GENERAL COMPARISON PRINCIPLE FOR
VARIATIONAL-HEMIVARIATIONAL INEQUALITIES

SIEGFRIED CARL AND PATRICK WINKERT

ABSTRACT. We study quasilinear elliptic variational-hemivariational inequal-
ities involving general Leray-Lions operators. The novelty of this paper is to
provide existence and comparison results whereby only a local growth condi-
tion on Clarke’s generalized gradient is required. Based on these results, in the
second part the theory is extended to discontinuous variational-hemivariational
inequalities.

1. INTRODUCTION

Let @ ¢ RY, N > 1, be a bounded domain with Lipschitz boundary 0f2. By
WP (Q) and W, *(€),1 < p < oo, we denote the usual Sobolev spaces with their
dual spaces (W1P(Q))* and W~14(Q), respectively, where ¢ is the Holder con-
jugate satisfying 1/p + 1/¢ = 1. We consider the following elliptic variational-
hemivariational inequality. Find v € K such that

(Au+ F(u),v —u) + / JP G v — u)de

. (1.1)

+/ J2(,yuiyv —qu)do >0, Vv € K,
o0

where ji(x, s;7), k = 1,2 denotes the generalized directional derivative of the locally
Lipschitz functions s — ji(x, s) at s in the direction r given by

‘ ) g
jg(l‘,s;r) :limsup ]k(x’y+ 7“) ]k(fﬂ,y)

y—+s,tL0 t
(cf. [16, Chapter 2]). We denote by K a closed convex subset of WP (), and A is

a second-order quasilinear differential operator in divergence form of Leray-Lions
type given by

k=12

Au(x) = — Z %ai(x,u(x), Vu(z)).

The operator F stands for the Nemytskij operator associated with some Carathéodory
function f: Q x R x RY — R defined by

F(u)(x) = f(z,u(x), Vu(z)).

Furthermore, we denote the trace operator by v : WHP(Q) — LP(9€) which is
known to be linear, bounded, and even compact.
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The aim of this paper is to establish the method of sub- and supersolutions for
problem (1.1). We prove the existence of solutions between a given pair of sub-
supersolution assuming only a local growth condition of Clarke’s generalized gra-
dient, which extends results recently obtained by Carl in [6]. To complete our
findings, we also give the proof for the existence of extremal solutions of problem
(1.1) for a fixed ordered pair of sub- and supersolutions in case A has the form

N

Au(z) = — Z aixiai(x, Vu(z)).

In the second part we consider (1.1) with a discontinuous Nemytskij operator F
involved, which extends results in [31] and partly of [8]. Let us consider next some
special cases of problem (1.1), where we suppose A = —A,,.

(1) If K =W?P(Q) and jj, are smooth, problem (1.1) reduces to

(—Apu+ F(u),v) + /Q J1 (¢ u)vdx

+/ Ja(yu)yvdo =0, Vo e WHP(Q),
a9

which is equivalent to the weak formulation of the nonlinear boundary value
problem

—Apu+ F(u)+j1(u) =0  in Q,
ou .
oL w =0 onon,
where Ou/0v denotes the conormal derivative of u. The method of sub-
and supersolution for this kind of problems is a special case of [5].
(2) For f € Vg, K € Wy P(Q) and j, = 0, (1.1) corresponds to the variational-
hemivariational inequality given by

<—Apu+f,v—u)+/j‘f(-,u;v—u)dxzo, Yv € K,
Q

which has been discussed in detail in [4].
(3) If K € Wy**(€2) and j, = 0, then (1.1) is a classical variational inequality
of the form

ve K: (=Apu+F(u),v—u) >0, Yvelk,

whose method of sub- and supersolution has been developed in [9, Chapter
5].

(4) Let K = Wy P(Q) or K = WH?(Q) and ji not necessarily smooth. Then
problem (1.1) is a hemivariational inequality, which contains for K =
WO1 P(Q) as a special case the following Dirichlet problem for the elliptic
inclusion:

—Apu+ F(u)+0j1(,u) 50  inQ,

u=20 on 012, (1.2)
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and for K = WP(Q) the elliptic inclusion
—Apu+ F(u)+0j1(,u) 20  inQ,

1.3
@+3j2(~,u) 50  on 909, (1:3)
ov

where the multivalued functions s — 9ji(z,s),k = 1,2 stand for Clarke’s
generalized gradient of the locally Lipschitz function s — ji(x,s),k = 1,2

given by

Ojr(z,s) ={£ €R: jp(x,s;7) > &r,Vr € R} (1.4)
Problems of the form (1.2) and (1.3) have been studied in [12] and [5],
respectively.

Existence results for variational-hemivariational inequalities with or without the
method of sub- and supersolutions have been obtained under different structure and
regularity conditions on the nonlinear functions by various authors. For example,
we refer to [3, 10, 11, 19, 21, 24, 26, 28]. In case that K is the whole space Wol’p(Q) or
WLP(Q), respectively, problem (1.1) reduces to a hemivariational inequality which
has been treated in [2, 14, 17, 18, 20, 23, 25, 27, 29].

Comparison principles for general elliptic operators A, including the negative p-
Laplacian —A,, Clarke’s generalized gradient s — 0j(z, s), satisfying a one-sided
growth condition in the form

G <& Fcei(sy—s1)P! (1.5)

for all & € 9j(x,s;),5 = 1,2, for a.a. x € Q, and for all s1,s2 with s; < sg, can
be found in [9]. Inspired by results recently obtained in [12] and [13], we prove the
existence of (extremal) solutions for the variational-hemivariational inequality (1.1)
within a sector of an ordered pair of sub- and supersolutions u, w without assuming
a one-sided growth condition on Clarke’s gradient of the form (1.5).

2. NOTATION OF SUB- AND SUPERSOLUTION

For functions w,v : © — R we use the notation u A v = min(u,v),u Vv =
max(u,v), K N\K ={uAv:u,ve K}, KVK={uVv:uv e K} and u N K =
{u} NK,uV K = {u} V K and introduce the following definitions:

Definition 2.1. A function u € W1P(Q) is said to be a subsolution of (1.1) if the
following holds:

(1) F(u) € LY(Q);
(2) (Au + F(u),w — u) + / e ww — uwde + / Js (oyusyw — yu)do >
Q o0
0, YVweuANK.

