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 a b s t r a c t

In this paper, we study a new class of mixed double phase problems that combine local and 
nonlocal operators. We consider two different models. The first model is driven by the fractional 
𝑝-Laplacian together with a local double phase operator, while the second model involves the local 
𝑝-Laplacian coupled with a fractional double phase operator. In order to describe the interaction 
between local and nonlocal effects within the double phase framework, we introduce an appro-
priate variational setting based on classical and fractional Musielak-Orlicz Sobolev spaces. Within 
this setting, we establish several existence and multiplicity results for weak solutions by means 
of variational and topological techniques. In particular, for the problem driven by the fractional 
𝑝-Laplacian and a local double phase operator, we prove the existence of a nonnegative solution 
using the Nehari manifold method in the presence of concave-convex nonlinearities. We also in-
vestigate the associated Brezis-Nirenberg type problem and obtain the existence of infinitely many 
solutions via genus theory. For the problem governed by the local 𝑝-Laplacian and a fractional 
double phase operator, we show the existence of at least two nontrivial constant sign solutions 
by exploiting the variational structure of the associated energy functional. Furthermore, in the 
subcritical case, we prove the existence of a least energy sign-changing solution by combining the 
Poincaré-Miranda existence theorem with the quantitative deformation lemma.

1.  Introduction and main results

In this work, we introduce and study two classes of mixed operators combining local and nonlocal effects. The first class consists 
of the fractional 𝑝-Laplacian coupled with a local double phase operator, while the second class involves the local 𝑝-Laplacian coupled 
with a fractional double phase operator. The study of operators of mixed order has recently attracted significant attention, as such 
operators arise naturally in various contexts. A notable example is their appearance as the superposition of different stochastic pro-
cesses, such as a classical random walk and a Lévy flight, which also play an important role in the analysis of optimal animal foraging 
strategies, see, for example, the works by Dipierro–Proietti Lippi–Valdinoci [1], Dipierro–Valdinoci [2], Montefusco–Pellacci–Verzini 
[3], and Pellacci–Verzini [4].
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We begin by studying a boundary value problem driven by the fractional 𝑝-Laplacian and a local double phase operator in the 
presence of concave-convex nonlinearities. More precisely, we consider the problem

(−Δ)𝑠𝑝𝑢 − 𝑎
𝑝,𝑞(𝑢) = 𝜆

(

𝑤1(𝑥)|𝑢|𝑘−2𝑢 +𝑤2(𝑥)|𝑢|𝑟−2𝑢
)

in Ω, 𝑢 = 0 in ℝ𝑁 ⧵Ω, (1.1)

where Ω ⊆ ℝ𝑁 , 𝑁 ≥ 2, is a bounded domain with smooth boundary 𝜕Ω and 

(−Δ)𝑠𝑝𝑢 = 𝐶 lim
𝜀→0∫ℝ𝑁 ⧵𝐵𝜀(𝑥)

|𝑢(𝑥) − 𝑢(𝑦)|𝑝−2(𝑢(𝑥) − 𝑢(𝑦))
|𝑥 − 𝑦|𝑁+𝑝𝑠 d𝑦,

denotes the fractional 𝑝-Laplacian. Here 𝐵𝜀(𝑥) ∶= {𝑧 ∈ ℝ𝑁 ∶ |𝑧 − 𝑥| < 𝜀} and 𝐶 is a normalization constant. Moreover, 
𝑎
𝑝,𝑞(𝑢) = div(|∇𝑢|𝑝−2∇𝑢 + 𝑎(𝑥)|∇𝑢|𝑞−2∇𝑢)

is the classical double phase operator. We assume the following hypotheses.

(H1) (i) 1 < 𝑝 < 𝑞 < 𝑁 , 1 < 𝑘 < 𝑝 < 𝑞 < 𝑟 ≤ 𝑝∗ = 𝑁𝑝
𝑁−𝑝 , and 𝑠 ∈ (0, 1);

(ii) 𝑤1 ∈ 𝐿
𝑟

𝑟−𝑘 (Ω), 𝑤2 ∈ 𝐿∞(Ω) with 𝑤1, 𝑤2 > 0 a.e. in Ω and 0 ≤ 𝑎(⋅) ∈ 𝐶0,1(Ω) ; if 𝑟 = 𝑝∗, then 𝑤1 ∈ 𝐿∞(Ω).

A function 𝑢 ∈ 𝑊  is said to be a weak solution of (1.1) if

∫ℝ𝑁 ∫ℝ𝑁

|𝑢(𝑥) − 𝑢(𝑦)|𝑝−2(𝑢(𝑥) − 𝑢(𝑦))(𝑣(𝑥) − 𝑣(𝑦))
|𝑥 − 𝑦|𝑁+𝑝𝑠 d𝑥 d𝑦

+ ∫Ω
(|∇𝑢|𝑝−2∇𝑢 + 𝑎(𝑥)|∇𝑢|𝑞−2∇𝑢) ⋅ ∇𝑣 d𝑥 = 𝜆∫Ω

(

𝑤1(𝑥)|𝑢|𝑘−2𝑢 +𝑤2(𝑥)|𝑢|𝑟−2𝑢
)

𝑣 d𝑥,

for all test functions 𝑣 ∈ 𝑊 , where the space 𝑊  is defined in (2.2).
Our first existence result concerning problem (1.1) is the following.

Theorem 1.1. Let hypotheses (H1) be satisfied. Then, there exists 𝜆0 > 0 such that for every 𝜆 ∈ (0, 𝜆0), problem (1.1) admits a nontrivial, 
nonnegative solution with negative energy.

We also consider a Brezis Nirenberg type problem obtained from (1.1) by assuming 𝑤2 =
1
𝜆  and 𝑟 = 𝑝∗. In this case, problem (1.1) 

reduces to
(−Δ)𝑠𝑝𝑢 − 𝑎

𝑝,𝑞(𝑢) = 𝜆𝑤1(𝑥)|𝑢|𝑘−2𝑢 + |𝑢|𝑝
∗−2𝑢 in Ω, 𝑢 = 0 in ℝ𝑁 ⧵Ω. (1.2)

Theorem 1.2. Let hypotheses (H1) with 𝑤2 =
1
𝜆  and 𝑟 = 𝑝∗ be satisfied. Then, there exists 𝜆1 > 0 such that for every 𝜆 ∈ (0, 𝜆1), problem

(1.2) admits a nontrivial, nonnegative solution with negative energy.
If, in addition, 𝑤1 = 1, we obtain the following multiplicity result.

Theorem 1.3. Let hypotheses (H1) with 𝑤2 =
1
𝜆 , 𝑤1 = 1, and 𝑟 = 𝑝∗ be satisfied. Then there exists Λ > 0 such that for all 𝜆 ∈ (0,Λ), problem

(1.2) admits infinitely many nontrivial solutions with negative energy.
Subsequently, motivated by the interplay between local diffusion and nonlocal phase transitions, we turn our attention to a second 

problem in which the roles of the local and nonlocal operators are interchanged. In this case, the equation is governed by the local 
𝑝-Laplacian and a fractional double phase operator, and it reads 

−Δ𝑝𝑢 − 𝑠,𝑏
𝑝,𝑞(𝑢) = 𝑓 (𝑥, 𝑢) in Ω, 𝑢 = 0 in ℝ𝑁 ⧵Ω, (1.3)

where Ω ⊆ ℝ𝑁 , 𝑁 ≥ 2, is a bounded domain with smooth boundary 𝜕Ω, Δ𝑝𝑢 = div(|∇𝑢|𝑝−2∇𝑢) denotes the local 𝑝-Laplace operator, 
and the nonlocal operator 𝑠,𝑏

𝑝,𝑞 is defined by 

𝑠,𝑏
𝑝,𝑞(𝑢) = lim

𝜀→0∫ℝ𝑁 ⧵𝐵𝜀(𝑥)

(

|𝑢(𝑥) − 𝑢(𝑦)|𝑝−2(𝑢(𝑥) − 𝑢(𝑦))
|𝑥 − 𝑦|𝑁+𝑝𝑠 + 𝑏(𝑥, 𝑦)

|𝑢(𝑥) − 𝑢(𝑦)|𝑞−2(𝑢(𝑥) − 𝑢(𝑦))
|𝑥 − 𝑦|𝑁+𝑞𝑠

)

d𝑦.

For problem (1.3) we impose the following assumptions:

(H2) (i) 1 < 𝑝 < 𝑞 < 𝑁 , 0 ≤ 𝑏(⋅, ⋅) ∈ 𝐿∞(ℝ𝑁 ×ℝ𝑁 ) with 𝑏(𝑥, 𝑦) = 𝑏(𝑦, 𝑥) for all (𝑥, 𝑦) ∈ ℝ𝑁 ×ℝ𝑁 , and 0 < 𝑠 < 1;
(ii) 𝑓 ∶ Ω ×ℝ → ℝ is a Carathéodory function and there exists a constant 𝑐 > 0 such that 

|𝑓 (𝑥, 𝑡)| ≤ 𝑐
(

1 + |𝑡|𝑟−1
)

for a.a. 𝑥 ∈ Ω and for all 𝑡 ∈ ℝ,

where 𝑟 < 𝑝∗;
(iii) lim

𝑡→0

𝑓 (𝑥, 𝑡)
|𝑡|𝑝−2𝑡

= 0 uniformly for a.a. 𝑥 ∈ Ω;

(iv) lim
𝑡→±∞

𝑓 (𝑥, 𝑡)
|𝑡|𝑞−2𝑡

= ∞ uniformly for a.a. 𝑥 ∈ Ω;

(v) for a.a. 𝑥 ∈ Ω, the map 𝑡 ↦ 𝑡𝑓 (𝑥, 𝑡) − 𝑞𝐹 (𝑥, 𝑡) is nondecreasing for 𝑡 ≥ 0 and nonincreasing for 𝑡 ≤ 0, where 

𝐹 (𝑥, 𝑡) = ∫

𝑡

0
𝑓 (𝑥, 𝜏) d𝜏;
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(vi) for a.a. 𝑥 ∈ Ω, the map 𝑡 ↦ 𝑓 (𝑥, 𝑡)
|𝑡|𝑞−1

 is strictly increasing on (−∞, 0) and on (0,∞).

A function 𝑢 ∈ 𝐸 is called a weak solution of (1.3) if 

∫Ω
|∇𝑢|𝑝−2∇𝑢 ⋅ ∇𝑣 d𝑥 + ∫𝑄

|𝐷𝑠(𝑢)|𝑝−2𝐷𝑠(𝑢)𝐷𝑠(𝑣) d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2𝐷𝑠(𝑢)𝐷𝑠(𝑣) d𝜈 = ∫Ω

𝑓 (𝑥, 𝑢)𝑣 d𝑥,

for all test functions 𝑣 ∈ 𝐸 with 𝑄 = ℝ2𝑁 ⧵ (Ω𝑐 × Ω𝑐 ), where the space 𝐸 is defined in (2.7). Here and in the sequel, we use the 
notation 

𝐷𝑠(𝑢) =
𝑢(𝑥) − 𝑢(𝑦)
|𝑥 − 𝑦|𝑠

and d𝜈 =
d𝑥 d𝑦

|𝑥 − 𝑦|𝑁
. (1.4)

Our main results related to problem (1.3) are the following ones.
Theorem 1.4. Let hypotheses (H2) be satisfied. Then problem (1.3) has at least two nontrivial constant sign solutions 𝑢∗, 𝑣∗ ∈ 𝐸 such that 

𝑢∗(𝑥) ≥ 0 and 𝑣∗(𝑥) ≤ 0 for a.a. 𝑥 ∈ Ω.

