on a C? domain.

Note that if 9(z) = o for all z € Q, then ¥_ = 9.

Theorem 4.6. Let J(z) = 9 > 1 and k(z) = & > L for all z € Q, and set
71 = 7o = 9. Assume (H0)—(H2), (H'3)~(H'4) and either ¥ > N — 1, or Q has C?
boundary, ¢ is bounded, &1 € L7 (Q) and 6o € L7 (T'3). Suppose also that
010 + @ PYT AC 5 463G O+ A O+ 5iCY L <
9* —7+1 ’

Under these conditions, problem (4.4]) has a weak solution uw € V' that is uniformly
bounded. Its trace is also bounded.

Proof. The argument used for Theorem yields the following estimates for
every u € V:

IV (Tl < Aulully, ™ + Ao,
|Tull 5t < PETHIN(Tw)(I5 ™" < PI7 A lullp + Pyt Ao,

9—1 _
| Tul 5.1y = 0.

Therefore the norm estimates in Remark hold with ¢; = Pg:lAl, ¢y = A,
C3 = max{l,ngl}Ao and ¢, = 0. The assumed inequality (3.5) verifies (H'5)(i)
by Remark If § > N — 1, that remark also verifies (H'5)(ii). In the other case,
the bounded-forcing regularity argument just proved, together with 7, = 7o = ¥,
verifies (H'5)(ii) with d = e = ¢ and w,,; = &; + Cps. Theorem applies in both
cases. m]

Finally, for Tu = gu with g € WHN(Q) N L>(Q2) we consider the problem
—div [h(u, [Jullk), [[ull6)K(Vu)] € f(z,u,gu) in€Q,

u=0 onl}y,

0
—a—z € fry(z,u,gu) on I's. (4.5)

The source f(z,u, gu) is independent of the gradient arguments. Thus a3 = a4 =0
and a3 = a4 = 0 in the corresponding growth bounds. Write G = ||¢]|co,
Gr = ||9]lco,r, and Gy = ||Vyg||n. Since 1/9_ = 1/(9_)* + 1/N, Hélder’s inequal-
ity controls the product uVg in LY-. The trace of g is bounded by its essential
supremum in 2.

Theorem 4.7. Assume (H0)-(H4), o1 € LM (Q), 02 € L"2(T'2), and the inequality
010y~ +ax(GCy_)"="1Cy_ +b1Cy~ 1 +b2(GrCo_ 1)~ 'Cy_ 1, < .
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Under these conditions, problem (4.5) has a weak solution u € V' that is uniformly
bounded. Its trace is also bounded.

Proof. For u € V', we calculate that
[Tullo_ = llgullo_ < llgllscllullo_ < GCo_[lull5s,
IV(Tu)llo- = lgVu+uVglls_ < G|[Vuls_ + Gillullo_)-
< (GGy_ +G1Cy_y-)
[Tullo_r. = [[(9)(W)llo_r, < Grllullo_r, < GrCo_ r,[lullse-
Then, the norm estimates in Remark hold with
= (GCy_)"-71, 2= (GGy_+G1Cry y-)" 71,
c3=0, c¢q= (GFC§_7F2)19*’1.

The product rule also proves continuity of the multiplication map into W17~ (Q).
Finally, the pointwise relations |gu| < G|u| and the boundary relation |gu| < Gr|u|
give (Hb5)(ii) with d = e =9J_ and w,,; = 0; for i =1, 2. Remark and give
(H5)(i), so Theorem applies. a

Theorem 4.8. Let ¥(z) = 9 > 1 and k(z) = & > 1 for all € Q, and set
71 = 7o = 1. Assume (HO) —(H2), (H'3)-(H'4), 51 € LM (Q), 62 € L7*(I'), and the
inequality

@10Y +a2(GCy.)" 1O 4 +610§’ +b2(GrCy_ 1) C s,

TF—F 1 —F1+1 Dy —7g+1’

< Q.

I

Under these conditions, problem (4.5)) has a weak solution uw € V' that is uniformly
bounded. Its trace is also bounded.

Proof. For u € V, we calculate that

< (GCy) M ull?;

PI>’

V(T )IIW“ = HV(QU)IIﬁ "< (GG + GriCy) M full?,

P<1>’

9—
ITul ) = @l

<GPl

. rz
_ G-
< (GrCy, 1) Hull 2

Then, the norm estimates in Remark (3.4 hold with & = (qu*)ﬁ—l’ ¢ = (GG +
Gng*ﬁ_l, ¢z = 0 and é4 = (qu;*’m)&_l. As before, the absence of gradient
arguments in f, the pointwise product bounds and the stated integrability of the
source functions imply (H’5)(ii) with d = e = 9. The inequality verifies (H'5)(i)
by Remark Theorem [3.5] concludes the proof. O
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