Definition 2.2. A function u € WP(Q) is said to be a supersolution of (1.1) if
the following holds:
(1) F(u) € L(Q);
(2) (Au + F(u),w — u) + / JiG s w — u)dr + / Js (v yw — yu)do >
0, VweavK. “ o
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In order to prove our main results, we additionally suppose the following as-
sumptions:

uVKCK, uNK CK. (2.1)

3. PRELIMINARIES AND HYPOTHESES

Let 1 <p < oo,1/p+1/q =1, and assume for the coefficients a; : @ x R x RY —
R,i=1,..., N the following conditions.
(A1) Each a;(z, s, &) satisfies Carathéodory conditions, that is, is measurable in
x € Q for all (s,6) € R x RY and continuous in (s,&) for a.e. z € €.
Furthermore, a constant ¢y > 0 and a function ky € L?(Q) exist so that

lai(z, 5,6)| < ko(z) + co|sP~" + [€[P71)

for a.a. z € Q and for all (s,€) € R x RV, where |¢| denotes the Euclidian
norm of the vector &.
(A2) The coeflicients a; satisfy a monotonicity condition with respect to £ in the
form
N

Z(ai(xasag) - ai(xasagl))(fi - 5{) >0

i=1
for a.a. x € Q, for all s € R, and for all £,¢&" € RY with & # ¢'.
(A3) A constant ¢; > 0 and a function k; € L'(£2) exist such that

N
> ai(@, 5,88 > allélP — ka(x)
i=1
for a.a. x € Q, for all s € R, and for all £ € RV.
Condition (A1) implies that A : WHP(Q) — (W1P(Q))* is bounded continuous and
along with (A2) it holds that A is pseudomonotone. Due to (Al) the operator A
generates a mapping from W1P(Q) into its dual space defined by

N
e
(Au, ) —/Q;ai(x,u,Vu)axidx,

where (-,-) stands for the duality pairing between W12 (Q2) and (W1P(Q))*, and
assumption (A3) is a coercivity type condition.
Let [u, @] be an ordered pair of sub- and supersolutions of problem (1.1). We impose
the following hypotheses on jj and the nonlinearity f in problem (1.1).
(G1) x+— ji(z,s) and x +— ja(z, s) are measurable in © and 9€, respectively, for
all s € R.
(j2) s+ ji(z,s) and s +— ja(z,s) are locally Lipschitz continuous in R for a.a.
z € Q and for a.a. x € 0F2, respectively.
(j3) There are functions Ly € L% (Q) and Ly € L (99) such that for all s €
[u(z),u(x)] the following local growth conditions hold:

n € 0j1(x,s) : |n| < Li(x), fora.a. zeQ,
& € 0ja(z,s) : |€| < La(x), for a.a. z € ON.

(F1) (i) =~ f(x,s,&) is measurable in Q for all (s,£) € R x RV,
(ii) (s,€) > f(w,s,€) is continuous in R x RN for a.a. x € Q.
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(iii) There exist a constant c; > 0 and a function k3 € L% () such that

|f(,5,)] < ks (@) + cal€ P~

for a.a. z € Q, for all £ € RV, and for all s € [u(x),u(x)].

Note that the associated Nemytskij operator F' defined by F(u)(z) = f(x, u(x), Vu(zx))
is continuous and bounded from [u,u] C WP(Q) to LI(Q) (cf. [32]). We recall
that the normed space LP(£2) is equipped with the natural partial ordering of func-
tions defined by u < v if and only if v —u € L% (), where L% (Q2) is the set of all
nonnegative functions of LP(2).

Based on an approach in [12], the main idea in our considerations is to modify the
functions ji. First we set for k = 1,2

ag(x) :=min{ : § € Ojr(v,u(x))}, Br(r) :=max{¢: ¢ € Ijp(x,u(x))}. (3.1)

By means of (3.1) we introduce the mappings J1:OxR—>Rand jo: 90xR >R
defined by

Ji(@, u(@)) + ak(@)(s — u(z)), if s < u(x),
Jk(@,s) = 4 jr(z, s), if u(z) < s <u(z), (3.2)
Je(z,u(x)) + Br(z)(s — u(x)), if s > u(x).

The following lemma provides some properties of the functions 31 and }2.
Lemma 3 1. Let the assumptzons in (j1)-(j3) be satisfied. Then the modified
functions ]1 QxR =R and jo : 02 x R — R have the following qualities.

(1) = — j1(z,s) and x — ja(z, s) are measurable in  and 0K, respectively, for
all s € R and s — jl(x s) and s Jo (x,s) are locally Lipschitz continuous
in R for a.a. x € Q and for a.a. x € N, respectively.

(72) Let 8ji(x, s) be Clarke’s generalized gradient of s — j(x,s). Then for all
s € R the following estimates hold true:

n € dji(x,s): [n| < Li(x), for a.a. x€Q,
€€ 8jy(x,s) : €] < Lo(x), for a.a. x € ON.

(73) Clarke’s generalized gradient of s — ji(x,s) and s — ja(x,s) are given by

ag(x) if s <u(x),

i Ohu(w.ul)  if s = ula),
Ojr(z, s) = < Oji(x, 5) if u(z) < s < a(x),

3Jk($» (x)) if s =u(x),

P () if s > u(x),

and the inclusions 8jy (z, u(x)) C djx(z, u(x)) and djy(x,u(x)) C Bjr(z, u(z))
are valid for k =1,2.

Proof. With a view to the assumptions (j1)-(j3) and the definition of j; in (3.2),
one verifies the lemma in few steps. O
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With the aid of Lemma 3.1, we introduce the integral functionals J; and J
defined on LP(£2) and LP(952), respectively, given by

J(u) = /le(x,u(x))dx, u e LP(Q)
Ja(v) = /{jQ Jo(x,v(x))do, v e LP(8).

Due to the conditions (j1)—(j2) and Lebourg’s mean value theorem (see [16, Chapter
2]), the functionals Jy : LP(Q) — R and Jy : LP(92) — R are well-defined and
Lipschitz continuous on bounded sets of LP() and LP(0S)), respectively. This
implies among others that Clarke’s generalized gradients d.J; : LP(Q) — 25"
and 9.Jy @ LP(0R)) — 2L"(99) are well-defined, too. Furthermore, by means of
Aubin-Clarke’s theorem (see [16]), for u € LP(Q) and v € LP(9€2) we get

n € dJy(u) = n € LY(Q) with n(z) € dj1(z, u(z)) for a.a. = € Q,

~ 3.3
€ € 0Jz(v) = € € LI(00) with &(x) € 9ja(z,v(x)) for a.a. x € IN. (3:3)

An important tool in our considerations is the following surjectivity result for
multivalued pseudomonotone mappings perturbed by maximal monotone operators
in reflexive Banach spaces.

Theorem 3.2. Let X be a real reflexive Banach space with the dual space X*,
®: X — 2% a mazimal monotone operator, and ug € dom(®). Let A: X — 2%
be a pseudomonotone operator, and assume that either A, is quasibounded or @,
is strongly quasibounded. Assume further that A : X — 2% is ug-coercive, that is,
there exists a real-valued function ¢ : Ry — R with ¢(r) — 400 as r — +00 such
that for all (u,u*) € graph(A) one has (u*,u — ug) > c(||ul|x)||ullx. Then A+ ®
is surjective, that is, range(A + ®) = X*.

