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ABSTRACT. In this paper we study strongly singular problems with Dirichlet
boundary condition on bounded domains given by

h
—div (|Vu|p72Vu+u(:r:)\Vu|q72Vu) = ( (er))T in Q,
u
Wherel<p<N,p<q<p*=NN72,,0§u(-)€L°°(Q),1<rand

h € LY(Q) with h(z) > 0 for a.a.z € Q. Since the exponent r is larger than
one, the corresponding energy functional is not continuous anymore and so the
related Nehari manifold

N= {u e W (Q): [|Vull? + 1 Vullg,, - / h(@) (ut)' " de = o}
Q

is not closed in the Musielak-Orlicz Sobolev space WO1 H (©2). Instead we are
minimizing the energy functional over the constraint set

M= {u € W Q) |Vl + |Vulld , f/ h(a)(wt)' " dz > 0},
Q

which turns out to be closed in WO1 ’H(Q) and prove the existence of at least
one weak solution. Our result is even new in the case when the weight function
w© is away from zero.

1. INTRODUCTION

In 1991, Lazer-McKenna [13] studied the strongly singular problem
Au(z) + p(z)u(z)™” =0 in Q, u|aQ =0, (1.1)

where  is a bounded domain in RY, N > 1, with a C?T%boundary for o € (0, 1),
the function p is of class C%(£2) and strictly positive in  and v > 0. The authors
proved that there exists a H}-solution of (1.1) if and only if v < 3. In particular, if
v > 1, then there is no solution belonging to C'*(Q). Note that in case N = 1, (1.1)
occurs in different kind of problems in fluid mechanics and pseudoplastic flow, see
the works of Nachman-Callegari [17] and Stuart [25]. Crandall-Rabinowitz-Tartar
[5] proved that a solution of (1.1) exists if the domain €2 is of class C* and there
is no solution in C*(Q) if v > 1, see also the work of Gatica-Oliker-Waltman [9] in
case  is the open unit ball in RY.

In 2010 Boccardo-Orsina [1] proved existence, regularity and nonexistence results
for problems of type

" uf o =0, (1.2)
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where v > 0 and f is a nonnegative function belonging to certain Lebesgue spaces.
The authors showed several existence results for problem (1.2) even in the cases
v =1and v > 1. We also refer to the results of Sun-Wu-Long [23] and Yang [27]
in the semilinear case but for v < 1.

An extension of the classical existence result of Lazer-McKenna [13] has been
done by Sun-Zhang [24] (see also Sun [22]) who considered the problem
h(z)

0, (1.3)

—Au:? in Q, u‘aﬂ:

where Q C RY is a bounded regular domain with N >3, p > 1 and h is a positive
L'-function. It is shown that problem (1.3) admits a unique Hg-solution if and
only if there exists ug € Hg(£2) such that

/ h(z)|uo|* P dz < +o0.
Q

A similar treatment for Kirchhoff problems has been used by Li [14].
Motivated by the works in [14] and [24], in this paper we are going to study the
following strongly singular problem

h(z)
(ut)’
where Q C RY is a bounded domain with Lipschitz boundary 9Q, u* = max(u,0)

and the operator involved is the so-called double phase operator. In addition, we
suppose the following assumptions on the data:

(Hy) 1<p<N,p<q<p*:NN—_’;andOSu(-)eLm(Q);
(H2) 1 <rand h € L' (Q) with h(x) > 0 for a.a.x € Q.
We call a function u € Wol’H (©) a weak solution of problem (1.4) if

—div (|[VuP?Vu + p(z)|Vu|!*Vu) = inQ, u=0 ondQ, (1.4)

/ (|VulP~>Vu + p(2)|Vul|T*Vu) - Vo dz = / h(z)u™"pdx
Q Q

is satisfied for all ¢ € VVO1 H (Q) provided all the integrals converge.
Our main result is the following one.

Theorem 1.1. Let hypotheses (H1)—(Hsa) be satisfied and assume that there exists
ug € W&’H(Q) such that

/ h(z) (ui{)ril dz < 4o00.