Theorem 1.5. Let hypotheses (H2) be satisfied. Then problem (1.3) has a least energy sign-changing solution.
Double phase operators originate from the seminal work of Zhikov [5], motivated by the mathematical modeling of strongly 

anisotropic materials whose constitutive laws exhibit different growth behaviors in different regions of the domain. The associated 
energy functionals typically switch between two distinct polynomial growths, which leads to differential operators of the form 

div(|∇𝑢|𝑝−2∇𝑢 + 𝑎(𝑥)|∇𝑢|𝑞−2∇𝑢).

Such operators naturally fit into the framework of Musielak-Orlicz Sobolev spaces and present substantial analytical difficulties due 
to their nonhomogeneous and nonuniformly elliptic structure.

The spectral and variational theory for double phase operators was initiated by Colasuonno–Squassina [6], who investigated the 
associated eigenvalue problem and established the existence of variational eigenvalues together with a detailed analysis of their 
qualitative properties. Since then, a rapidly growing literature has addressed the existence, multiplicity, and qualitative behavior 
of solutions to elliptic problems driven by double phase operators, mainly by means of variational techniques. In this direction, we 
refer to the works of Liu–Dai [7,8], who studied ground state solutions and multiple solutions in ℝ𝑁 , respectively. Problems in-
volving concave convex nonlinearities were investigated by Kim–Kim–Oh–Zeng [9] and by Mishra–Silva–Tripathi [10]. Multiplicity 
results for problems with nonlinear boundary conditions were obtained by Amoroso–Crespo-Blanco–Pucci–Winkert [11]. Moreover, 
Farkas–Fiscella–Winkert [12] established multiplicity results in the presence of critical growth of order 𝑝∗. To deal with the lack of 
compactness caused by the critical exponent, they performed a refined convergence analysis of the gradients. Further contributions 
concerning elliptic problems with critical nonlinearities can be found in Arora–Fiscella–Mukherjee–Winkert [13] and Bahrouni–
Fiscella–Winkert [14]. For problems involving critical growth switching between the Sobolev exponents 𝑝∗ and 𝑞∗, we refer to the 
works of Ho–Winkert [15], Ha–Ho [16,17], and Farkas–Fiscella–Ho–Winkert [18]. Kirchhoff type double phase problems were in-
vestigated by Crespo-Blanco–Gasiński–Winkert [19], who considered equations of the form

𝑀
(

∫Ω
(|∇𝑢|𝑝 + 𝑎(𝑥)|∇𝑢|𝑞) d𝑥

)

𝑎
𝑝,𝑞(𝑢) = 𝑓 (𝑥, 𝑢) in Ω, 𝑢 = 0 on 𝜕Ω, (1.5)

where Ω ⊆ ℝ𝑁 , 𝑁 ≥ 2, is a bounded domain with Lipschitz boundary 𝜕Ω, 1 < 𝑝 < 𝑁 , 1 < 𝑝 < 𝑞 ≤ 𝑝∗ = 𝑁𝑝
𝑁−𝑝  and the Kirchhoff function 

is given by 𝑀(𝑡) = 𝑚1 + 𝑚2𝑡𝜎−1. By combining variational methods with the Poincaré-Miranda existence theorem and the quantitative 
deformation lemma, the authors established the existence of two constant sign solutions together with a least energy sign changing 
solution.

All the literature discussed above concerns double phase operators involving the local 𝑝- and 𝑞-Laplacians. By contrast, the analysis 
of double phase operators involving nonlocal terms is relatively recent. In this direction, Cheng–Bai [20] investigated a fractional 
double phase problem of the form

𝑀
(

∫𝑄

(

|𝑢(𝑥) − 𝑢(𝑦)|𝑝

|𝑥 − 𝑦|𝑁+𝑝𝑠 + 𝑏(𝑥, 𝑦)
|𝑢(𝑥) − 𝑢(𝑦)|𝑞

|𝑥 − 𝑦|𝑁+𝑞𝑠

)

d𝑥 d𝑦
)

𝑠,𝑏
𝑝,𝑞(𝑢) = 𝑓 (𝑥, 𝑢) in Ω, 𝑢 = 0 in ℝ𝑁 ⧵Ω, (1.6)

where Ω ⊆ ℝ𝑁  is a bounded smooth domain, 0 < 𝑠 < 1 < 𝑝 < 𝑞 < 𝑁∕𝑠 and 𝑀(𝑡) = 𝑚1 + 𝑚2𝑡𝜎−1. The nonlinearity 𝑓 exhibits both sin-
gular and Choquard type growth. By employing the Nehari manifold method, Cheng–Bai [20] proved the existence of two distinct 
weak solutions to problem (1.6). Subsequently, Zeng–Lu–Rădulescu–Winkert [21] studied an inclusion problem involving a fractional 
double phase operator with a logarithmic perturbation. By means of the sub- and supersolution method, they established several exis-
tence results. Moreover, the authors also investigated the fractional counterpart of problem (1.5), namely a Kirchhoff-type problem of 
the form (1.6). By combining variational techniques with the Poincaré-Miranda existence theorem and the quantitative deformation 
lemma, they proved the existence of two constant sign solutions together with one sign changing solution.

We now turn to elliptic problems involving mixed operators, namely operators obtained as a superposition of local and nonlocal 
components. Such operators naturally arise in models where classical diffusion interacts with long-range effects. In recent years, 
problems combining local and nonlocal features have attracted considerable attention, and a growing body of literature has been 
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devoted to the study of existence, multiplicity, and qualitative properties of solutions. In particular, several works have investigated 
equations of the form 

−Δ𝑝𝑢 + (−Δ)𝑠𝑞𝑢 = 𝑓 in Ω, 𝑢 = 0 in ℝ𝑁 ⧵Ω,

where 𝑝, 𝑞 ∈ (1,∞) and 𝑠 ∈ (0, 1). In the case 𝑝 = 𝑞 = 2, we mention the contributions of Biagi–Dipierro–Valdinoci–Vecchi [22], 
where existence results, maximum principles, and regularity properties were established. Problems involving Hardy type po-
tentials were studied by Biagi–Esposito–Montoro–Vecchi [23], while the Brezis Nirenberg problem was addressed in Biagi–
Dipierro–Valdinoci–Vecchi [24]. We also mention the work by Balci [25] about nonlocal and mixed models with Lavrentiev gap. 
Singular and critical nonlinearities were considered by Biagi–Vecchi [26] , and by Anthal–Giacomoni–Sreenadh [27] in the presence 
of singular and critical Choquard type nonlinearities. Multiplicity results and the existence of sign changing solutions via descending 
flow methods were obtained by Su–Valdinoci–Wei–Zhang [28]. Finally, Kirchhoff type problems with critical growth were investi-
gated by Tripathi [29] using the Nehari manifold method. In the case 𝑝 = 𝑞, we refer to the work of Garain–Ukhlov [30], where 
existence, uniqueness, and symmetry properties were established for singular problems. Critical nonlinearities were studied by da 
Silva–Fiscella–Viloria [31], while Bhowmick–Ghosh [32] obtained the existence of sign changing solutions by combining the Nehari 
manifold method with Browder degree theory. When 𝑝 ≠ 𝑞, Dhanya–Giacomoni–Jana [33] derived existence and multiplicity results 
for concave-convex nonlinearities in the presence of sign changing weights. More recently, Malhotra–Pandey–Sreenadh [34] investi-
gated a mixed local and nonlocal problem with variable exponents. In their work, the authors introduced the appropriate functional 
framework and proved existence results for singular and superlinear nonlinearities by means of the Nehari manifold technique.

Despite the extensive literature on double phase problems and the rapidly growing work on mixed local-nonlocal operators, 
these two research directions have so far evolved largely independently. Existing results on double phase problems mainly concern 
operators that are either purely local or purely nonlocal, whereas the theory of mixed operators has been developed almost exclusively 
for homogeneous growth structures, typically involving the superposition of a local 𝑝-Laplacian and a fractional 𝑞-Laplacian. To the 
best of our knowledge, problems involving a genuine coupling of local and nonlocal effects within a double phase framework have 
not yet been investigated. In particular, the interaction between a fractional 𝑝-Laplacian and a local double phase operator, as well 
as the converse situation involving a local 𝑝-Laplacian coupled with a fractional double phase operator, appears to be completely 
unexplored.

Motivated by these gaps, the present paper investigates two new classes of mixed local and nonlocal double phase problems, namely
(1.1) and (1.3). By developing an appropriate variational framework based on classical and fractional Musielak-Orlicz Sobolev spaces, 
we establish existence and multiplicity results through Nehari manifold techniques, genus theory, and a combination of variational 
and topological methods. Our findings substantially extend both the theory of double phase problems and the theory of mixed local 
and nonlocal operators, by capturing the delicate interaction between local and nonlocal effects within a double phase setting. Since 
both models involve double phase operators, the analysis naturally requires working in generalized Musielak-Orlicz Sobolev spaces. 
In particular, we introduce two function spaces specifically tailored to the mixed double phase structure and establish their main 
properties, which play a crucial role in the variational approach developed in this work.

In problem (1.1), we deal with concave-convex nonlinearities in the presence of positive weights. The existence of solutions 
is established by means of the Nehari manifold approach. We also investigate the case in which the weight satisfies 𝑤2 =

1
𝜆  and 

the exponent is critical, namely 𝑟 = 𝑝∗, which corresponds to the Brezis-Nirenberg type problem. Inspired by the works of Farkas–
Fiscella–Winkert [12], da Silva–Fiscella–Viloria [31] and Dhanya–Giacomoni–Jana [33], we address this setting by combining the 
Nehari manifold method with genus theory. In this way, we obtain both existence and multiplicity results for the associated problem.

For problem (1.3), we deal with a subcritical nonlinearity that does not satisfy the Ambrosetti-Rabinowitz condition. We prove 
the existence of three distinct solutions, namely one positive solution, one negative solution, and one solution that changes sign. 
The existence of the constant sign solutions is obtained through a variational critical point argument of mountain pass type, while 
the sign-changing solution is constructed by working on a suitable constraint set and applying the Poincaré-Miranda existence theo-
rem. The variational strategy and the corresponding existence results for this problem are inspired by the works of Crespo-Blanco–
Gasiński–Winkert [19] and Zeng–Lu–Rădulescu–Winkert [21].

The paper is organized as follows. In Section 2, we introduce the Sobolev spaces that provide the functional framework for our 
analysis. In addition, we collect several preliminary lemmas and technical results that will be used throughout the paper. Section 3 
is devoted to the study of the fractional 𝑝-Laplacian combined with a double phase operator, where existence and multiplicity results 
are obtained by means of the Nehari manifold technique and topological arguments, see Theorems 1.1–1.3. Finally, in Section 4, we 
investigate the local 𝑝-Laplacian coupled with a fractional double phase operator, and prove the existence of constant sign solutions 
as well as a least energy solution that changes sign by using variational tools such as the Poincaré-Miranda existence theorem and 
the Deformation Lemma, see Theorems 1.4 and 1.5.