The proof of the theorem can be found for example in [30, Theorem 2.12]. The
notation A4,, and ®,, stands for A, (u) := A(ug + u) and @, (u) := ®(ug + u),
respectively. Note that any bounded operator is, in particular, also quasibounded
and strongly quasibounded. For more details we refer to [30]. The next proposition
provides a sufficient condition to prove the pseudomonotonicity of multivalued op-
erators and plays an important part in our argumentations. The proof is presented,
for example, in [30, Chapter 2].

Proposition 3.3. Let X be a reflexive Banach space, and assume that A : X —
2X" satisfies the following conditions:

(i) for each u € X one has that A(u) is a nonempty, closed and conver subset
Of X*,'
(i) A: X — 2% is bounded;
(iil) if up = win X and ul — u* in X* with v, € A(u,) and if lim sup(u, u, —
uy <0, then u* € A(u) and (ul,u,) — (u*,u).

n’

Then the operator A : X — 2% is pseudomonotone.

We denote by i* : LI(Q) — (WLP(Q))* and ~* : L1(0Q) — (WHP(Q))* the
adjoint operators of the imbedding i : WP(Q) — LP(Q) and the trace operator
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v : WHP(Q) — LP(09), respectively, given by
(i*n, ) = / nede, Vo € WH(Q),
Q

06) = [ ol Ve Wi (@),
Next, we introduce the following multivalued operators:
Dy (u) := (i* 0 0Jy 04)(u), Dy (u) := (y* 0 dJ2 07)(u), (3.4)

where 4,7, v,7" are defined as mentioned above. The operators @,k = 1,2, have
the following properties (see e.g. [5, Lemma 3.1 and Lemma 3.2]).

Lemma 3.4. The multivalued operators ®; : W'2(Q) — 20W"7()" gnd &, -
Whr(Q) — 2W D) gre bounded and pseudomonotone.

Let b: Q2 xR — R be the cutoff function related to the given ordered pair u,w
of sub- and supersolutions defined by

(s —u(z))Pt, if s> u(x),
b(z,s) =<0, if u(z) <s <u(z), (3.5)
—(u(z) —s)P~L,  if s <u(w).

Clearly, the mapping b is a Carathéodory function satisfying the growth condition
|b(z, s)| < kg(x) + cs|s[P~! (3.6)

for a.a. x € Q, for all s € R, where ky € L{(Q) and ¢35 > 0. Furthermore,
elementary calculations show the following estimate

/ b(z,u(x))u(z)ds > C4||u||’£p(m —c¢5, Yue LP(Q), (3.7)
Q
where ¢4 and ¢5 are some positive constants. Due to (3.6) the associated Nemytskij
operator B : LP(Q)) — L9(Q2) defined by

Bu(x) = b(z, u(x)) (3.8)
is bounded and continuous. Since the embedding i : W1P(Q) — LP(Q) is compact,
the composed operator B := i* o Boi : WLP(Q) — (WLP(Q))* is completely
continuous.

For u € WP(Q), we define the truncation operator 7' with respect to the functions
u and w given by

u(x), if u(z) > u(x),
Tu(z) = < u(x), if u(z) <u(x) <u(z),
u(x), if u(x) < u(x).

The mapping T is continuous and bounded from WP (Q) into W?(Q) which
follows from the fact that the functions min(-,-) and max(-,-) are continuous from
WLP(Q) to itself and that T can be represented as T'u = max(u, u) + min(u, @) — u
(cf. [22]). Let F o T be the composition of the Nemytskij operator F' and T given
by

(FoT)(u)(x) = f(z, Tu(x), VTu(z)).
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Due to hypothesis (F1)(iii), the mapping FoT : WHP(Q) — L%(Q) is bounded and
continuous. We set F : i* o (FoT) : WLP(Q) — (WHP(Q))*, and consider the
multivalued operator

A=Apu+F + AB+ @) + &y : WHP(Q) — 20V 7(0)", (3.9)

where A is a constant specified later, and the operator Ar is given by

N
Iy
(Aru, ) = — ;/Qai(x,Tu,Vu) oz, dx.

We are going to prove the following properties for the operator A.

Lemma 3.5. The operator A Whr(Q) — 2WHP(Q)" g bounded, pseudomono-
tone, and coercive for A sufficiently large.

Proof. The boundedness of A follows directly from the boundedness of the specific
operators Ar, ﬁ,ﬁ,@l and ®5. As seen above, the operator Bis completely contin-
uous and thus pseudomonotone. The elliptic operator Ar + Fis pseudomonotone
because of hypotheses (A1), (A2), and (F1), and in view of Lemma 3.4 the operators
®; and ®9 are bounded and pseudomonotone as well. Since pseudomonotonicity is
invariant under addition, we conclude that A : WP (Q) — 2WHP(Q)" s bounded
and pseudomonotone. To prove the coercivity of g, we have to find the existence
of a real-valued function ¢ : Ry — R satisfying

lim ¢(s) = +o0, (3.10)

s—Foo
such that for all u € WP(Q) and u* € A(u) the following holds
(u®su—uo) = c([[ullwrr@)llullwrr@), (3.11)
for some ug € K. Let u* € Z(u), that is, u* is of the form
u* = (Ap + F 4 AB)(u) + i*n + 7%,

where 1 € L) with n(z) € g1 (z,u(x)) for a.a. = € Q and € € LI(N) with
&(z) € 0ja(z,u(z)) for a.a. © € Q. Applying (A1), (A3), (F1)(iii), (3.7), and (j2),
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the trace operator v : WP (Q) — LP(92) and Young’s inequality yield
(u*,u — ugp)
= (A + F + AB)(u) +i"n+ "€, u — uo)

/Za,xTuVua 8u0
ox;

[

+ / (f(,Tu, VTu)(u — ug) + Ab(z,w)(u — up))dx
Q

T / n(u—uo)dz + | Ev(u—up)do
Q oN

> e1|Vullf o) = kil e) = dillullfy i) — dol Vullfs o) — ds
— e Vaull}, ) = c@lull? ) — dsllull o) = dsl Vull i) —d7
+ Aeallull, ) = Acs — ds — dolull}, i) — diollull Lo (@) — du
— diz||ullLra0) — dis
= (1 = )IVull} ) + (e = @D ullf o) = drall Vully i) — disllull 7y,
— digl|ullLr (@) — di7,

where d; are some positive constants. Choosing € < ¢; and A such that A > ¢(g)/ca
yields the estimate

(", u— o) = dus||ulfy1.p ) — disllullfyis o) = dzollulwini) — dor.