Then, problem (1.4) admits at least one positive solution.

The difficulties in the proof of Theorem 1.1 lie in the fact that the exponent r
is larger than one, so we have a strongly singular problem. To be more precise,
due to this fact, the related energy functional is not continuous anymore since the
function

ur— [ h(z) (u+)1_r dz
Q
is not continuous on WO1 H (€2). This implies, in particular, that the related Nehari
manifold to problem (1.4) given by

N = {ue @) 19l + 19l — [ o))’ a0
Q
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is not a closed set in the Musielak-Orlicz Sobolev space WO1 H(Q) as it is the case
when r € (0,1). Indeed, if r € (0,1), a standard proceeding is the splitting of the
Nehari manifold into three disjoint parts and minimizing the energy functional over
two of them to get two positive solutions with different energy sign, see, for example,
the papers of Chen-Kuo-Wu [3] for degenerate Kirchhoff Laplacian problems with
sign-changing weight, Fiscella-Mishra [7] for fractional Kirchhoff problems, Kumar-
Radulescu-Sreenadh [12] for critical (p, q)-equations, Papageorgiou-Repovs-Vetro
[19] for weighted (p,q)-Laplacian, Liu-Dai-Papageorgiou-Winkert [16] for double
phase problems and Tang-Chen [26] for ground state solutions of Schrodinger type,
see also the references therein.

As already mentioned, this treatment is not possible in our case due to the
appearance of the strongly singular term. Instead of this, we consider the constraint
set

M= {u € Wy ™ (Q): | Vul2 + || Vullg, — / h(x)(ut)' " de > o} :
Q

which is a closed set in Wy " (Q), see Lemma 3.2. The idea is to minimize the
corresponding energy functional of problem (1.4) over the constraint set M to get
a positive solution. This is done by using Ekeland’s Variational Principle to get
a sequence with limit ug € WO1 H(Q) and this limit turns out to be an element
of the Nehari manifold N (see Proposition 3.4) which contains all nontrivial weak
solutions of problem (1.4).

The main arguments we use here are strongly influenced by Sun-Zhang [24],
however, some technical difficulties arrise. For example, since we are dealing with a
non-homogeneous operator, for each u € Wy'™(£2) such that Jo h(z)(ut)' ™ da <
400, we cannot explicitly express ¢, > 0 in terms of u, see Lemma 3.1. This
complicates the proofs of some estimates involving this number, especially some
crucial estimates in Proposition 3.4.

As far as we know our treatment has not been used before for double phase
problems and also not for (p,g)-problems. In general, there are only few papers
for strongly singular problems in the context of nonlinear operators. In order to
mention some of them, we refer to the works of Carvalho-Goncalves-Silva-Santos
[2] for a type of Brézis-Oswald problem to ®-Laplacian operators with strongly
singular terms, Gambera-Guarnotta [3] for strongly singular convective elliptic
equations in RY driven by a nonhomogeneous operator, Giachetti-Oliva-Petitta [10]
for 1-Laplacian problems with strongly singular right-hand sides and Papageorgiou-
Radulescu-Zhang [18] for strongly singular (p, ¢)-problems. The methods used in
these papers are different from our treatment.

This paper is organized as follows. In Section 2 we recall the main properties
of Musielak-Orlicz Sobolev spaces and of the double phase operator. The proof
of Theorem 1.1 is then given in Section 3 by studying the constraint set M and
minimizing the energy functional of (1.4) over M.

2. PRELIMINARIES

In this section we recall the definition of the Musielak-Orlicz Sobolev spaces
and the double phase operator including their properties. For more infor-
mation on these spaces and the operators we refer to Colasuonno-Squassina
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[1], Crespo-Blanco-Gasinski-Harjulehto-Winkert [6], Harjulehto-Hésto [11], Liu-Dai
[15], Papageorgiou-Winkert [20] and Perera-Squassina [21].