2.  Functional setting and preliminaries

In order to develop the variational framework associated with the problems under consideration, it is necessary to precisely 
describe the function spaces in which weak solutions are sought. This section is devoted to recalling the main properties of classical 
and fractional Sobolev spaces, together with their generalized counterparts in the sense of Musielak. Furthermore, we introduce two 
function spaces specifically designed to treat problems of the form (1.1) and (1.3). We investigate their fundamental properties, which 
are essential for the variational methods employed in the subsequent analysis.
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Throughout the paper, 𝑐 > 0 denotes a generic constant, whose value may change from line to line. For 𝑎 ∈ (1,∞), we denote by 
𝑎′ ∶= 𝑎

𝑎−1  the conjugate exponent of 𝑎. For 𝑥 ∈ ℝ𝑁  and 𝑟 > 0, we write 

𝐵𝑟(𝑥) ∶=
{

𝑦 ∈ ℝ𝑁 ∶ |𝑦 − 𝑥| < 𝑟
}

for the open ball of radius 𝑟 centered at 𝑥. When the center is the origin, we simply write 𝐵𝑟 ∶= 𝐵𝑟(0). Unless otherwise stated, Ω ⊆ ℝ𝑁

denotes a bounded domain with smooth boundary, and |Ω| stands for the Lebesgue measure of Ω. Moreover, for 𝑡 ∈ ℝ, we define 
𝑡± = max{±𝑡, 0}, the positive and negative parts of 𝑡. Clearly, 𝑡 = 𝑡+ − 𝑡−.

For 𝑟 ∈ [1,∞), we denote by 𝐿𝑟(Ω) the usual Lebesgue spaces endowed with the norm ‖𝑢‖𝑟 =
(

∫Ω |𝑢|𝑟 d𝑥
)1∕𝑟

. Let 𝑀(Ω) be the space 
of all measurable functions 𝑢∶ Ω → ℝ. Given a measurable function 𝑤∶ Ω → (0,∞) and 1 ≤ 𝑟 < ∞, we define the weighted Lebesgue 
space 𝐿𝑟(Ω, 𝑤) by 

𝐿𝑟(Ω, 𝑤) ∶=
{

𝑢 ∈ 𝑀(Ω)∶ ∫Ω
𝑤(𝑥)|𝑢(𝑥)|𝑟 d𝑥 < ∞

}

,

which is equipped with the norm 

‖𝑢‖𝑟,𝑤 ∶=
(

∫Ω
𝑤(𝑥)|𝑢(𝑥)|𝑟 d𝑥

)
1
𝑟
.

We denote by 𝑊 1,𝑟(Ω) and 𝑊 1,𝑟
0 (Ω) the usual Sobolev spaces endowed with the norms 

‖𝑢‖1,𝑟 = ‖𝑢‖𝑟 + ‖∇𝑢‖𝑟 and ‖𝑢‖1,𝑟,0 = ‖∇𝑢‖𝑟.

For 1 < 𝑟 < 𝑁 , the Sobolev embedding 𝑊 1,𝑟
0 (Ω) ↪ 𝐿𝓁(Ω) for 𝓁 ∈ [1, 𝑟∗] holds, where 𝑟∗ = 𝑁𝑟

𝑁−𝑟 . More precisely, there exists a constant 
𝑆𝓁 > 0 such that 

‖𝑢‖𝓁 ≤ 𝑆𝓁‖∇𝑢‖𝑟 for all 𝑢 ∈ 𝑊 1,𝑟
0 (Ω).

In order to treat the critical Sobolev term, we introduce the best Sobolev constant defined by 

𝑝 ∶= inf
𝑢∈𝑊 1,𝑝

0 (Ω)⧵{0}

‖∇𝑢‖𝑝𝑝
‖𝑢‖𝑝𝑝∗

, (2.1)

for 1 < 𝑝 < 𝑁 . It is well known that 𝑝 is strictly positive and finite. Next, let 𝑠 ∈ (0, 1) and 𝑟 ∈ [1,∞). Then, the fractional Sobolev 
space 𝑊 𝑠,𝑟(ℝ𝑁 ) is defined as 

𝑊 𝑠,𝑟(ℝ𝑁 ) ∶=
{

𝑢 ∈ 𝐿𝑟(ℝ𝑁 )∶ [𝑢]𝑟𝑠,𝑟 < ∞
}

,

equipped with the norm 

‖𝑢‖𝑠,𝑟 =
(

‖𝑢‖𝑟𝑟 + [𝑢]𝑟𝑠,𝑟
)

1
𝑟 ,

where 

[𝑢]𝑟𝑠,𝑟 = ∫ℝ𝑁 ∫ℝ𝑁

|𝑢(𝑥) − 𝑢(𝑦)|𝑟

|𝑥 − 𝑦|𝑁+𝑠𝑟 d𝑥 d𝑦

is the Gagliardo seminorm. For a comprehensive treatment of fractional Sobolev spaces and their properties, we refer to Di Nezza–
Palatucci–Valdinoci [35].

Define, 

(𝑥, 𝑦, 𝑡) = ∫

|𝑡|

0
𝑔(𝑥, 𝑦, 𝜏)𝜏 d𝜏,

where 𝑔∶ Ω × Ω × [0,∞) → [0,∞) is a given function. Recall that, ∶ Ω × Ω ×ℝ → [0,∞) is called a generalized 𝑁-function (denoted 
by  ∈ 𝑁(Ω × Ω)) if it satisfies the following conditions:

(i) For a.a. 𝑥, 𝑦 ∈ Ω, the map (𝑥, 𝑦, ⋅)∶ ℝ → [0,∞) is continuous, even, increasing, and convex.
(ii) For every 𝑡 ≥ 0, the map (⋅, ⋅, 𝑡)∶ Ω × Ω → [0,∞) is measurable.
(iii) (𝑥, 𝑦, 𝑡) = 0 if and only if 𝑡 = 0 for a.a. (𝑥, 𝑦) ∈ Ω × Ω.

(iv) lim
𝑡→0

(𝑥, 𝑦, 𝑡)
𝑡

= 0 and lim
𝑡→∞

(𝑥, 𝑦, 𝑡)
𝑡

= ∞ for a.a. (𝑥, 𝑦) ∈ Ω × Ω.

We say that a generalized 𝑁-function  satisfies the weak Δ2-condition if there exist 𝛿0 > 0 and a nonnegative function 𝑘 ∈ 𝐿1(Ω)
such that 

(𝑥, 𝑦, 2𝑡) ≤ 𝛿0(𝑥, 𝑦, 𝑡) + 𝑘(𝑥)

for a.a. (𝑥, 𝑦) ∈ Ω × Ω and for all 𝑡 ≥ 0. If 𝑘 = 0, then  is said to satisfy the Δ2-condition.
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We say that  ∈ 𝑁(Ω × Ω) is locally integrable if, for any 𝑡 > 0 and for every compact set 𝐾 ⊆ Ω, 

∫𝐾×𝐾
(𝑥, 𝑦, 𝑡) d𝑥 d𝑦 < ∞ and ∫𝐾

(𝑥, 𝑥, 𝑡) d𝑥 < ∞.

Similarly, one defines a generalized 𝑁-function  ∶ Ω ×ℝ → [0,∞) (denoted by  ∈ 𝑁(Ω)).
Let  ∈ 𝑁(Ω). The Musielak-Orlicz Lebesgue space 𝐿 (Ω) is defined by 

𝐿 (Ω) =
{

𝑢 ∈ 𝑀(Ω)∶ ∫Ω
(𝑥, 𝜏|𝑢|) d𝑥 < ∞ for some 𝜏 > 0

}

.

Equipped with the Luxemburg norm 

‖𝑢‖ = inf
{

𝜏 > 0∶ ∫Ω

(

𝑥,
|𝑢|
𝜏

)

d𝑥 ≤ 1
}

,

the space 𝐿 (Ω) becomes a Banach space, see Musielak [36].
The following result can be found in Youssfi–Ahmida [37, Remark B.1, Theorem B.3 and Theorem 2.2].

Theorem 2.1.  Let  ∈ 𝑁(Ω).

(i) If  satisfies the Δ2-condition, then 𝐿 (Ω) is a separable and reflexive Banach space.
(ii) If  is locally integrable then 𝐶∞

𝑐 (Ω) is dense in 𝐿 (Ω).

For further background on Musielak-Orlicz Lebesgue spaces, we refer to Fukagai–Ito–Narukawa [38].
For a given  ∈ 𝑁(Ω), we define the Musielak-Orlicz Sobolev space 𝑊 1, (Ω) by 

𝑊 1, (Ω) ∶=
{

𝑢 ∈ 𝐿 (Ω)∶ |∇𝑢| ∈ 𝐿 (Ω)
}

.

It is equipped with the norm 
‖𝑢‖1, ∶= ‖𝑢‖ + ‖∇𝑢‖ .

The subspace 𝑊 1,
0 (Ω) is defined as the closure of 𝐶∞

𝑐 (Ω) with respect to ‖ ⋅ ‖1, . Since the operator in problem (1.1) involves the 
local double phase operator, we define the generalized 𝑁-function  ∶ Ω × [0,∞) → [0,∞) defined by 

(𝑥, 𝑡) ∶= 𝑡𝑝 + 𝑎(𝑥)𝑡𝑞

under hypothesis (H1)(i). It is well known that 𝑊 1, (Ω) and 𝑊 1,
0 (Ω) are separable, reflexive Banach spaces, see Colasuonno–

Squassina [6, Proposition 2.14].
The following result can be found in Liu–Dai [7, Proposition 2.1]

Lemma 2.2.  Let 𝑢 ∈ 𝐿 (Ω), define the modular 

𝜌 (𝑢) = ∫Ω
(𝑥, |𝑢|) d𝑥,

and let 𝑐 > 0. Then the following assertions hold:

(i) for 𝑢 ≠ 0, one has ‖𝑢‖ = 𝑐 if and only if 𝜌 (𝑢∕𝑐) = 1;
(ii) ‖𝑢‖ < 1 (resp.= 1, > 1) if and only if 𝜌 (𝑢) < 1 (resp.= 1, > 1);
(iii) if ‖𝑢‖ < 1, then ‖𝑢‖𝑞 ≤ 𝜌 (𝑢) ≤ ‖𝑢‖𝑝 ;
(iv) if ‖𝑢‖ > 1, then ‖𝑢‖𝑝 ≤ 𝜌 (𝑢) ≤ ‖𝑢‖𝑞 ;
(v) ‖𝑢‖ → 0 if and only if 𝜌 (𝑢) → 0.

Since problem (1.1) also involves the fractional Laplacian together with a double phase operator, we introduce the function space 

𝑊 ∶= 𝐶∞
𝑐 (Ω)

‖⋅‖𝐿𝜉 , (2.2)

where the Luxemburg type norm is defined by 

‖𝑢‖𝐿𝜉 ∶= inf
{

𝜏 > 0∶ 𝜉
(

𝑢
𝜏

)

≤ 1
}

,

and the corresponding modular is given by 

𝜉(𝑢) ∶= ∫ℝ𝑁 ∫ℝ𝑁

|𝑢(𝑥) − 𝑢(𝑦)|𝑝

|𝑥 − 𝑦|𝑁+𝑠𝑝 d𝑥 d𝑦 + ∫ℝ𝑁

(

|∇𝑢|𝑝 + 𝑎(𝑥)|∇𝑢|𝑞
)

d𝑥.