Setting c(s) = digsP ™! — d19sP ™2 — dag — do1 /s for s > 0 and ¢(0) = 0 provides the
estimate in (3.11) satisfying (3.10). This proves the coercivity of A and completes
the proof of the lemma. O

4. MAIN RESULTS

Theorem 4.1. Let hypotheses (A1)-(A3),(j1)-(3), and (F'1) be satisfied, and as-
sume the existence of sub- and supersolutions u and u, respectively, satisfying u < u
and (2.1). Then, there exists a solution of (1.1) in the order interval [u, ).

Proof. Let I : WHP(Q) — R U {+oco} be the indicator function corresponding to
the closed convex set K # () given by

I (u) = 0, if ueK,
Y7 ) 400, if ug K,

which is known to be proper, convex, and lower semicontinuous. The variational-
hemivariational inequality (1.1) can be rewritten as follows. Find u € K such
that

(Au+ F(u),v —u) + I (v) — Ix(u) + /ij(-,u;v —u)dz

JF/ Js Gy yu;yv — yu)do >0, Yo € Wl,p(Q)
a0
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By using the operators Ar, 13, B and the functions 31,52 introduced in Section 3,
we consider the following auxiliary problem. Find v € K such that

(Aru + ﬁ(u) + )\E(u)m —u) + Ig(v) — Ix(u) + / }10(~,u;v —u)dz

@ (4.2)

+/ J2 (s yus yv — qyu)do > 0,
o0

for all v € W1P(Q). Consider now the multivalued operator
A+ 0l : WhP(Q) — 27 (@)7

where A is as in (3.9), and 0Ix : WhP(Q) — 2W ()" is the subdifferential
of the indicator function Ix which is known to be a maximal monotone operator
(cf. [30, Page 20]). Lemma 3.5 provides that A is bounded, pseudomonotone, and
coercive. Applying Theorem 3.2 proves the surjectivity of A+ 0l meaning that
range(A + 0l ) = (WHP(Q))*. Since 0 € (WP (Q))*, there exist a solution u € K
of the inclusion

A(u) + 01k (u) 3 0. (4.3)
This implies the existence of n* € ®;(u),&* € Po(u), and 0* € dIk(u) such that
Apu+ F(u) + AB(u) +1* + €+ 0 =0, in (W(Q))*, (4.4)
where it holds in view of (3.3) and (3.4) that
n*=i'n and £ =77¢
with
neLi(Q), nx) € dji(x,u(z)) aswellas e LIOQ), () € 8oz, yu(z)).

Due to the Definition of Clarke’s generalized gradient 8%(-, u),k = 1,2, one gets

(0", 0) = /Q n(z)p(x)ds < /Q (e, ulz): p(@))de, Vo € W),

(4.5)
€0 = [ tane@in < [ @i, Vo W)
Moreover, we have the following estimate:
0%, v —u) < Ig(v) —Ix(u), YveWhP(Q). (4.6)

From (4.4) we conclude
(Agu+ F(u) + AB(u) +0" +€ +607,¢) =0, Vo e WHP(Q).

Using the estimates in (4.5) and (4.6) to the equation above where ¢ is replaced by
v — u, yields for all v € WP(Q)

0= <AT—Apu+ﬁ(u)+)\§(u)+77*+§* + 0% v —u)
< (Apu+ F(u) + AB(uw),v — u) + I (v) — Irc(u)

+/3§’(-,U;v*U)dév+/ 390 yus yv — yu)do.
Q o
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Hence, we obtain a solution u of the auxiliary problem (4.2) which is equivalent to
the problem. Find v € K such that

~

(Aru + ﬁ(u) + AB(u),v —u) + -/Q;f(, u;v — u)dx

+/ 33(-,W;7v—7u)dazo7 Yv € K.
aQ

In the next step we have to show that any solution u of (4.7) belongs to [u,w]. By
Definition 2.2 and by choosing w =uVu =1+ (u—u)" € uV K, we obtain

(-t P (=) + [ 57w =) o+ [ g3mata— )7 > 0

and selecting v =uAu=u— (u—u)* € K in (4.7) provides

(Aru+ P(u) + AB(u), —(u —1)*) + / (s —(u — )" )de

+ [ Bt )do >0
o0
Adding these inequalities yields

N — )T
Z/(ai(x,ﬂ, Va) — ai(x,Tu,Vu))de
=179 O

+ [ @ = (F o)) -7 da
+ /Q(ji’(-,ﬂ; 1) 459, u; —1))(u — 1) Hda (4.8)
+ [ 3w + 330y -V - ) do

> )\/QB(u)(u—U)'*'dx.

Let us analyze the specific integrals in (4.8). By using (A2) and the definition of
the truncation operator, we obtain

O(u—u)t
(91'7;

/Q(F(ﬂ) —(FoT)(u)(u—u)tdz = 0.

/(ai(a:,ﬂ, Vu) — a;(x, Tu, Vu)) dx <0,
Q

(4.9)
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Furthermore, we consider the third integral of (4.8) in case u > @, otherwise it
would be zero. Applying (1.4) and (3.2) proves

77 (x, u(x); ~1)

= limsup s — ti —Ji(@:9)

s—u(z),tl0

ey BET) 51— W) i (5,7(2) — Br(a)s — )
s—u(z),tl0 3

761 (x)t

= limsup
s—u(z),tl0

= —f1(x).
(4.10)

Proposition 2.1.2 in [16] along with (3.1) shows
Ji(z,u(z); 1) = max{& : £ € 0ji1(z,u(x))} = Bi(z). (4.11)
In view of (4.10) and (4.11) we obtain

[ pemn) e - -0 de = [ (Bio) - 61(0))w - w)*do = 0
Q Q
(4.12)

and analog to this calculation
| G561) 4 T D) =) dor =0 (413)

Due to (4.9), (4.12) and (4.13), we immediately realize that the left-hand side in
(4.8) is nonpositive. Thus, we have

0> )\/ B(u)(u —u)tdz
Q
)\/Qb(yu)(u—ﬂ)J“dx

)\/ (u —w)Pdx
{z:u(z)>u(z)}

:)\/Q((u—ﬂ)ﬂpdx

207

which implies (v — u)™ = 0 and hence, u < u. The proof for v < u is done in a
similar way. So far we have shown that any solution of the inclusion (4.3) (which
is a solution of (4.2) as well) belongs to the interval [u,u]. The latter implies
Aru = Au, B(u) =0 and (F oT)(u) = F(u), and thus from (4.3) it follows

(Au+ F(u) +i"n+~"§v—u) >0, YveK,

where () € 87 (x, u(z)) C 71 (z, u(x)) and &(x) € Bjz(x, yu(z)) C Dja(x, yu(x)),
which proves that u € [u, ] is also a solution of our original problem (1.1). This
completes the proof of the theorem. [
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Let S denote the set of all solutions of (1.1) within the order interval [u,@]. In

addition, we will assume that K has lattice structure, that is, K fulfills
KVKCK, KANK CK. (4.14)

We are going to show that S possesses the smallest and greatest element with
respect to the given partial ordering.