To this end, we denote by € a bounded domain in RV with N > 2 and with a
Lipschitz boundary 9. For 1 < r < oo, L™(Q) and L"(Q; RY) represent the usual
Lebesgue spaces equipped with the norm || - ||,.. Moreover, we denote by W, ()
the corresponding Sobolev space endowed with the equivalent norm ||V - ||, for
r € (1,00). Next, we introduce the nonlinear function H:  x [0,00) — [0,00)
given by

H(z,t) =P + p(x)td,

whereby we assume hypothesis (H;). Denoting by M (Q) the set of all measurable
functions u: Q — R, the Musielak-Orlicz space L*(Q) is defined by

LH(Q) = {ue M(Q): p(u) < +o0}
endowed with the norm
. u
lulln = mf{)\ >0:p (X) < 1},

whereas p stands for the modular function given as

o) = [ oo = [ (l? + p(o)lul?) do

Furthermore, L (€2) stands for the seminormed space

L(Q) = {u e M(Q): /Qu(:r)|u\qd:17 < +oo} :

equipped with the seminorm

q#(Au@mm¢Q;

Similarly, we can define LfL(Q;RN ). The related Musielak-Orlicz Sobolev space
WLH(Q) defined by

WhH(Q) = {ue L*(Q): |Vu| € L*(Q)}

is equipped with the norm

[[u

[ulle = Vel + llull-

Finally, the completion of C§°(2) in W1#(Q) is denoted by Wol’H (©). We know
that L*(Q), Wh*(Q) and W, () are reflexive Banach spaces and we can equip
the space W, (Q) with the equivalent norm

[ull = IV,

see the paper of Crespo-Blanco-Gasiniski-Harjulehto-Winkert [6].
The relation between the modular p and the norm || - |3 has been proven in the
paper of Liu-Dai [15].

Proposition 2.1. Let (H;) be satisfied, A > 0 and y € L™ (). Then the following
hold:
(i) Ify # 0, then |lylls = X if and only if p(%) = 1;
(i) |lyllze <1 (resp.> 1, =1) if and only if p(y) <1 (resp.>1, =1);
(iil) If llyllze < 1, then [lyll, < py) < llyll5;
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(v) If llylle > 1, then [lylly, < ply) < llyll3;:
(v) [lylls — 0 if and only if p(y) — 0;
(vi) |lyllx — +o0 if and only if p(y) — +oo.

Again, from Crespo-Blanco-Gasiriski-Harjulehto-Winkert [6, Proposition 2.16]

we know that
Wy (@) = L7()
is continuous for all r € [1,p*] and compact for all r € [1, p*).

For s € R, we set s = max{+s,0} and for a function u € W, " (Q) we define
u®(-) = u(-)*. Obviously, |u| = ut+u~ and u = u* —u~. Further, it is known that
ut € Wy (Q) whenever u € Wi (Q). In the following, the Lebesgue measure of
aset K C RY will be denoted by |K|y.

Let us now summarize the properties of the our operator. To this end, let
A: Wy Q) — W H(Q)* be defined by

(A(u),v) = /Q (IVulP~2Vu + p(2)|Vu|?*Vu) - Vodz

for all u,v € WolH(Q) with the duality pairing (-, -) of WolH(Q) and its dual space
Wy (Q)*. The following proposition can be found in Crespo-Blanco-Gasiriski-
Harjulehto-Winkert [6, Theorem 3.3].

Proposition 2.2. Under hypotheses(H1), the operator A is bounded, continuous,
strictly monotone and satisfies the (Sy)-property, i.e., if

Up = U N Wol’H(Q) and limsup (Auy, u, —u) <0

n—roo
hold, then we have u, — u in W *(Q).
3. PROOF OF THEOREM 1.1

First, we introduce the energy functional I: W, Q) = (=00, +00] associated
to problem (1.4) given by

1 1 1 1—r
I = = J - q _ _ - + )
(w) = SIVelly + [ Vullg, liréhuxu> d

Next, let us consider the Nehari manifold related to problem (1.4) which is defined
by