For simplicity, in the sequel we denote ‖ ⋅ ‖𝐿𝜉  by ‖ ⋅ ‖𝑊 .
The proof of the following lemma follows along the same lines as in Liu–Dai [7, Proposition 2.1].

Lemma 2.3. Let 𝑢 ∈ 𝑊  and 𝑐 > 0. Then the following assertions hold:

(i) for 𝑢 ≠ 0 one has ‖𝑢‖𝐿𝜉 = 𝑐 if and only if 𝜉(𝑢∕𝑐) = 1;
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(ii) ‖𝑢‖𝐿𝜉 < 1 (resp.= 1, > 1) if and only if 𝜉(𝑢) < 1 (resp.= 1, > 1);
(iii) if ‖𝑢‖𝐿𝜉 < 1, then ‖𝑢‖𝑞

𝐿𝜉 ≤ 𝜉(𝑢) ≤ ‖𝑢‖𝑝
𝐿𝜉 ;

(iv) if ‖𝑢‖𝐿𝜉 > 1, then ‖𝑢‖𝑝
𝐿𝜉 ≤ 𝜉(𝑢) ≤ ‖𝑢‖𝑞

𝐿𝜉 ;
(v) ‖𝑢‖𝐿𝜉 → 0 if and only if 𝜉(𝑢) → 0.

Here and in the sequel, every function 𝑢 ∈ 𝑊 1,
0 (Ω) is identified with its zero extension to ℝ𝑁 . Moreover, we extend the coefficient 

𝑎∶ Ω → [0,∞) by setting 
𝑎(𝑥) ∶= 0 for 𝑥 ∈ ℝ𝑁 ⧵Ω,

and we continue to denote this extension by 𝑎. Accordingly, the generalized 𝑁-function  ∶ Ω × [0,∞) → [0,∞) is extended to ℝ𝑁 ×
[0,∞) by defining 

(𝑥, 𝑡) ∶=

{

(𝑥, 𝑡), if (𝑥, 𝑡) ∈ Ω × [0,∞),
0, if (𝑥, 𝑡) ∈ (ℝ𝑁 ⧵Ω) × [0,∞).

With this convention, both 𝑎 and  are understood as functions defined on the whole space ℝ𝑁 .
We now establish the following result.

Proposition 2.4. Let Ω ⊂ ℝ𝑁  be a bounded domain. Then the norms ‖ ⋅ ‖𝐿𝜉  and ‖ ⋅ ‖1, are equivalent on 𝐶∞
𝑐 (Ω). In particular, 

𝑊 = 𝐶∞
𝑐 (Ω)

‖⋅‖1, =
{

𝑢 ∈ 𝑊 1, (ℝ𝑁 )∶ 𝑢|Ω ∈ 𝑊 1,
0 (Ω), 𝑢 = 0 in ℝ𝑁 ⧵Ω

}

. (2.3)

Moreover, 𝑊  is a reflexive Banach space, and the embedding 𝑊 ↪ 𝐿𝑟(Ω) is continuous for any 𝑟 ∈ [1, 𝑝∗] and compact for any 𝑟 ∈ [1, 𝑝∗).

Proof.  Let 𝑢 ∈ 𝐶∞
𝑐 (Ω). By Liu–Dai [8, Lemma 2.7], the embedding 𝑊 1, (ℝ𝑁 ) ↪ 𝑊 1,𝑝(ℝ𝑁 ) is continuous. Furthermore, from Di Nezza–

Palatucci–Valdinoci [35, Proposition 2.2], 𝑊 1,𝑝(ℝ𝑁 ) embeds continuously into 𝑊 𝑠,𝑝(ℝ𝑁 ). Hence, there exist constants 𝑐1, 𝑐2 > 0 such 
that 

[𝑢]𝑠,𝑝 ≤ 𝑐1
(

‖𝑢‖𝑝 + ‖∇𝑢‖𝑝
)

≤ 𝑐2
(

‖𝑢‖ + ‖∇𝑢‖
)

. (2.4)

Set 𝜏1 = [𝑢]𝑠,𝑝 and 𝜏2 = ‖∇𝑢‖ . Using the definition of the modular 𝜉, we compute

𝜉
(

𝑢
3(𝜏1 + 𝜏2)

)

= ∫ℝ𝑁 ∫ℝ𝑁

|

|

|

|

𝑢(𝑥) − 𝑢(𝑦)
3(𝜏1 + 𝜏2)

|

|

|

|

𝑝 1
|𝑥 − 𝑦|𝑁+𝑠𝑝 d𝑥 d𝑦 + ∫ℝ𝑁

(

|

|

|

|

∇𝑢
3(𝜏1 + 𝜏2)

|

|

|

|

𝑝
+ 𝑎(𝑥)

|

|

|

|

∇𝑢
3(𝜏1 + 𝜏2)

|

|

|

|

𝑞)

d𝑥

≤ 1
3𝑝

(

𝜏1
𝜏1 + 𝜏2

)𝑝
+ 1

3𝑝

(

𝜏2
𝜏1 + 𝜏2

)𝑝
+ 1

3𝑞

(

𝜏2
𝜏1 + 𝜏2

)𝑞
≤ 2

3𝑝
≤ 1,

which implies 
‖𝑢‖𝐿𝜉 ≤ 3(𝜏1 + 𝜏2) = 3([𝑢]𝑠,𝑝 + ‖∇𝑢‖ ).

Combining this with (2.4), we obtain 
‖𝑢‖𝐿𝜉 ≤ 𝑐

(

‖𝑢‖ + ‖∇𝑢‖
)

. (2.5)

Since 𝐶∞
𝑐 (Ω) ⊂ 𝑊 1,

0 (Ω), the Poincaré inequality gives 
‖𝑢‖ ≤ 𝑐‖∇𝑢‖ ,

see Crespo-Blanco–Gasiński–Harjulehto–Winkert [39, Proposition 2.18]. Moreover, by definition of the norms, ‖∇𝑢‖ ≤ ‖𝑢‖𝐿𝜉 . There-
fore, 

‖𝑢‖ + ‖∇𝑢‖ ≤ 𝑐‖𝑢‖𝐿𝜉 . (2.6)

From (2.5) and (2.6), the equivalence of the norms ‖ ⋅ ‖𝐿𝜉  and ‖ ⋅ ‖1, on 𝐶∞
𝑐 (Ω) follows. Since Ω is bounded and the norms are 

equivalent on 𝐶∞
𝑐 (Ω), the characterization of 𝑊  in (2.3) follows. Because 𝑊 1, (ℝ𝑁 ) is separable and reflexive and 𝑊  is a closed 

subspace, 𝑊  is also reflexive.
Finally, the embedding 𝑊 1,

0 (Ω) ↪ 𝐿𝑟(Ω) is continuous for 𝑟 ∈ [1, 𝑝∗] and compact for 𝑟 ∈ [1, 𝑝∗), see Liu–Dai [7]. Consequently, 
the same embedding properties hold for 𝑊 . ∎

Since 𝑊 ↪ 𝐿𝓁(Ω) for every 𝓁 ∈ [1, 𝑝∗], there exists a constant 𝐶𝓁 > 0 such that 
‖𝑢‖𝓁 ≤ 𝐶𝓁‖𝑢‖𝑊 for all 𝑢 ∈ 𝑊 .

For any generalized 𝑁-function ∶ Ω × Ω ×ℝ → [0,∞), we define the function 𝑔𝑥 ∶ Ω × [0,∞) → [0,∞) such that 

𝑔𝑥(𝑥, 𝑡) = 𝑔(𝑥, 𝑥, 𝑡) and 𝑥(𝑥, 𝑡) = ∫

|𝑡|

0
𝑔𝑥(𝑥, 𝜏)𝜏 d𝜏.

For a given generalized 𝑁-function  and 𝑠 ∈ (0, 1), the fractional Musielak-Orlicz Sobolev space is defined by 

𝑊 𝑠,(Ω) =
{

𝑢 ∈ 𝐿𝑥 (Ω)∶ ∫Ω ∫Ω

(

𝑥, 𝑦,
𝜏|𝑢(𝑥) − 𝑢(𝑦)|

|𝑥 − 𝑦|𝑠

)

d𝑥 d𝑦
|𝑥 − 𝑦|𝑁

< ∞ for some 𝜏 > 0
}

.
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The space 𝑊 𝑠,(Ω) is equipped with the norm 
‖𝑢‖𝑊 𝑠,(Ω) = ‖𝑢‖𝐿𝑥 (Ω) + [𝑢]𝑠,,Ω,

where 

[𝑢]𝑠,,Ω = inf
{

𝜏 > 0∶ ∫Ω ∫Ω

(

𝑥, 𝑦,
|𝑢(𝑥) − 𝑢(𝑦)|
𝜏|𝑥 − 𝑦|𝑠

)

d𝑥 d𝑦
|𝑥 − 𝑦|𝑁

≤ 1
}

.

Recall that if  is a generalized 𝑁-function satisfying the Δ2-condition, then 𝑊 𝑠,(Ω) is a separable and reflexive Banach space, see 
Azroul–Benkirane–Shimi–Srati [40].

Since problem (1.3) involves the fractional double phase structure, we introduce the generalized 𝑁-function ∶ Ω × Ω × [0,∞) →
[0,∞) by 

(𝑥, 𝑦, 𝑡) ∶= 𝑡𝑝 + 𝑏(𝑥, 𝑦)𝑡𝑞 ,

under hypothesis (H2)(i). It is straightforward to verify that the generalized 𝑁-function (𝑥, 𝑦, 𝑡) = 𝑡𝑝 + 𝑏(𝑥, 𝑦)𝑡𝑞 satisfies the Δ2-
condition and is locally integrable. Because problem (1.3) involves the nonlocal operator under Dirichlet boundary conditions, we 
define the associated fractional Sobolev type space 

𝑋(Ω) =
{

𝑢∶ ℝ𝑁 → ℝ∶ 𝑢|Ω ∈ 𝐿𝑥 (Ω),∫𝑄

(

𝑥, 𝑦,
𝜏|𝑢(𝑥) − 𝑢(𝑦)|

|𝑥 − 𝑦|𝑠

)

d𝑥 d𝑦
|𝑥 − 𝑦|𝑁

< ∞ for some 𝜏 > 0
}

,

where 𝑄 = ℝ2𝑁 ⧵ (Ω𝑐 × Ω𝑐 ). The space 𝑋(Ω) is equipped with the norm 
‖𝑢‖𝑋(Ω) = ‖𝑢‖𝐿𝑥 (Ω) + [𝑢]𝑋 ,

where 

[𝑢]𝑋 = inf
{

𝜏 > 0∶ ∫𝑄

(

𝑥, 𝑦,
|𝑢(𝑥) − 𝑢(𝑦)|
𝜏|𝑥 − 𝑦|𝑠

)

d𝑥 d𝑦
|𝑥 − 𝑦|𝑁

≤ 1
}

.