Theorem 4.2. Let the hypothesis of Theorem 4.1 be satisfied. Then the solution
set S is compact.

Proof. First, we are going to show that S is bounded in W1P(Q). Let u € S be a
solution of (4.1), and notice that S is LP(£2)-bounded because of v < u < . This
implies yu < yu < 4@, and thus, u is also bounded in LP(92). Choosing a fixed
v=1up € K in (4.1) delivers
(At Flu)uo )+ [ 35w~ w)do+ [ 30, 7usyu0 — yu)do > 0
Q a0

Using (A1), (j3), (F1)(iii), Proposition 2.1.2 in [16], and Young’s inequality yields

(Au, u) /Z|al

+/ |f(x,u, Vu)||up — u|ldx
Q

Uo

+ /Q max{n(uo — u) : 1 € Dju (a,u) }dz

+ max{{(ug —u) : £ € 0ja(z,u)}do
G19)

N
= / S (ko + colul? ™+ co VulP 1) Vgl de
Q=1
+/(k3+02|Vu\p_1)|uo—u|dx
Q

—|—/ Li|ug — u|dx +/ Lolyug — yuldo
< er + eallullf o) + esl| Vullfs ) + s + esllull o) + el Va7, g
+ €[|[Vul?, r) t c(e )||U||Lp(g +e7 + esl|ul| Lr () + €9 + eol|ul| L a0)
<e||Vul?, ) T 611||Vu||L,, (@) T el VullLe o) + €13,
where the left-hand side fulfills the estimate
(Au,u) > 01||Vu||’L’p(Q) — k1.
Thus, one has
-1
(c1 = e)IVulll, ) < ennllVull, ) + e1s,

where the choice ¢ < ¢, proves that |[Vu|r»q) is bounded. Hence, we obtain
the boundedness of u in W1P(Q). Let (u,) C 8. Since WhP(Q),1 < p < oo, is
reflexive, there exists a weakly convergent subsequence, not relabelled, which yields
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along with the compact imbedding i : WP(Q) — LP(Q)) and the compactness of
the trace operator v : W1P(Q) — LP(99)

Up —u in WHP(Q),
un, = u in LP(2) and a.e. pointwise in €, (4.15)
Yup — yu in LP(0Q) and a.e. pointwise in 9S).
As u,, solves (4.1), in particular, for v = u € K, we obtain
(A, upy — u)

4.16
< Flun)u =) + [ Cumiu—undde+ [ 80— yun)dor (4.16)
Q o

Since (s,r) — jp(z,s;r),k = 1,2, is upper semicontinuous and due to Fatou’s
Lemma, we get from (4.16)

lim sup{Auy,, u, — u) < limsup(F(u,),u — uy) +/ lim sup j7(, up; u — uyp,) de
Q

n—oo n—oo n—oo

—0 <7 (+u,0)=0

+/ limsup jg (-, Ytn; yu — yuyn) do < 0.
o

Q n—oo

<38 (-svu,v0)=0
(4.17)

The elliptic operator A satisfies the (Sy)-property, which due to (4.17) and (4.15)
implies
U, —u in WHP(Q).

Replacing u by u, in (1.1) yields the following inequality:

<Aun + F(un)vv - un> + / jf('aun;v — Un)dl'

“ (4.18)

+/ 390, Yun; YU — yup)do >0, Vv € K.
o0

Passing to the limes superior in (4.18) and using Fatou’s Lemma, the strong conver-
gence of (u,) in WHP(Q), and the upper semicontinuity of (s,r) — j2(z, s;7),k =
1,2, we have

(Au+ F(u),v —u) + / JP( usv — w)de + / Js(Cyu;yv —yu)do >0, Vv € K.
Q 1)
Hence, u € S. This shows the compactness of the solution set S. O

In order to prove the existence of extremal elements of the solution set S, we
drop the u-dependence of the operator A. Then, our assumptions read as follows.
(A1) Each a;(x,&) satisfies Carathéodory conditions, that is, is measurable in
z € Q for all € € RY and continuous in & for a.a. = € . Furthermore, a
constant ¢g > 0 and a function kg € L(Q) exist so that

jai(x, )| < ko(w) + €7~

for a.a. € Q and for all ¢ € RV, where |¢| denotes the Euclidian norm of
the vector &.
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(A2’) The coefficients a; satisfy a monotonicity condition with respect to £ in the
form

N

D (ai(z,€) = ai(2,.€))(& — &) > 0

=1

for a.a. x € Q, and for all £,¢&" € RN with & # ¢/,
(A3’) A constant ¢; > 0 and a function k; € L(Q) exist such that

N
Zai(%ﬁ)& > c1lé]P — k()

i=1
for a.a. x € , and for all £ € RV,
Then the operator A : WhP(Q) — (WP(Q))* acts in the following way:

N
(Au, @) = / Zai(%Vu) g@ dx.
Qi i

xT

Let us recall the definition of a directed set.

Definition 4.3. Let (P, <) be a partially ordered set. A subset C of P is said to
be upward directed if for each pair x,y € C there is a z € C such that x < z and
y < z. Similarly, C is downward directed if for each pair x,y € C there is a w € C
such that w < x and w < vy. IfC is both upward and downward directed, it is called
directed.

Theorem 4.4. Let hypotheses (A1’)—(A8’) and (j1)-(33) be fulfilled, and assume
that (F1) and (4.14) are valid. Then the solution set S of problem (1.1) is a directed
set.

Proof. By Theorem 4.1, we have S # (. Let uy,us € S be given solutions of (1.1),
and let up = max{ui, us}. We have to show that there is a u € S such that ug < w.
Our proof is mainly based on an approach developed recently in [13] which relies

on a properly constructed auxiliary problem. Let the operator B be given basically
as in (3.5)-(3.8) with the following slight change:

(s —u(x))P~L, if s> u(x),
b(xz,s) =<0, if u(z)<s<u(x),
—(ugp(z) — s)P7L, if s <ug(x).

We introduce truncation operators 7} related to u; and modify the truncation
operator T as follows. For j = 1,2, we define

u(x), if u(x) > u(z)
Tju(z) = S u(z), if uj(z) <u
uj(z), if w(z) <y
u(x), if u(x) >u(x)
Tu(z) = u(z), if up(z) <u
uo(x), if u(z) < wug
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and we set

Gu(z) = f(z, Tu(z), VTu(z)) - Z [f (@, Tu(x), VTu(z)) — f(, Tju(x), VT;u(z))|

as well as
F:i*oG:WhP(Q) = (WHP(Q))*.