N = {u € Wy ™ (Q): | Vul2 + || Vull2, — /Q h(z)(ut)' " de = o}

u

= {ue myH(Q): ¢l (1) =0},

where ¢, : [0,00) — R defined by

tP o, 1 . = 1-r
pult) = 1(tu) = —[[Vullp + —|[Vullg,, — 7— [ h(z) (uf) " dz
p q rJa

for any u € WOIH (Q) such that [, h(z) (u*)l_r dz < 400, is the fibering map.
Since 1 < r, the function u — [, h(z)(u)" " dz is not continuous on Wy H(Q)
and so is I. Hence, we cannot prove that N is closed in W&H(Q) This is the
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reason why we deal with another constraint to the problem. More specifically, let
us define

M= {u e Wy (Q): Vullps + [Vullg , — / h(x)(u'k)lfr dz > 0}
Q

= {u e WhHQ): (1) > o} .
In the next results, we study some general aspects of ' and M.

Lemma 3.1. For each u € Wy (Q), such that [, h(z)(ut)' " dz < 400, there
exists a unique t, > 0 such that t,u € N'. Moreover,

I(tyu) = Itn>151I(tu).

Pu

129

Proof. Note that ¢, is C1((0,+0o0)) and, for ¢t > 0,

1-r

o, () = t”*1|\Vqu + tq*1||Vu||g# - tfr/ h(z) (u+) dz.
Q
Obviously, tu € N if and only if ¢/, (t) = 0 which is equivalent to
/ h(z) (u*)lir dz = P77 Val[f + 97 [ V)2, (3.1)
Q

If we define

g(t) =t Vullf + 4|Vl
it is easily seen that g(0) = 0 and limy_, 1~ g(¢) = +00. Then, there exists ¢, > 0
such that (3.1) holds true, which is equivalent to t,u € N'. On the other hand, we
have

g(t)=(p+r -T2 Vullp + (g + 7 — Dt 2V, > 0
for all ¢ > 0. Hence, g is strictly increasing and so t,, > 0 is unique. [
Next, we show that M is closed in Wy " (Q).
Lemma 3.2. M is closed in Wy (Q).

Proof. Let {un}nen € M be such that u,, — u in WOI’H (Q). Then, Fatou’s Lemma
implies that, up to a subsequence,

1—r
IVul2 + [ Vul, - / W) () da
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> [Vl + [Vualg— [ 1)) o+ 0,(1)
>0+ o0,(1).
Passing to the limit in both sides, we have that u € M. O
Now we prove that the set M is bounded away from the origin.
Lemma 3.3. There exists 6 > 0 such that ||ul| > § for all u € M.

Proof. We assume by contradiction that there exists a sequence {uy }neny € M such
that

U, — 0 in W&’H(Q) as n — +oo.

Then, by the reverse Holder inequality, it follows

(/Q h(x)idx)r. (/ﬂu; dz)l_r g/ﬂh(x)(u;)l’rdx

< [Vunlly + [IVunllg .
= o0,(1).
This, in turn, implies that
1
— =1 = on(1).
latli™t "
Therefore, ||u}|l; — 400 as n — 0o and so we get a contradiction. O

Note that, if u € M, then

1 1 1—r
+
~ (9l + IVul,) - 17T/Qh(x)u da

> (55 ) [ ) e

Hence, I is bounded from below on M. Moreover, from Lemma 3.2 we know
that M is closed and so it is a complete metric space. On the other hand, I is a
proper (since by assumption, [, h(z)(ug)?"! dz < +00) and a lower semicontinuous
functional over M. Thereby, Ekeland’s Variational Principle implies that there

exists a sequence {u, }nen € M such that

I(u)

Y

lim I(u,)=inf]
M

n——+00
and L
I(uy) — I(v) < —||lup —v|| for all v e M. (3.2)
n
Since I(u) = I(Ju|), we can assume, without any loss of generality, that u, > 0
a.e.in  and for all n € N. Moreover, since r > 1, we have