We define the subspace 
𝑊 𝑠,

0 (Ω) = {𝑢 ∈ 𝑋(Ω)∶ 𝑢 = 0 a.e. in ℝ𝑁 ⧵Ω},

which is a normed space with norm 
‖𝑢‖𝑊 𝑠,

0 (Ω) = ‖𝑢‖𝐿𝑥 (Ω) + [𝑢]𝑋 .

If 𝑢 ∈ 𝑊 𝑠,
0 (Ω), then 

∫𝑄

(

𝑥, 𝑦,
|𝑢(𝑥) − 𝑢(𝑦)|
𝜏|𝑥 − 𝑦|𝑠

)

d𝑥 d𝑦
|𝑥 − 𝑦|𝑁

= ∫ℝ𝑁 ∫ℝ𝑁

(

𝑥, 𝑦,
|𝑢(𝑥) − 𝑢(𝑦)|
𝜏|𝑥 − 𝑦|𝑠

)

d𝑥 d𝑦
|𝑥 − 𝑦|𝑁

.

since the integrand vanishes whenever both points lie outside Ω. Consequently, 
𝑊 𝑠,

0 (Ω) =
{

𝑢 ∈ 𝑊 𝑠,(ℝ𝑁 )∶ 𝑢 = 0  a.e. in ℝ𝑁 ⧵Ω
}

,

which is a well-known space studied by Azroul–Benkirane–Shimi–Srati [41].
Next, we state the generalized Poincaré’s inequality, see Azroul–Benkirane–Shimi-Srati.

Theorem 2.5.  Let Ω be a bounded domain of ℝ𝑁  with smooth boundary and 0 < 𝑠 < 1. Then there exists a positive constant 𝑐 such that 
‖𝑢‖𝐿𝑥 (Ω) ≤ 𝑐[𝑢]𝑠,,ℝ𝑁 for all 𝑢 ∈ 𝑊 𝑠,

0 (Ω).

As a consequence, the seminorm [⋅]𝑠,,ℝ𝑁  defines a norm on 𝑊 𝑠,
0 (Ω), which is equivalent to the norm ‖ ⋅ ‖𝑊 𝑠,(Ω).

From now on, we assume that Ω is a smooth bounded domain in ℝ𝑁 .
Taking into account the interplay between the local 𝑝-Laplacian and the fractional double phase operator in problem (1.3), we 

introduce the space 
𝐸 ∶= 𝑊 1,𝑝

0 (Ω) ∩𝑊 𝑠,
0 (Ω), (2.7)

which is a Banach space endowed with the norm, 
‖𝑢‖𝐸 = ‖𝑢‖𝑊 1,𝑝

0 (Ω) + ‖𝑢‖𝑊 𝑠,
0 (Ω) = ‖∇𝑢‖𝑝 + [𝑢]𝑠,,ℝ𝑁 . (2.8)

This choice is natural, since in general there is no continuous embedding between 𝑊 1,𝑝
0 (Ω) and 𝑊 𝑠,

0 (Ω). Hence neither space alone 
captures the full structure of the operator in (1.3). The intersection space 𝐸 therefore provides the appropriate functional framework 
for the variational analysis of the problem.

By definition, there is a continuous embedding 𝐸 ↪ 𝑊 1,𝑝
0 (Ω). Since 𝑊 1,𝑝

0 (Ω) is continuously embedded in 𝐿𝑟(Ω) for 1 ≤ 𝑟 ≤ 𝑝∗ and 
compactly embedded for 1 ≤ 𝑟 < 𝑝∗, we deduce that 

𝐸 ↪ 𝐿𝑟(Ω) continuously for 1 ≤ 𝑟 ≤ 𝑝∗, 𝐸 ↪ 𝐿𝑟(Ω) compactly for 1 ≤ 𝑟 < 𝑝∗. (2.9)
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Hence, for every 𝑟 ∈ [1, 𝑝∗], there exists a constant 𝕊𝑟 > 0 such that 
‖𝑢‖𝑟 ≤ 𝕊𝑟‖𝑢‖𝐸 for all 𝑢 ∈ 𝐸.

Define the modular functional 

𝜂(𝑢) ∶= ∫Ω
|∇𝑢|𝑝 d𝑥 + ∫𝑄

|𝐷𝑠(𝑢)|𝑝 d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈,

where we used the notation introduced in (1.4).
The proof of the following lemma is analogous to that of Liu–Dai [7, Proposition 2.1] and is therefore omitted.

Lemma 2.6. Let 𝑢 ∈ 𝐸 and 𝑐 > 0. Then the following assertions hold:

(i) for 𝑢 ≠ 0 one has ‖𝑢‖𝐸 = 𝑐 if and only if 𝜂(𝑢∕𝑐) = 1;
(ii) ‖𝑢‖𝐸 < 1 (resp.= 1, > 1) if and only if 𝜂(𝑢) < 1 (resp.= 1, > 1);
(iii) if ‖𝑢‖𝐸 < 1, then ‖𝑢‖𝑞𝐸 ≤ 𝜂(𝑢) ≤ ‖𝑢‖𝑝𝐸 ;
(iv) if ‖𝑢‖𝐸 > 1, then ‖𝑢‖𝑝𝐸 ≤ 𝜂(𝑢) ≤ ‖𝑢‖𝑞𝐸 ;
(v) ‖𝑢‖𝐸 → 0 if and only if 𝜂(𝑢) → 0.

Remark 2.7.  Define the Luxemburg-type norm associated with the modular functional 𝜂 by 

‖𝑢‖𝜂 ∶= inf
{

𝜏 > 0∶ 𝜂
( 𝑢
𝜏

)

≤ 1
}

.

Then ‖ ⋅ ‖𝜂 is a norm on 𝐸, and it is equivalent to the norm (2.8). Moreover, the norm-modular relations stated in Lemma 2.6 hold 
with respect to the Luxemburg norm ‖ ⋅ ‖𝜂 . Since equivalent norms generate the same topology on 𝐸, we may use ‖ ⋅ ‖𝐸 and ‖ ⋅ ‖𝜂
interchangeably in the sequel. 

Next, we recall several notions that will be used in the variational analysis. We begin with the definition of the genus and the 
related topological preliminaries, see Rabinowitz [42].
Definition 2.8.  Let 𝑋 be a Banach space and 𝐴 ⊂ 𝑋 ⧵ {0}. The set 𝐴 is said to be symmetric with respect to the origin if 𝑢 ∈ 𝐴 implies 
−𝑢 ∈ 𝐴. The genus 𝛾(𝐴) of 𝐴 is defined as the least positive integer 𝑛 such that there exists an odd mapping 𝜙 ∈ 𝐶(𝐴,ℝ𝑛 ⧵ {0}). If no 
such 𝑛 exists, then 𝛾(𝐴) = ∞. 

Define 
Σ =

{

𝑈 ⊂ 𝑋 ⧵ {0}∶ 𝑈 is closed in 𝑋 and symmetric with respect to the origin}.
Proposition 2.9. Let 𝐴,𝐵 ∈ Σ. Then the following assertions hold:

(i) If there exists an odd continuous mapping from 𝐴 to 𝐵, then 𝛾(𝐴) ≤ 𝛾(𝐵).
(ii) If there exists an odd homeomorphism from 𝐴 to 𝐵, then 𝛾(𝐴) = 𝛾(𝐵).
(iii) If 𝛾(𝐵) < ∞, then 𝛾(𝐴 ⧵ 𝐵) ≥ 𝛾(𝐴) − 𝛾(𝐵).
(iv) The 𝑛-dimensional sphere 𝑆𝑛 has genus 𝑛 + 1 by the Borsuk-Ulam theorem.
(v) If 𝐴 is compact, then 𝛾(𝐴) < ∞ and there exists 𝛿 > 0 such that 

𝑁𝛿(𝐴) ∶= {𝑥 ∈ 𝑋 ∶ dist(𝑥,𝐴) ≤ 𝛿} ∈ Σ and 𝛾(𝑁𝛿(𝐴)) = 𝛾(𝐴).

Definition 2.10.  Let 𝑋 be a Banach space and 𝐼 ∶ 𝑋 → ℝ a 𝐶1-functional.

(i) A sequence {𝑢𝑛}𝑛∈ℕ ⊂ 𝑋 is called a Cerami sequence at level 𝑐 ((C)𝑐 -sequence for short), if 
𝐼(𝑢𝑛) → 𝑐 and (1 + ‖𝑢𝑛‖)‖𝐼 ′(𝑢𝑛)‖∗ → 0.

We say that 𝐼 satisfies the Cerami condition at level 𝑐 ((C)𝑐 -condition for short) if every (C)𝑐 -sequence has a convergent 
subsequence. Moreover, 𝐼 satisfies the Cerami condition ((C)-condition for short) if it satisfies the (C)𝑐 -condition for every 
𝑐 ∈ ℝ.

(ii) A sequence {𝑢𝑛}𝑛∈ℕ ⊂ 𝑋 is called a Palais-Smale sequence at level 𝑐 ((PS)𝑐 -sequence for short) if it satisfies 
𝐼(𝑢𝑛) → 𝑐 and ‖𝐼 ′(𝑢𝑛)‖∗ → 0.

We say that 𝐼 satisfies the Palais-Smale condition at level 𝑐 ((PS)𝑐 -condition for short) if every (PS)𝑐 -sequence admits a con-
vergent subsequence. Moreover, the functional 𝐼 satisfies the Palais-Smale condition ((PS)-condition for short) if it satisfies the
(PS)𝑐 -condition for every 𝑐 ∈ ℝ.

We recall the following versions of the mountain pass theorem, see Ambrosetti–Rabinowitz [43] and Cerami [44,45].
Theorem 2.11. Let 𝑋 be a Banach space and let 𝐼 ∶ 𝑋 → ℝ be a 𝐶1-functional satisfying 𝐼(0) = 0. Suppose that there exist constants 
𝜌, 𝛼 > 0 such that

(i) 𝐼(𝑢) ≥ 𝛼 whenever ‖𝑢‖ = 𝜌;

Nonlinear Analysis 272 (2026) 114169 

9 



A. Arora et al.

(ii) there exists 𝑣 ∈ 𝑋 with ‖𝑣‖ > 𝜌 such that 𝐼(𝑣) ≤ 0.

Then 𝐼 admits a (C)𝑐 -sequence at the level 
𝑐 = inf

𝛾∈Γ
max
𝑡∈[0,1]

𝐼(𝛾(𝑡)), (2.10)

where Γ = {𝛾 ∈ 𝐶([0, 1], 𝑋)∶ 𝛾(0) = 0, 𝛾(1) = 𝑣}.

Theorem 2.12. Let 𝑋 be a Banach space and let 𝐼 ∶ 𝑋 → ℝ be a 𝐶1-functional such that 𝐼(0) = 0 and 𝐼 satisfies the (C)𝑐 -condition with 𝑐
as in (2.10). Suppose that there exist 𝜌, 𝛼 > 0 such that

(i) 𝐼(𝑢) ≥ 𝛼 whenever ‖𝑢‖ = 𝜌;
(ii) there exists 𝑣 ∈ 𝑋 with ‖𝑣‖ > 𝜌 such that 𝐼(𝑣) ≤ 0.