Moreover, we define

o () = min{g : £ € Iy (i, uj(x))}, Br(z) := max{{ : & € Ojp(x,u(x))},
() i= {a“(x)’ it o € {un > uz},
7 a2 (), if 2 € {uy > up}

for k,7 = 1,2, and introduce the functions 31 O xR — R and 32 0O xR =R
defined by

N Jr(x,uo(z)) + ako(z)(s — up(x)), if s < wg(x),
Jr(x,s) = < ji(z,s), if up(z) < s <u(x),
Jr(z,a(x)) + Br(x) (s —u(x)), if s > u(x).

(4.19)

Furthermore, we define the functions h; ; : 2 x R = R and ho ; : 92 x R — R for
7 =0,1,2 as follows:

ag.0(z), if s <wp(x),
hio(z,s) = < agolz) +
Br(z), if s > 7(z),

— (s —up(x)), ifug(z)<s<u(x),

and for j =1,2
oy (), if s < wu,;(x),

apolx) —agi(x
hk’j($7 S) = ak,j(x) + k’O( ) kJ( )( — Uj(.%‘)),

uo(z) — ug ()
hio(z,s), if s > up(x),

if uj(z) < s < wuo(z),

where k = 1,2. (Note that for k¥ = 2 we understand the functions above being
defined on 0).) Apparently, the mappings (z,s) + hy j(x,s) are Carathéodory
functions which are piecewise linear with respect to s. Let us introduce the Nemyt-
skij operators Hy : LP(2) — L9(Q2) and Hy : LP(0Q2) — L1(0N?) defined by

2
Hyu(z) = |hyj(z, u(x)) — by oz, u(z))],
j=1

Hau() =) |haj(z,7(u(2))) = hoo(z, y(u(2)))]-
j=1

Due to the compact imbedding WP(Q) — LP(f2), and the compactness of the
trace operator v : W1P(Q) — LP(0R), the operators H; = i* o Hy oi: WHP(Q) —
(WhP(Q))* and Hy = v* o Hy oy : WHP(Q) — (W1P(Q))* are bounded and
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completely continuous and thus pseudomonotone. Now, we consider the following
auxiliary variational-hemivariational inequality. Find v € K such that

(Au+ F(u) + AB(u),v — u) + / 70(us v — w)de — (Hyu, v — u)

N " (4.20)

+ / Ja (- yu; yo = yu)do — (Hyyu, yo —yu) 2 0,
o9

for all v € K. The construction of the auxiliary problem (4.20) including the
functions Hy and G is inspired by a very recent approach introduced by Carl and
Motreanu in [13]. The first part of the proof of Theorem 4.1 delivers the existence
of a solution u of (4.20), since all calculations in Section 3 are still valid. In order
to show that the solution set S of (1.1) is upward directed, we have to verify that
a solution u of (4.20) satisfies u; < u < w,l = 1,2. By assumption u; € S, that is,
u; solves

u € K (Auy+ F(u),v — up) —|—/ 31 G up v — w)de
Q

+/ 95 (-, yues yv — yuy)do > 0,
o0

for all v € K. Selecting v = u A u; = u; — (u; — u)* € K in the inequality above
yields

(Aup + F(w), —(w —u) ™) + / 300wy — (g — w))da
. (4.21)
+/ g5 (- yur; =y (wg — w)T)do > 0.
o0

Taking the special test function v = u Vu; = u+ (u; — u)™ € K in (4.20), we get

(Au + F(u) + AB(u), (u; — u)™) + / 720, u; (ug — w)F)dx
@ (4.22)

—(Hy (w =) ") + [ G50 vuv(w — w) o — (Hayu, y(w — w) ™) > 0.

o0
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Adding (4.21) and (4.22) yields

N u —u)t
/Qi_zl(ai(x, Vu) — a;(z, Vul))%dx

+f <f<x,Tu>, VTu) - (@, u, V)

2
— Z |f(z, Tu, VT'u) — f(z, Tju, VTju)|> (u — u)tdx

+/Q(3‘f(-,u;1)+31 Jug; — Z|h1] z,u) hl,o(x,u)l)(ul—u)wx (4.23)
Jr/[m (3‘5(-,w;1) + 59y —1)

- Z|h2a — hao(z, w)l)v(uz —u)tdo
> —)\/QB(u)(ul — ) tda.

The condition (A2’) implies directly

N
/ Z(ai(z, V) — a;(z, Vul))Wd:c <0, (4.24)

and the second integral can be estimated to obtain
/ <f(l’,T’LL,VTU) - f(lE,Ul,v’LLl)
Q

2
- Z |f(z, Tu,VTu) — f(x,Tju,VTju)|> (ug — u)tdx

Jj=

/ <fxTu VTu) — f(x,u, Vuy)
Q

(4.25)
—|f(x,Tu,VTu) — f(x, Tiu, VTlu)|> (u; — u)tdx

=/ (f(x,Tu,VTu) — f(z,u;, V)
{zeQu(z)>u(x)}

—|f(x,Tu, VTu) — f(x,ul,Vul)|> (u; — u)dx
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In order to investigate the third integral, we make use of some auxiliary calculation.
In view of (4.19) we have for u;(x) > u(z)

Ji (e, u(@); 1)

= lim sup ]1(557 s+ t) _ jl(l', S)
s—u(z),tl0 3
— limsup Ji(@,uo(x)) + n0(x)(s +t — uo(x))
s—u(z),tl0 t (4.26)
—Ji(z, uo(2)) — a1,0(2)(s — uo(x))
+
t
= limsup o10(z)t
s—u(z),tl0
= 01170(1').