/ h(@)uk™" dz < [ Va2 + [ Va2, < +oo,
Q

which implies that w, > 0 a.e.in Q.
Furthermore, by Proposition 2.1 (iii) and (iv), it holds

1 . 1 1

o il Vunlye, [Vunli3} < 2 p(Vu) = (IVunlp + Vunllg )
< =i .
< I(uy) 1}\1/lff+0n(1)
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Hence, the sequence {u, }nen is bounded in W(}H(Q) So, we can assume, up to a
subsequence if necessary, that there exists ug € VVO1 () such that

u, —ug  in Wy (),

Uy, — ug in L%(Q) for 1 < s < p*

Up — Ug a.e.in .

Note that, even though we are minimizing the functional I on M, we want to
show that the minimizer actually belongs to A, since all the nontrivial solutions of
(1.4) belong to AV. In the next result, we prove this crucial fact.

Proposition 3.4. It holds that ug € N'. Moreover, we have
/ (|Vuo[PVug + pu(z)|Vuo|!*Vuy) - Vo dz > / h(x)ug "¢ dx
Q Q

for all o € WpH(Q) with ¢ > 0.

Proof. We will split the proof into two cases. In the first one we assume that
{tn}nen € M\ N. Let us fix o € Wy () with ¢ > 0 and n € N.
Since u, € N, we have for ¢t > 0 that

[ b + ) do < [ h@pul 7 de < [Vunllg + [Tl
Choosing St)> 0 sufficiently small, it ?ollows that
/Qh(ff)(un + )" da < [V (un + t) [+ [V (un + )12 ..
which implies that u,, + t¢ € M. Hence, from (3.2), we obtain
gl > Eatn) = T + 1)

(||Vun|

1 i . /Q (h(z)ul™ = h(z)(up + tp)'~") da.

Dividing the last inequality by ¢ > 0 and calculating the liminf as ¢ — 0, we have

1
T b — IV (un +10)115 )

@+ / IV, |P-2Vu, - Vodz + / (@) Vun| "™V, - Vo do
Q Q

1 (A(x)uy " — h(@) (un + t@)'™")
— /Q do (3.3)

> lim inf
t

t—0+

> [ h(x)u, "pdx.
Q

Recall that u, — up in WO1 H(Q) Then the weak lower semicontinuity of the norm
[V - |[5 and the seminorm ||V - |4 , along with Fatou’s Lemma imply that

infI = lim I(uy)
M

n—-+oo

liminf [ h(z)u. " dx

1 1
> limi + p - q _
> lim inf (p|wn||p + 3 wnllw> =i/,

1 1 1
> = || Vuol2 4+ = Vuol|? , — —— [ h(z)uj ™" da.
> SVl + 2Vl - 7= [ bl da
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This, in turn, implies that [, h(z)uj~"da < 4oc. Hence, by Lemma 3.1, there
exists t,, > 0, such that t,,uo € N. Hence,

ijr\l/lf[ > I(ug) > I(tuyuo) > ijr\l/f] > ijr\l/lf I (3.4)

Hence, all the inequalities in (3.4) turn into equalities. This implies that p(uy) —
p(u), for a subsequence if necessary, and so, since the modular function p is
uniformly convex, we get from Proposition 2.1 (v) that w, — wug in WO”{(Q)
Moreover, t,, = 1 and ug € N.

Now, letting n — 400 in (3.3) and using again Fatou’s Lemma, we obtain

/ |Vug|[P~2Vug - Vo da +/ ()| Vol 2Vug - Vi dr > / h(z)ug "pdx (3.5)
Q Q Q

for all ¢ € Wol’H(Q) with ¢ > 0. In particular, (3.5) implies that ug € M.
Now we consider the case in which, up to a subsequence, {u,}neny € N. Again,
let us fix ¢ € WOI’H(Q) with ¢ > 0 and n € N. For all £ > 0, we have
/ h(x)(un + tp) " dx < / h(z)ul™" dz < +oo. (3.6)
Q Q

Then, by Lemma 3.1, there exists a unique f,, ,(t) > 0 such that f, ,(t)(u, +tp) €
N, that is,

oo OPIIV (un + 10)|7 + fro (D)UY (un + )17,

= ()" /Q h() (n + 1)1 d.