Then 
𝑐 ∶= inf

𝛾∈Γ
max
𝑡∈[0,1]

𝐼(𝛾(𝑡)) > 𝛼

is a critical value of 𝐼 with Γ as in Theorem 2.11.
Next, we recall the quantitative deformation lemma and the Poincaré-Miranda existence theorem, which will be employed to 

obtain a least energy sign-changing solution for the problem (1.3), see Willem [46, Lemma 2.7] and Dinca–Mawhin [47, Corollary 
2.2.15], respectively.
Lemma 2.13. Let 𝑋 be a Banach space, 𝜑 ∈ 𝐶1(𝑋;ℝ), ∅ ≠ 𝑀 ⊆ 𝑋, 𝑐 ∈ ℝ, 𝜀, 𝛿0 > 0 such that for all 𝑢 ∈ 𝜑−1([𝑐 − 2𝜀, 𝑐 + 2𝜀]) ∩𝑀2𝛿0 , there 
holds ‖𝜑′(𝑢)‖∗ ≥ 8𝜀∕𝛿0, where 𝑀𝑟 = {𝑦 ∈ 𝑋 ∶ 𝑑(𝑦,𝑀) = inf𝑢∈𝑀 ‖𝑢 − 𝑦‖ < 𝑟} for any 𝑟 > 0. Then there exists Π ∈ 𝐶([0, 1] ×𝑋;𝑋) such that

(i) Π(𝑡, 𝑢) = 𝑢, if 𝑡 = 0 or if 𝑢 ∉ 𝜑−1([𝑐 − 2𝜀, 𝑐 + 2𝜀]) ∩𝑀2𝛿0 ;
(ii) 𝜑(Π(1, 𝑢)) ≤ 𝑐 − 𝜀 for all 𝑢 ∈ 𝜑−1((−∞, 𝑐 + 𝜀]) ∩𝑀 ;
(iii) Π(𝑡, ⋅) is a homeomorphism of 𝑋 for all 𝑡 ∈ [0, 1];
(iv) ‖Π(𝑡, 𝑢) − 𝑢‖ ≤ 𝛿0 for all 𝑢 ∈ 𝑋 and 𝑡 ∈ [0, 1];
(v) 𝜑(Π(⋅, 𝑢)) is decreasing for all 𝑢 ∈ 𝑋;
(vi) 𝜑(Π(𝑡, 𝑢)) < 𝑐 for all 𝑢 ∈ 𝜑−1((−∞, 𝑐]) ∩𝑀𝛿0  and 𝑡 ∈ [0, 1].

Theorem 2.14. Let 𝑃 = [−𝑎1, 𝑎1] ×⋯ × [−𝑎𝑁 , 𝑎𝑁 ] with 𝑎𝑖 > 0 for 𝑖 = 1,… , 𝑁 and let 𝑑 ∶ 𝑃 → ℝ𝑁  be continuous. If for each 𝑖 ∈ {1,… , 𝑁}
one has 

𝑑𝑖(𝑡) ≤ 0 when 𝑡 ∈ 𝑃  and 𝑡𝑖 = −𝑎𝑖, 𝑑𝑖(𝑡) ≥ 0 when 𝑡 ∈ 𝑃  and 𝑡𝑖 = 𝑎𝑖.

Then 𝑑 has at least one zero point in 𝑃 . 
We also recall the following known estimates, see Crespo-Blanco [48, Lemma 1.1].

Lemma 2.15. Let 𝑟 > 1, for any 𝜉, 𝜂 ∈ ℝ𝑁

(

|𝜉|𝑟−2𝜉 − |𝜂|𝑟−2𝜂
)

⋅ (𝜉 − 𝜂) ≥ 𝐶𝑟|𝜉 − 𝜂|𝑟, if 𝑟 ≥ 2,

(|𝜉| + |𝜂|)2−𝑟
(

|𝜉|𝑟−2𝜉 − |𝜂|𝑟−2𝜂
)

⋅ (𝜉 − 𝜂) ≥ 𝐶𝑟|𝜉 − 𝜂|2 if 1 < 𝑟 < 2

where 

𝐶𝑟 =

{

min{22−𝑟, 2−1} if 𝑟 ≥ 2,
𝑟 − 1 if 1 < 𝑟 < 2.

The constant 𝐶𝑟 is not necessarily optimal.

3. 𝒑-fractional Laplacian with double phase

In this section, we study problem (1.1) and prove Theorems 1.1–1.3. Throughout this section, we assume that (H1) holds. The 
associated energy functional 𝐼𝜆 ∶ 𝑊 → ℝ corresponding to (1.1) is defined by 

𝐼𝜆(𝑢) =
1
𝑝 ∫ℝ𝑁 ∫ℝ𝑁

|𝑢(𝑥) − 𝑢(𝑦)|𝑝

|𝑥 − 𝑦|𝑁+𝑠𝑝 d𝑥 d𝑦 + ∫Ω

(

|∇𝑢|𝑝

𝑝
+ 𝑎(𝑥)

|∇𝑢|𝑞

𝑞

)

d𝑥 − 𝜆∫Ω

(

𝑤1(𝑥)
𝑘

|𝑢|𝑘 +
𝑤2(𝑥)

𝑟
|𝑢|𝑟

)

d𝑥.

To prove Theorem 1.1, we apply the Nehari manifold approach. First, we define

𝐴𝑝(𝑢, 𝑣) = ∫ℝ𝑁 ∫ℝ𝑁

|𝑢(𝑥) − 𝑢(𝑦)|𝑝−2(𝑢(𝑥) − 𝑢(𝑦))(𝑣(𝑥) − 𝑣(𝑦))
|𝑥 − 𝑦|𝑁+𝑝𝑠 d𝑥 d𝑦,

𝐵𝓁(𝑎(𝑥), 𝑢, 𝑣) = ∫Ω
𝑎(𝑥)|∇𝑢|𝓁−2∇𝑢 ⋅ ∇𝑣 d𝑥.

(3.1)
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Next, we fix the constants

𝜆∗ ∶=
(

(𝑟 − 𝑝)
(𝑟 − 𝑘)

)
𝑟−𝑝
𝑟−𝑘

(

1
‖𝑤1‖ 𝑟

𝑟−𝑘
𝑆𝑘
𝑟

)
𝑟−𝑝
𝑟−𝑘 ( (𝑝 − 𝑘)

(𝑟 − 𝑘)‖𝑤2‖∞𝑆𝑟
𝑟

)
(𝑝−𝑘)
(𝑟−𝑘)

, (3.2)

𝜆∗ ∶=
(𝑝∗ − 𝑝)
(𝑝∗ − 𝑘)

1
𝑆𝑘
𝑝∗‖𝑤1‖ 𝑝∗

𝑝∗−𝑘

⎛

⎜

⎜

⎝

(𝑝 − 𝑘)
(𝑟 − 𝑘)𝑆𝑝∗

𝑝∗

⎞

⎟

⎟

⎠

𝑝−𝑘
𝑝∗−𝑝

, (3.3)

𝑐 =
( 1
𝑘
− 1

𝑟

)
⎡

⎢

⎢

⎣

(

𝑝
𝑘

(

1
𝑝
− 1

𝑟

)

( 1
𝑘
− 1

𝑟

)−1)
−𝑘
𝑝
‖𝑤1‖𝑟∕𝑟−𝑘𝑆

𝑘
𝑟

⎤

⎥

⎥

⎦

𝑝
𝑝−𝑘

. (3.4)

The Nehari manifold associated with 𝐼𝜆 is defined by 
𝑁𝜆 ∶= {𝑢 ∈ 𝑊 ⧵ {0}∶ ⟨𝐼 ′𝜆(𝑢), 𝑢⟩ = 0}

which is equivalent to 

𝑁𝜆 =
{

𝑢 ∈ 𝑊 ⧵ {0}∶ [𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝 + ‖∇𝑢‖𝑞𝑞,𝑎 = 𝜆∫Ω
(𝑤1(𝑥)|𝑢|𝑘 +𝑤2(𝑥)|𝑢|𝑟) d𝑥

}

.

For each 𝑢 ∈ 𝑊 , we introduce the fibering map 𝜎𝑢 ∶ [0,∞) → ℝ defined by 𝜎𝑢(𝑡) ∶= 𝐼𝜆(𝑡𝑢). A direct computation gives

𝜎𝑢(𝑡) =
𝑡𝑝

𝑝
[𝑢]𝑝𝑠,𝑝 + ∫Ω

(

𝑡𝑝

𝑝
|∇𝑢|𝑝 + 𝑎(𝑥) 𝑡

𝑞

𝑞
|∇𝑢|𝑞

)

d𝑥 − 𝜆∫Ω

(

𝑤1(𝑥)
𝑡𝑘

𝑘
|𝑢|𝑘 +𝑤2(𝑥)

𝑡𝑟

𝑟
|𝑢|𝑟

)

d𝑥,

𝜎′𝑢(𝑡) = 𝑡𝑝−1[𝑢]𝑝𝑠,𝑝 + ∫Ω

(

𝑡𝑝−1|∇𝑢|𝑝 + 𝑎(𝑥)𝑡𝑞−1|∇𝑢|𝑞
)

d𝑥 − 𝜆∫Ω

(

𝑤1(𝑥)𝑡𝑘−1|𝑢|𝑘 + 𝑡𝑟−1𝑤2(𝑥)|𝑢|𝑟
)

d𝑥,

𝜎′′𝑢 (𝑡) = (𝑝 − 1)𝑡𝑝−2([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) + (𝑞 − 1)𝑡𝑞−2‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆∫Ω

(

(𝑘 − 1)𝑡𝑘−2𝑤1(𝑥)|𝑢|𝑘 + (𝑟 − 1)𝑡𝑟−2𝑤2(𝑥)|𝑢|𝑟
)

d𝑥.

By the definition of the fibering map, it follows that 𝑡𝑢 ∈ 𝑁𝜆 if and only if 𝜎′𝑢(𝑡) = 0.

Lemma 3.1. The functional 𝐼𝜆 is coercive and bounded from below on the Nehari manifold 𝑁𝜆.

Proof.  Let 𝑢 ∈ 𝑁𝜆. Then, by applying Lemma 2.3 and Hölder’s inequality, we have

𝐼𝜆(𝑢) =
(

1
𝑝
− 1

𝑟

)

([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) +
(

1
𝑞
− 1

𝑟

)

‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆
( 1
𝑘
− 1

𝑟

)

∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥

≥
(

1
𝑞
− 1

𝑟

)

𝜉(𝑢) − 𝜆
( 1
𝑘
− 1

𝑟

)

‖𝑤1‖ 𝑟
𝑟−𝑘

‖𝑢‖𝑘𝑟

≥
(

1
𝑞
− 1

𝑟

)

min(‖𝑢‖𝑝𝑊 , ‖𝑢‖𝑞𝑊 ) − 𝜆
( 1
𝑘
− 1

𝑟

)

‖𝑤1‖ 𝑟
𝑟−𝑘

𝐶𝑘
𝑟 ‖𝑢‖

𝑘
𝑊 .