Applying Proposition 2.1.2 in [16] and (3.1) results in

g (z, w(z); —1) = max{—¢ : £ € g1 (z, wi(x))}
= —min{¢ : £ € 971 (z,w(x))} (4.27)

= —aq (z).
Furthermore, we have in case u;(z) > u(x)

hii(z,u(z)) = ari(z),

ho(z,u(x)) = a1 0(z). (4.28)

Thus, we get

2
FE s 1) 4 5 s =1) = Y () = b)) (= ) de
j=1

S~

(3?(',1@ 1) +ji)("ul; _1) - |h1,l(w7u) - hl,O(xvu)‘)(ul - u)+d1“ (429)

IA
S

(ar0(z) — ari(z) — |ay() — aro(@)])(u — u) T de
{zeQ:u;(z)>u(z)}

IN
o

The same result can be proven for the boundary integral meaning

/(38(-,7u;1)+j§(-,7ul;—1)

o0

2 (4.30)

=3 Ihoyj (@, ) — hao(a, w>|> (u, — u)do < 0.
j=1
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Applying (4.24)—(4.30) to (4.23) yields
0> —)\/ B(u)(u; —u)tdz
Q

= —\ —(up — u)P (uy — u)dx
{zeQ:u;(z)>u(z)}

> )\/Q((ul —u)")Pdx

>0,

and hence, (u; — u)™ = 0 meaning that u; < u for [ = 1,2. This proves ug =
max{uy,us} < u. The proof for u < @ can be shown in a similar way. More pre-
cisely, we obtain a solution v € K of (4.20) satisfying u < up < v < @ which implies
F(u) = f(-,u, Vu), B(u) = 0 and Hj(u) = Hy(yu) = 0. The same arguments as at
the end of the proof of Theorem 4.1 apply, which shows that w is in fact a solution
of problem (1.1) belonging to the interval [ug,@]. Thus, the solution set S is upward
directed. Analogously, one proves that S is downward directed. g

Theorem 4.2 and Theorem 4.4 allow us to formulate the next theorem about the
existence of extremal solutions.

Theorem 4.5. Let the hypotheses of Theorem ./ be satisfied. Then the solution
set S possesses extremal elements.

Proof. Since S C WP(Q2) and W1P(Q) is separable, S is also separable, that is,
there exists a countable, dense subset Z = {z, : n € N} of S. We construct an
increasing sequence (u,) C S as follows. Let u; = 21 and select u,,+1 € S such that

max(zn, Un) < Upt1 < T.

By Theorem 4.4, the element u, 1 exists because S is upward directed. Moreover,
we can choose by Theorem 4.2 a convergent subsequence (denoted again by w,,)
with u, — uin WHP(Q) and u,(z) — u(z) a.e. in Q. Since (u,) is increasing, the
entire sequence converges in W1?(Q) and further, u = supu,. One sees at once
that Z C [u, u] which follows from

max(zy, ..., 2n) < Unt1 < u, Vn,

and the fact that [u,u] is closed in WP (Q) implies

SCZcCluul=[uu.

Therefore, as u € S, we conclude that u is the greatest element in S. The existence
of the smallest solution of (1.1) in [u, @] can be proven in a similar way. O

Remark 4.6. If A depends on s, we have to require additional assumptions. For
example, if A satisfies in s a monotonicity condition, the existence of extremal
solutions can be shown, too. In case K = WYP(Q), a Lipschitz condition with
respect to s is sufficient for proving extremal solutions. For more details we refer
to [9].



COMPARISON PRINCIPLE FOR VARIATIONAL-HEMIVARIATIONAL INEQUALITIES 21

5. GENERALIZATION TO DISCONTINUOUS NEMYTSKIJ OPERATORS

In this section, we will extend our problem in (1.1) to include discontinuous
nonlinearities f of the form f : @ x R x R x RN — R. We consider again the elliptic
variational-hemivariational inequality

(Au+ F(u),v —u) + / Ji(uyv — u)de

. (5.1)

+/ J2(yusyv —qu)do >0, Vo € K,
o0

where all denotations of Section 1 are valid. Here, F’ denotes the Nemytskij operator
given by

F(u)(x) = f(z,u(x), u(r), Vu(z)),

where we will allow f to depend discontinuously on its third argument. The aim
of this section is to deal with discontinuous Nemytskij operators F : [u,T] C
WP(Q) — L9(Q) by combining the results of Section 4 with an abstract fixed
point result for not necessarily continuous operators, cf. [7, Theorem 1.1.1]. This
will extend recent results obtained in [31]. Let us recall the definitions of sub- and
supersolutions.

Definition 5.1. A function u € WYP(Q) is called a subsolution of (5.1) if the
following holds:

(1) F(u) € L9(9);
(2) (AutF(w), w—u)+ / J, w3 w—u)da+ /8 B u—de 20 Vue
ul K.

Definition 5.2. A function w € WP(Q) is called a supersolution of (5.1) if the
following holds:

(1) F(u) € LY(Q);
(2) (Au + F(u),w — @) + / JtG mw — w)de + / Js(Cyvuyyw — yu)do >
Q o
0, WweuVvK.

The conditions for Clarke’s generalized gradient s — 9j(z, s) and the functions
Jr: QxR = R, k=1,2, are the same as in (j1)—(j3). We only change the property
(F1) to the following.

(F2) (i) =~ f(z,r,u(x),&) is measurable for all 7 € R, for all £ € RV, and for

all measurable functions u : 2 — R.
(ii) (r,€) — f(z,7,5,&) is continuous in R x RY for all s € R and for a.a.
x €.
(iii) s+ f(x,7,s,¢) is decreasing for all (r, &) € RxRY and for a.a. x € €.
(iv) There exist a constant ¢, > 0 and a function ky € L () such that

|f(z,7,5,6)] < ko) + col€[P7,

for a.a. z € Q, for all £ € RY, and for all r, s € [u(x),u(x)].

By [1] the mapping « — f(z, u(x), u(z), Vu(z)) is measurable for  — u(x) measur-
able, however, the associated Nemytskij operator F': W1P(Q) C LP(Q2) — L(Q) is
not necessarily continuous. An important tool in extending the previous result to
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discontinuous Nemytskij operators is the next fixed point result. The proof of this
lemma can be found in [7, Theorem 1.1.1].

Lemma 5.3. Let P be a subset of an ordered mormed space, G : P — P an
increasing mapping and G[P] = {Gz | x € P}.

(1) If G[P] has a lower bound in P and the increasing sequences of G[P] con-
verge weakly in P, then G has the least fized point x,., and x, = min{z |
Gr < z}.

(2) If G[P] has an upper bound in P and the decreasing sequences of G[P]
converge weakly in P, then G has the greatest fired point x*, and x* =
max{z | z < Gz}.

Our main result of this section is the following theorem.
Theorem 5.4. Assume that hypotheses (A1°)-(A%’),(j1)-(33),(F2), and (4.14) are
valid, and let u and @ be sub- and supersolutions of (5.1) satisfyingu <u and (2.1).

Then there exist extremal solutions u* and us of (5.1) with u < u, < u* < 7.