Hence,
FreOP TNV (un + )1 + fro )TV (g + )12,
N (3.7)
= / h(x)(un + t) ~" da.
Q
Now, let us consider a sequence t; — 07 such that there exists the limit
no(ty) —1
lim npte) = 1 =: f.,(0) € [-00, +0c]. (3.8)

k—+oo tk

Note that, up to a subsequence, the sequence {f, ,(tx)}ren is bounded in R.
Indeed, otherwise, f ,(tx) — 400 as k — +o0o. Then, by (3.7) and Lebesgue’s
Convergence Theorem, it would follow that

/ h(z)ups ™" dx = +oo,
Q

which is a contradiction to (3.6). Hence there exists a nonnegative L € R such
that, up to a subsequence,

frp(te) = L as k — 4o0.

Then, passing to the limit in (3.7) as t;, — 07 and using Lebesgue’s Convergence
Theorem, we have that

/ B(a)ul " dx = DP~ 57|V B+ L9 [Ty [0, (3.9)
Q
But since u,, € N,

[ bt do = Va4 [V, (3.10)
Q
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Thus, from (3.9) and (3.10), it follows that L = 1. Hence, from now on, the
sequence {t;}ren is going to be considered such that (3.8) and also

li =1.
k—%I—iI-loo fn,ga(tk)

hold. Moreover, we assume, without any loss of generality, that either f, ,(tx) > 1
for all k € N or f, ,(tx) <1 for all k& € N. This implies

kginoo sgn(fr,o(te) — 1) = £1. (3.11)

Moreover, due to u,, € N, it follows that f, ,(0) = 1.
Let us now assume that there exists C' > 0 such that

—C < f,,(0)<C forallneN. (3.12)

From now on, for the sake of simplicity, we substitute ¢; for ¢ and by ¢t — 0%, we
mean ¢, — 07. Then, from (3.2) and the fact that f, ,(t)(u, + t¢) € M, we have

1
I(un) = I(fao () (un +10)) < — [ fp(£) (un +10) = un|
1
— EfneOlell + unll - |fne(t) = 11).
Dividing the last inequality by ¢ > 0 and passing to the limit, we get
o1 1
liminf = (1(wn) = I(fno (0) (un +12))) < — (llll + llunll - | £ (0)) - (3.13)

t—0t

On the other hand, it holds
I(u ) = I(fro(t) (un + 1))

(HVunHﬁ — frgp P IV (un + to)17)

IA

p
4 IVl = Foas 1 (an + 80013,
1 [ @ = b )+ ) )
- (Hwnnp IV +60)IE) = o8 = 1) 319+ )
+ < 1Vl = V0 +0)12,) = (o0 = 1) 2V + )
. i . /Q (h(z)up ™" — h(z)(uy + tp)' ") da
1

r (1= f”vw(t)lﬁ)/ h(z)(un + )" da.

Q
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Dividing by ¢ > 0 and passing to the limit as ¢ — 07, from Fatou’s Lemma and the
fact that u, € N, we get

lim inf% (I(tn) = T(f o (£) (tn + 1))

t—0+

2 _/ (|Vun P72V, + p(2)|Vu, |7 *Vu,) - Ve da
Q

= Fro O IVuR | = £, ,(0) ||V, ||2 , + / h(z)u, "¢ dz
° (3.14)
+f7'w,(0)/ h(z)ul™" dx
Q

- _/ (|Vun P72V, + p(2)|Vu, |7 *Vu,) - Ve da
Q

+ / h(z)u, @ da.
Q

From (3.13) and (3.14), it follows that
1
(el + llnll - 1£7,(0)])

n
> —/ (IVun P>V, + p(2)|Vu, |9 *Vu,) - Ve d (3.15)
Q

+ / h(z)u, @ dx.
Q

Since {ty nen is bounded in W, *(Q) and from (3.12), calculating the liminf as
n — 400 in (3.15), we have from Fatou’s Lemma that (3.5) holds true. In particular,
ug € M and we can proceed as in (3.4) and show that, also in this case, t,, = 1
and uy € N.