Since 1 < 𝑘 < 𝑝 < 𝑞, it follows that 𝐼𝜆(𝑢) → ∞ as ‖𝑢‖𝑊 → ∞. Therefore, the functional 𝐼𝜆 is coercive and bounded from below on the 
Nehari manifold 𝑁𝜆. ∎

We now decompose the Nehari manifold 𝑁𝜆 into three disjoint subsets according to the sign of the second derivative of the 
associated fibering map 𝜎𝑢. Specifically, we define 

𝑁+
𝜆 ∶= {𝑢 ∈ 𝑁𝜆 ∶ 𝜎′′𝑢 (1) > 0}, 𝑁−

𝜆 ∶= {𝑢 ∈ 𝑁𝜆 ∶ 𝜎′′𝑢 (1) < 0}, 𝑁0
𝜆 ∶= {𝑢 ∈ 𝑁𝜆 ∶ 𝜎′′𝑢 (1) = 0}.

Clearly, we have the decomposition 
𝑁𝜆 = 𝑁+

𝜆 ∪𝑁−
𝜆 ∪𝑁0

𝜆 .

We also define the corresponding infimum levels of the energy functional on these subsets by 
𝑚𝜆 = inf

𝑢∈𝑁𝜆
𝐼𝜆(𝑢) and 𝑚±

𝜆 = inf
𝑢∈𝑁±

𝜆

𝐼𝜆(𝑢).

We now establish the following structural property of the Nehari manifold. The first result is standard and can be proved as in 
the paper by Drábek–Pohozaev [49].
Lemma 3.2.  If 𝑢 is a minimizer of 𝐼𝜆 on 𝑁𝜆 and 𝑢 ∉ 𝑁0

𝜆 , then 𝑢 is a critical point of 𝐼𝜆. 
Lemma 3.3. Let 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.2). Then the set 𝑁0

𝜆 is empty.
Proof.  Assume by contradiction that 𝑁0

𝜆 ≠ ∅. Then there exists 𝑢 ∈ 𝑁0
𝜆 . By the definition of 𝑁0

𝜆 , we have

[𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝 + ‖∇𝑢‖𝑞𝑞,𝑎 = 𝜆∫Ω
(𝑤1(𝑥)|𝑢|𝑘 +𝑤2(𝑥)|𝑢|𝑟) d𝑥, (3.5)
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(𝑝 − 1)([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) + (𝑞 − 1)‖∇𝑢‖𝑞𝑞,𝑎 = 𝜆∫Ω
((𝑘 − 1)𝑤1(𝑥)|𝑢|𝑘 + (𝑟 − 1)𝑤2(𝑥)|𝑢|𝑟) d𝑥. (3.6)

Subtracting suitable multiples of Eq.  (3.5) from Eq.  (3.6), we obtain

(𝑝 − 𝑘)[𝑢]𝑝𝑠,𝑝 + (𝑝 − 𝑘)‖∇𝑢‖𝑝𝑝 + (𝑞 − 𝑘)‖∇𝑢‖𝑞𝑞,𝑎 = 𝜆∫Ω
(𝑟 − 𝑘)𝑤2(𝑥)|𝑢|𝑟 d𝑥, (3.7)

(𝑟 − 𝑝)[𝑢]𝑝𝑠,𝑝 + (𝑟 − 𝑝)‖∇𝑢‖𝑝𝑝 + (𝑟 − 𝑞)‖∇𝑢‖𝑞𝑞,𝑎 = 𝜆∫Ω
(𝑟 − 𝑘)𝑤1(𝑥)|𝑢|𝑘 d𝑥. (3.8)

Now, define the auxiliary functional 

𝐿𝜆(𝑢) ∶=
𝑟 − 𝑝
𝑟 − 𝑘

[𝑢]𝑝𝑠,𝑝 +
𝑟 − 𝑝
𝑟 − 𝑘

‖∇𝑢‖𝑝𝑝 +
𝑟 − 𝑞
𝑟 − 𝑘

‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥.

Using (3.8), we see that 𝐿𝜆(𝑢) = 0 for all 𝑢 ∈ 𝑁0
𝜆 . On the other hand, by (3.7) and the Sobolev embedding, we estimate 

0 ≥ (𝑝 − 𝑘)‖∇𝑢‖𝑝𝑝 − 𝜆(𝑟 − 𝑘)‖𝑤2‖∞𝑆𝑟
𝑟‖∇𝑢‖

𝑟
𝑝,

which implies 

‖∇𝑢‖𝑝 ≥
(

𝑝 − 𝑘
𝜆(𝑟 − 𝑘)‖𝑤2‖∞𝑆𝑟

𝑟

)
1

𝑟−𝑝
.

Substituting this lower bound into the expression of 𝐿𝜆(𝑢), and using Hölder’s inequality together with the Sobolev embedding once 
again, we obtain

𝐿𝜆(𝑢) ≥
𝑟 − 𝑝
𝑟 − 𝑘

‖∇𝑢‖𝑝𝑝 − 𝜆∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥

≥ 𝑟 − 𝑝
𝑟 − 𝑘

‖∇𝑢‖𝑝𝑝 − 𝜆‖𝑤1‖ 𝑟
𝑟−𝑘

𝑆𝑘
𝑟 ‖∇𝑢‖

𝑘
𝑝

≥ ‖∇𝑢‖𝑘𝑝
⎛

⎜

⎜

⎝

𝑟 − 𝑝
𝑟 − 𝑘

⋅
(

𝑝 − 𝑘
𝜆(𝑟 − 𝑘)‖𝑤2‖∞𝑆𝑟

𝑟

)
𝑝−𝑘
𝑟−𝑝

− 𝜆‖𝑤1‖ 𝑟
𝑟−𝑘

𝑆𝑘
𝑟

⎞

⎟

⎟

⎠

.

Therefore, for every 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.2), the term in brackets is positive. This implies that 𝐿𝜆(𝑢) > 0, which 
contradicts the fact that 𝐿𝜆(𝑢) = 0 for all 𝑢 ∈ 𝑁0

𝜆 . Hence, 𝑁0
𝜆 = ∅ for all 𝜆 ∈ (0, 𝜆∗). ∎

Lemma 3.4. Let 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.2). For each 𝑢 ∈ 𝑊 ⧵ {0}, there exists a unique number 𝑡𝑚 = 𝑡𝑚(𝑢, 𝜆) > 0 such that 
𝜎′′𝑢 (𝑡𝑚) = 0. Furthermore, there exist constants 𝑡1 and 𝑡2 satisfying 𝑡1 < 𝑡𝑚 < 𝑡2 such that 𝑡1𝑢 ∈ 𝑁+

𝜆  and 𝑡2𝑢 ∈ 𝑁−
𝜆 . In addition, the first derivative 

of the fibering map satisfies 
𝜎′𝑢(𝑡) < 0 for all 𝑡 ∈ [0, 𝑡1) and 𝜎′𝑢(𝑡) > 0 for all 𝑡 ∈ (𝑡1, 𝑡2).

Proof.  Define the auxiliary function 𝛾𝑢 ∶ (0,∞) → ℝ by 

𝛾𝑢(𝑡) ∶= 𝑡𝑝−𝑘[𝑢]𝑝𝑠,𝑝 + 𝑡𝑝−𝑘‖∇𝑢‖𝑝𝑝 + 𝑡𝑞−𝑘‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆𝑡𝑟−𝑘 ∫Ω
𝑤2(𝑥)|𝑢|𝑟 d𝑥.

From the structure of the Nehari manifold, 𝑡𝑢 ∈ 𝑁𝜆 if and only if 𝛾𝑢(𝑡) = 𝜆 ∫Ω 𝑤1(𝑥)|𝑢|𝑘 d𝑥. Moreover, if 𝑡𝑢 ∈ 𝑁𝜆, then 𝜎′′𝑡𝑢(1) = 𝑡𝑘+1𝛾 ′𝑢(𝑡).
Claim: There exists a unique 𝑡𝑚 > 0 such that 𝛾 ′𝑢(𝑡𝑚) = 0.
To verify this, we compute 

𝛾 ′𝑢(𝑡) = 𝑡𝑝−𝑘−1
(

(𝑝 − 𝑘)[𝑢]𝑝𝑠,𝑝 + (𝑝 − 𝑘)‖∇𝑢‖𝑝𝑝 + (𝑞 − 𝑘)𝑡𝑞−𝑝‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆𝑡𝑟−𝑝(𝑟 − 𝑘)∫Ω
𝑤2(𝑥)|𝑢|𝑟 d𝑥

)

= 𝑡𝑝−𝑘−1ℎ𝑢(𝑡),

where we define
ℎ𝑢(𝑡) ∶= (𝑝 − 𝑘)[𝑢]𝑝𝑠,𝑝 + (𝑝 − 𝑘)‖∇𝑢‖𝑝𝑝 − 𝑔𝑢(𝑡),

𝑔𝑢(𝑡) ∶= −(𝑞 − 𝑘)𝑡𝑞−𝑝‖∇𝑢‖𝑞𝑞,𝑎 + 𝜆𝑡𝑟−𝑝(𝑟 − 𝑘)∫Ω
𝑤2(𝑥)|𝑢|𝑟 d𝑥.

Observe that for small 𝑡 > 0, we have 𝑔𝑢(𝑡) < 0, while 𝑔𝑢(𝑡) → ∞ as 𝑡 → ∞. Therefore, 𝑔𝑢 crosses zero exactly once, and hence there 
exists a unique 𝑇0 such that 𝑔𝑢(𝑇0) = 0. Consequently, there exists a unique 𝑡𝑚 > 𝑇0 such that 𝑔𝑢(𝑡𝑚) = (𝑝 − 𝑘)[𝑢]𝑝𝑠,𝑝 + (𝑝 − 𝑘)‖∇𝑢‖𝑝𝑝, and 
thus 𝛾 ′𝑢(𝑡𝑚) = 0. Moreover, 𝛾 ′𝑢(𝑡) > 0 for 𝑡 ∈ (0, 𝑡𝑚) and 𝛾 ′𝑢(𝑡) < 0 for 𝑡 ∈ (𝑡𝑚,∞). To estimate 𝑡𝑚, we use 𝛾 ′𝑢(𝑡𝑚) = 0 and Hölder’s inequality 
to obtain 

(𝑝 − 𝑘)‖∇𝑢‖𝑝𝑝 ≤ 𝜆𝑡𝑟−𝑝𝑚 (𝑟 − 𝑘)∫Ω
𝑤2(𝑥)|𝑢|𝑟 d𝑥 ≤ 𝜆𝑡𝑟−𝑝𝑚 (𝑟 − 𝑘)‖𝑤2‖∞𝑆𝑟

𝑟‖∇𝑢‖
𝑟
𝑝.