Proof. We consider the following auxiliary problem:

ue K: <AU+FZ(U)7U—u>+/j‘f(-,u;v—u)dx
“ (5.2)
+/ J2 (s yusyv —qu)do >0, Vv € K,
o0

where F, (u)(z) = f(z,u(x), 2(z), Vu(x)), and we define the set H := {z € WHP(Q) :
z € [u,T], and z is a supersolution of (5.1) satisfying z A K C K }. On H we in-
troduce the fixed point operator L : H — K by z — u* =: Lz, that is, for a given
supersolution z € H, the element Lz is the greatest solution of (5.2) in [u, 2] and
thus, it holds u < Lz < z for all z € H. This implies L : H — [u,u] N K. Because
of (4.14), Lz is also a supersolution of (5.2) satisfying

(ALz + F,(Lz),w — Lz) + / JP(y Lzyw — Lz)dz + / Js(-syLz;yw — yLz)do > 0,
Q o9

for all w € Lz V K. By the monotonicity of f with respect to its third argument,
Lz < z, and using the representation w = Lz + (v — Lz)™" for any v € K we obtain

0< (ALz+FZ(Lz),(v—Lz)+>—|—/jf(-,Lz; (v—Lz)")dx
Q
i9(-,vLz;y(v — Lz)T)do
+ [ taLas =L

< <ALz+FLZ(Lz),(v—Lz)ﬂ—&—/ﬂjf(-,llz; (v — Lz)")dx

+ / 8 vLzy(o — L2)*)do,
onN
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for all v € K. Consequently, Lz is a supersolution of (5.1). This shows L: H — H.
Let v1,v9 € H and assume that v; < vy. Then we have the following.

Lvy €[u, v1] is the greatest solution of

<Au+Fv1(u),v—u>+/j‘f(-,u;v—u)dm
Q

(5.3)
—|—/ JSCyyuyyv —yu)do >0, Vv e K
a9
Lvs €Ju, v9] is the greatest solution of
J— ;O . . J—
(Au+ Fy,(u),v —u) + /le( ,u; v — u)dx (5.4)

—|—/ 75 (- yu;yv —yu)de >0, Vo € K.
a0

Since vy < vy, it follows that Lvy < ve, and due to (4.14), Lv is also a subsolution
of (5.3), that is, (5.3) holds, in particular, for v € Lv; A K, that is,

0> (ALvi + Fy, (Lvr), (Lvg — v)*) — / 390, Lot —(Loy — v)*)dz
Q

—/ 5 (-, vLvy; —y(Lvy — v)T)do,
oQ

for all v € K. Using the monotonicity of f with respect to its third argument s
yields

0> (ALvi + Fy, (Lvr), (Lvg — v)*) — / 39(, Lot —(Lvy — ) )dz
Q
- [ a3t (Lo - oo
oQ
> (ALvy + F,,(Lvy), (Lvy —v)T) — / 39(-, Lvy; —(Lwy — v))dx
Q

—/ 35 (-, vLvy; —y(Lvy — v)F)do
o0

for all v € K. Hence, Lv; is a subsolution of (5.4). By Theorem 4.5, we know there
exists a greatest solution of (5.4) in [Lwvy,ve]. But Lws is the greatest solution of
(5.4) in [u, v2] 2 [Lv1, v2] and therefore, Lv; < Lwvy. This shows that L is increasing.
In the last step we have to prove that any decreasing sequence of L(H) converges
weakly in H. Let (u,) = (Lz,) C L(H) C H be a decreasing sequence. Then
un(z) Ny u(z) for a.a. z € Q for some u € [u,u]. The boundedness of w,, in
WLP(Q) can be shown similarly as in Section 4. Thus the compact imbedding
i: WHP(Q) — LP(Q) along with the monotony of u,, as well as the compactness of
the trace operator v : W1P(Q) — LP(99) implies

up —u in WHP(Q),
u, = u in LP(Q) and a.e. pointwise in €,
Yun, = yu in LP(0Q) and a.e. pointwise in 9.

Since u,, € K, it follows v € K. From (5.2) with u replaced by u,, and v by u, and
using the fact that (s,r) — jo(z,s;7), k = 1,2, is upper semicontinuous, we obtain
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by applying Fatou’s Lemma

lim sup(Au,, u, — u)
n— oo

< limsup(F,, (un),u — uyp) + lim sup/ JL Gt u — up )de
Q

n—oo n—oo

+limsup/ 72 (5 Yun; yu — yup )do
o0

n—oo

< limsup(F., (un),u — up) +/ limsup 57+, up; u — uy,) de
Q

n—oo n—oo

—0 <39 (-,u;0)=0

+/ lim sup jg (-, Ytn; YU — yun) do
o

Q n—oo

<33 (-syu;70)=0
<0.

The Sy -property of A provides the strong convergence of (u,) in WHP(Q). As
Lz, = u, is also a supersolution of (5.2) Definition 5.2 yields

(Aup + F,, (un), (v —un) ™) + / 305 tn; (v — up) T )da
Q
+/ jg('7’7un;’7(7}_un)+)da >0
o0
for all v € K. Due to z, > u, > u and the monotonicity of f we get
0 (A F ), (0 = ) ")+ [ 5503 (0 = ) )
Q
4 [ a3 to = u) do
a0
< (Auy, + Fu(un), (v —u,) ™) + / 39 (s s (v — up) T)dz
Q
4 [ B - ) o
aQ
for all v € K and since the mapping u — ut = max(u,0) is continuous from
WLP(Q) to itself (cf. [22]), we can pass to the upper limit on the right hand side
for n — oo. This yields
(Au+ Fy(u), (v —u)t) + / 39, u; (v —u))dw
Q
+/ jg(-,’yu;’y(v - ’U,)+)d$ > Oa Vv € K7
le)
which shows that u is a supersolution of (5.1), that is, v € H. As @ is an upper
bound of L(H), we can apply Lemma 5.3, which yields the existence of a greatest
fixed point u* of L in H. This implies that u* must be the greatest solution of (5.1)

in [u,]. By analogous reasoning, one shows the existence of a smallest solution wu.
of (5.1). This completes the proof of the theorem. O
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Remark. Sub- and supersolutions of problem (5.1) have been constructed in [15]
under the conditions (A1’)-(A3’), (j1)—(j2) and (F2)(i)—(F2)(iii), where the gradient
dependence of f has been dropped, meaning f(z,r,s) := f(z,r,s, ). Further, it is
assumed that A = —A, which is the negative p—Laplacian defined by

Ayu = div(|VulP~?Vu)  where Vu = (Ou/dx1,...,0u/dzy).
The coefficients a;,7 =1, ..., N are given by
ai(xasvg) = |§|p72§i-

Thus, hypothesis (A1) is satisfied with kg = 0 and ¢y = 1. Hypothesis (A2’) is
a consequence of the inequalities from the vector-valued function & — [£|P72€ (see
[9, Page 37]) and (A3’) is satisfied with ¢; = 1 and k1 = 0. The construction is
done by using solutions of simple auxiliary elliptic boundary value problems and
the eigenfunction of the p—Laplacian which belongs to its first eigenvalue.
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