Now, it remains to prove that (3.12) holds. Since wy, fn,,(t)(u, + tp) € N, we
have that

IVunllZ + [Vnll9, = / h(x)ul " dz (3.16)
Q

and
TPV (un + o) [[5 + fr,o ()Y (un + )2,

= fnw(t)lfr/ h(x)(un + to)' ™" da.
Subtracting (3.16) from (3.17),?}% get
0= (fup®)? = DIV (un + ) [[5 + (IV(un +to) [} — [Vunll})
+ (fap ()T = DIV (un + t)ll7 , + (IV (un + to) 17, — Vunllg )

_ (fw(t)l—r—1)/Qh(x)(un+t<p)1—rdx

(3.17)

- /Q (h(z)(un + t)' ™" = h(z)uy ") da (3.18)

> ()P = DIV (un +t0)[I5 + (IV (un + to) [} — [IVual)
+ (fae ()T = D[V (un + )15, + (1V(un + )17, = IVunllf )

= (nel® 7 =1) [ B} + )" "

Q
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Then, we divide (3.18) by ¢ > 0 and let ¢ — 0F. This gives, by taking (3.16) into
account, that

02> pfh (O Vun b + / |Vu,[P2Vu, - Vo dr
Q
+ qu'LW(O)HVuan,M + /Q ()| V|92V, - Vo dz
(1=, [ el
Q

= 12.o0) (A + 90l = =) [ o)t ao)

n,p

+ / |V, |P~*Vu, - Vodr + / () |V, T 2Vu, - Vodz
Q Q (3.19)

= £1,(0) (P VunlZ — (1 — ) Vaun ) + /Q Vet P>V, - Vip da
L 0) (@ Va2, — (1= ) Van2 )
Jr/ ()| V|92V, - Vo dz
Q

>(p+r— 1)||Vuanf;7¢(0) —l—/ |V, P2V, - Ve da
Q

+(p+r— ]-)Hvuan,ﬂf'rlz,ap(O) + /Q ,u(:v)|Vun‘q—2Vun -Vedz.

Then, from Lemma 3.3, Proposition 2.1 (iii) and (iv), (3.19) and Holder’s inequality,

it follows that
— Jo IVun|P~2Vu, - Vodz — [, p(2)|Vu, |7 *Vu, - Ve dz

fr0(0) <
i P+ 7= D(IVun|p + [ Vunlg,.)
_ IVunlgH IV elly + IV anllg Vel
(p+r —1)min{ér, 07}
<C forallneN,
where we have used that {u, }nen € Wy 7' (2) is bounded.
Now, let us start proving that there exists C' > 0 such that
—C < fp,,(0) forallneN.

From (3.2) we know that
1

I(un) - I(fn,so(t)(un + t‘P)) < ﬁ”fn,w(t)(“n + t@) - Un”
1 (3.20)
< o (Wfae Ol + lunll fap () = 1)
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Moreover, since ty,, fn,o(t)(u, + tp) € N, it follow that

t
I(un) - I(fn,go(t)(un + t@))

_ (1 - 117~> (IVunll® = IV (un + to)|I2)

p

1
(5
< 1>fw P 1) [V + )
()

Hence, from (3.20) and (3.21), we have that

(IVunllg = IV (un + to) )

fnga _1 ‘Iv(un+t¢)|‘

1 1
el + (5 = 2 ) (19 + 0013 = 19 ]2)
1 1
(2= 15) (196 + 69l = 190l

1
2 = fne(t) = lunll

( ! )f P 1) [V + t0) 2

i

> (fuglt) 1) |- 1%

) o7 — 1) [Vt + £0)]19,

Tranll o, o 1) — 1)

L\ foe@®)P — ,
( ) fni(t) ”V(Un-l—t(p)n
L\ fre®)?—
( ) f,f;@) ||V(un+t<p)||
Note that P
TEGTT = e P 1

13

(3.21)

(3.22)

(3.23)

and analogously for g. Then, dividing (3.22) by ¢t > 0, taking the limit as t — 0T
and taking (3.11), (3.23) and Lemma 3.3 as well as Proposition 2.1 (iii), (iv) into

account, we have that

1 1 n
(-1 ) aminteron = 120) 1= c
Hence, we see that for n € N large enough,

fro(0) 2 C

and so we are done.

]

Before we can state the proof of Theorem 1.1 we need another auxiliary result.
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Lemma 3.5. If w € N is such that

/ |Vw[P~2Vw - Vi dr + / w(z)|Vw|?2Vw - Vo dr
@ @ (3.24)

— [ h(z)(w") "pdx >0
Q

for all p € Wg’H(Q) with @ > 0, then
/ |Vw[P~2Vw - Vi da + / w(z) | Vw|? 2V - Vi do — / h(z)(wh)"pdr =0
Q Q Q
for all o € WM (Q).

Proof. Let us fix ¢ € WOI’H(Q). For € > 0, let us consider ¢ = (w + &)™ €
W, ™ (€2). Then, since w € N satisfying (3.24), we have

0< / (IVw[P~2Vw + p(z)|[Vw|?2Vw) - Vo da 7/ h(z)(w)"pdx
Q Q

= / (IVw[P~2Vw + p(z)|[Vw|?2Vw) - V(w + ey) dz
{w+ey>0}
-/ Bw) () (w0 + e9) da
{w+eyp>0}
- /52 (IVw[P?Vw + p(z)|[ V| *Vw) - V(w + ) dz
- / (IVwP2Vw + p(2)|[Vw|T*Vw) - V(w + ep) dz
{w+eyp<0}
- [ b))k ey d+ B@) () " (w + ev) da
Q {w+ey<0}
L kug,u—/ Byt~ de
Q
4 5/ (IVwlP~2Vw + (@) V] V) - Vi dz — g/ h(a)(w )~ de
Q Q
- / (IVw|P?Vw + p(z)|[Vw|?*Vw) - V(w + e¢) dz
{w+e<0}
" / h(z)(w®) ™" (w + evp) d
{w+e<0}
= 5/ (|Vw[P~2Vw + p(z) |Vl V) - Vi dz — s/ h(z)(wt) " da
0

Q

—/{ roveo) (IVw|P2Vw + p(z)|[Vw|??Vw) - V(w + &) dz
wHep <

2 (wH) " (w T
+/{w+w<0}h( J(wh) " w + e) d

Se/ (|Vw|[P2Vw + p(z)|Vw|?T*Vw) 'Vd)dz—s/ h(z)(wt) " dx
Q Q

- 5/ ([Vw[P~2Vw + p(z)| V|2 V) - Vi dz.
{w+e<0}
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Dividing the last inequality by € > 0, letting ¢ — 07 and using the fact that
Hw + e < 0}y — 0 as e — 0T, we see that

/ |Vw|p_2Vw-Vz/)dx+/ u(m)|Vw|q_2Vw-Vz/)dx—/ h(z)(wh) ™"y >0 (3.25)
Q Q Q

for all ¢ € VVOI’H (Q). Substituting ¢ by —1 in (3.25), the result follows. O

Finally, we are able to present a complete proof of Theorem 1.1. Indeed, by
Proposition 3.4, ug € N and

/ |Vug|P~2Vug - Vi da +/ |Vug|?2Vug - Vi dz > / h(z)ug "¢ dx
Q Q Q
for all ¢ € WOI’H(Q) with ¢ > 0. Hence, by Lemma 3.5, ug is such that

/ |Vuo|P~?Vug - Vo da + / w(z) | Vug |92 Vug - Vo dr — / h(x)ug"pdx =0
Q Q Q

for all ¢ € W&’H(Q). Therefore, ug is a positive solution to problem (1.4).
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