This implies 

𝑡𝑚 ≥ 1
‖∇𝑢‖𝑝

(

(𝑝 − 𝑘)
𝜆𝑆𝑟

𝑟 (𝑟 − 𝑘)‖𝑤2‖∞

)
1

𝑟−𝑝
∶= 𝑡0. (3.9)
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From (3.9), we obtain
𝛾𝑢(𝑡𝑚) ≥ 𝛾𝑢(𝑡0) ≥ 𝑡𝑝−𝑘0 ‖∇𝑢‖𝑝𝑝 − 𝜆𝑡𝑟−𝑘0 ‖𝑤2‖∞𝑆𝑟

𝑟‖∇𝑢‖
𝑟
𝑝

= ‖∇𝑢‖𝑘𝑝

(

𝑝 − 𝑘
𝜆𝑆𝑟

𝑟 (𝑟 − 𝑘)‖𝑤2‖∞

)
𝑝−𝑘
𝑟−𝑝

− ‖∇𝑢‖𝑘𝑝𝜆‖𝑤2‖∞𝑆𝑟
𝑟

(

𝑝 − 𝑘
𝜆𝑆𝑟

𝑟 (𝑟 − 𝑘)‖𝑤2‖∞

)
𝑟−𝑘
𝑟−𝑝

≥ ‖∇𝑢‖𝑘𝑝
( 1
𝜆

)

𝑝−𝑘
𝑟−𝑝

(

𝑝 − 𝑘
𝑆𝑟
𝑟 (𝑟 − 𝑘)‖𝑤2‖∞

)
𝑝−𝑘
𝑟−𝑝 𝑟 − 𝑝

𝑟 − 𝑘
.

If 𝜆 < 𝜆∗, then 

0 < 𝜆∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥 < 𝜆∗‖𝑤1‖ 𝑟

𝑟−𝑘
𝑆𝑘
𝑟 ‖∇𝑢‖

𝑘
𝑝 ≤ 𝛾𝑢(𝑡𝑚).

Hence, the equation 𝛾𝑢(𝑡) = 𝜆 ∫Ω 𝑤1(𝑥)|𝑢|𝑘 d𝑥 admits exactly two distinct solutions. Therefore, there exist 𝑡1, 𝑡2 with 𝑡1 < 𝑡𝑚 < 𝑡2 such 
that 𝛾𝑢(𝑡1) = 𝛾𝑢(𝑡2) = 𝜆 ∫Ω 𝑤1(𝑥)|𝑢|𝑘 d𝑥, that is, 𝑡1𝑢, 𝑡2𝑢 ∈ 𝑁𝜆. Moreover, since 𝛾𝑢(𝑡) is increasing on (0, 𝑡𝑚) and decreasing on (𝑡𝑚,∞), we 
have 𝛾 ′𝑢(𝑡1) > 0 and 𝛾 ′𝑢(𝑡2) < 0. Hence 𝑡1𝑢 ∈ 𝑁+

𝜆  and 𝑡2𝑢 ∈ 𝑁−
𝜆 . ∎

Lemma 3.5. The quantity 𝑚+
𝜆 = inf

𝑢∈𝑁+
𝜆

𝐼𝜆(𝑢) is strictly negative, that is, 𝑚+
𝜆 < 0. 

Proof.  Let 𝑢 ∈ 𝑁+
𝜆 . Then 𝜎′𝑢(1) = 0 and 𝜎′′𝑢 (1) > 0. From 𝜎′′𝑢 (1) > 0 we get 

𝑟 − 𝑝
𝑟 − 𝑘

(

[𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝
)

+
𝑟 − 𝑞
𝑟 − 𝑘

‖∇𝑢‖𝑞𝑞,𝑎 ≤ 𝜆∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥. (3.10)

Using 𝜎′𝑢(1) = 0 together with (3.10), we compute

𝐼𝜆(𝑢) =
(

1
𝑝
− 1

𝑟

)

([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) +
(

1
𝑞
− 1

𝑟

)

‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆
( 1
𝑘
− 1

𝑟

)

∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥

≤
(

1
𝑝
− 1

𝑟
−

𝑟 − 𝑝
𝑘𝑟

)

([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) +
(

1
𝑞
− 1

𝑟
−

𝑟 − 𝑞
𝑟𝑘

)

‖∇𝑢‖𝑞𝑞,𝑎

=
𝑟 − 𝑝
𝑟

(

1
𝑝
− 1

𝑘

)

([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) +
𝑟 − 𝑞
𝑟

(

1
𝑞
− 1

𝑘

)

‖∇𝑢‖𝑞𝑞,𝑎 < 0

since 𝑘 < 𝑝 < 𝑞. It follows that 𝑚+
𝜆 = inf

𝑢∈𝑁+
𝜆

𝐼𝜆(𝑢) < 0. ∎

Lemma 3.6. Let 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.2), and let 𝑢 ∈ 𝑁𝜆. Then there exist 𝜀 > 0 and a differentiable function 𝑔∶ 𝐵𝜀(0) →
(−∞,∞) such that 𝑔(0) = 1 and 𝑔(𝑧)(𝑢 − 𝑧) ∈ 𝑁𝜆 for all 𝑧 ∈ 𝐵𝜀(0). Moreover,

⟨𝑔′(0), 𝑧⟩ =
𝑝𝐵𝑝(1, 𝑢, 𝑧) + 𝑞𝐵𝑞(𝑎(𝑥), 𝑢, 𝑧) + 𝑝𝐴𝑝(𝑢, 𝑧) − 𝜆 ∫Ω(𝑘𝑤1(𝑥)|𝑢|𝑘−2 + 𝑟𝑤2(𝑥)|𝑢|𝑟−2)𝑢𝑧 d𝑥

(𝑝 − 𝑘)([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) + (𝑞 − 𝑘)‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆(𝑟 − 𝑘) ∫Ω 𝑤2(𝑥)|𝑢|𝑟 d𝑥
, (3.11)

where 𝐴𝑝 and 𝐵𝑞 are defined in (3.1).
Proof.  Fix 𝑢 ∈ 𝑁𝜆 and define 𝐺𝑢 ∶ 𝑊 ×ℝ → ℝ by 

𝐺𝑢(𝑧, 𝑡) ∶= ⟨𝐼 ′𝜆(𝑡(𝑢 − 𝑧)), 𝑡(𝑢 − 𝑧)⟩,

that is, 

𝐺𝑢(𝑧, 𝑡) = 𝑡𝑝([𝑢 − 𝑧]𝑝𝑠,𝑝 + ‖∇𝑢 − ∇𝑧‖𝑝𝑝) + 𝑡𝑞‖∇𝑢 − ∇𝑧‖𝑞𝑞,𝑎 − 𝜆∫Ω

(

𝑤1(𝑥)𝑡𝑘|𝑢 − 𝑧|𝑘 +𝑤2(𝑥)𝑡𝑟|𝑢 − 𝑧|𝑟
)

d𝑥.

Since 𝑢 ∈ 𝑁𝜆, it holds ⟨𝐼 ′𝜆(𝑢), 𝑢⟩ = 𝐺𝑢(0, 1) = 0.
Next, we compute the partial derivative of 𝐺𝑢 with respect to 𝑡 at (0, 1). We have 

𝜕
𝜕𝑡
𝐺𝑢(0, 1) = (𝑝 − 𝑘)([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) + (𝑞 − 𝑘)‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆(𝑟 − 𝑘)∫Ω

𝑤2(𝑥)|𝑢|𝑟 d𝑥 ≠ 0,

where the inequality follows from Lemma 3.3.
Therefore, the assumptions of the Implicit Function Theorem are satisfied at (𝑧, 𝑡) = (0, 1). Hence there exist 𝜀 > 0 and a 𝐶1-function 

𝑔∶ 𝐵𝜀(0) → ℝ such that 𝑔(0) = 1 and 𝑔(𝑧)(𝑢 − 𝑧) ∈ 𝑁𝜆 for all 𝑧 ∈ 𝐵𝜀(0). Since both 𝑢 and 𝑔(𝑧)(𝑢 − 𝑧) belong to 𝑁𝜆, we obtain 

[𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝 + ‖∇𝑢‖𝑞𝑞,𝑎 − 𝜆∫Ω
(𝑤1(𝑥)|𝑢|𝑘 +𝑤2(𝑥)|𝑢|𝑟) 𝑑𝑥 = 0 (3.12)

and

𝑔𝑝(𝑧)[𝑢 − 𝑧]𝑝𝑠,𝑝 + 𝑔𝑝(𝑧)‖∇𝑢 − ∇𝑧‖𝑝𝑝 + 𝑔𝑞(𝑧)‖∇𝑢 − ∇𝑧‖𝑞𝑞,𝑎 − 𝜆𝑔𝑘(𝑧)∫Ω
𝑤1(𝑥)|𝑢 − 𝑧|𝑘 d𝑥 − 𝜆𝑔𝑟(𝑧)∫Ω

𝑤2(𝑥)|𝑢 − 𝑧|𝑟 d𝑥 = 0. (3.13)
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Moreover, the following limits hold as 𝑧 → 0 in 𝑊 :

lim
𝑧→0

𝑔𝑝(𝑧)‖∇𝑢 − ∇𝑧‖𝑝𝑝 − ‖∇𝑢‖𝑝𝑝
𝑧

= 𝑝⟨𝑔′(0), 𝑧⟩‖∇𝑢‖𝑝𝑝 − 𝑝∫Ω
|∇𝑢|𝑝−2∇𝑢 ⋅ ∇𝑧 d𝑥,

lim
𝑧→0

𝑔𝑞(𝑧)‖∇𝑢 − ∇𝑧‖𝑞𝑞,𝑎 − ‖∇𝑢‖𝑞𝑞,𝑎
𝑧

= 𝑞⟨𝑔′(0), 𝑧⟩‖∇𝑢‖𝑞𝑞,𝑎 − 𝑞 ∫Ω
𝑎(𝑥)|∇𝑢|𝑞−2∇𝑢 ⋅ ∇𝑧 d𝑥,

lim
𝑧→0

𝑔𝑝(𝑧)[𝑢 − 𝑧]𝑝𝑠,𝑝 − [𝑢]𝑝𝑠,𝑝
𝑧

= 𝑝⟨𝑔′(0), 𝑧⟩[𝑢]𝑝𝑠,𝑝 − 𝑝𝐴𝑝(𝑢, 𝑧),

lim
𝑧→0∫Ω

𝑤1(𝑥)
𝑔𝑘(𝑧)|𝑢 − 𝑧|𝑘 − |𝑢|𝑘

𝑧
𝑑𝑥 = 𝑘⟨𝑔′(0), 𝑧⟩∫Ω

𝑤1(𝑥)|𝑢|𝑘 d𝑥 − 𝑘∫Ω
𝑤1(𝑥)|𝑢|𝑘−2𝑢𝑧 d𝑥,

lim
𝑧→0∫Ω

𝑤2(𝑥)
𝑔𝑟(𝑧)|𝑢 − 𝑧|𝑟 − |𝑢|𝑟

𝑧
𝑑𝑥 = 𝑟⟨𝑔′(0), 𝑧⟩∫Ω

𝑤2(𝑥)|𝑢|𝑟 d𝑥 − 𝑟∫Ω
𝑤2(𝑥)|𝑢|𝑟−2𝑢𝑧 d𝑥.

Substituting these limits into the difference of (3.13) and (3.12) and simplifying yields (3.11). This completes the proof. ∎
Lemma 3.7. Let 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.2). Then there exists a minimizing sequence {𝑢𝑛}𝑛∈ℕ ⊂ 𝑁𝜆 such that 

𝐼𝜆(𝑢𝑛) = 𝑚𝜆 + 𝑜𝑛(1) and 𝐼 ′𝜆(𝑢𝑛) = 𝑜𝑛(1).

Proof.  From Lemma 3.1, the functional 𝐼𝜆 is coercive and bounded from below on 𝑁𝜆. Hence, by Ekeland’s variational principle, 
there exists a sequence {𝑢𝑛}𝑛∈ℕ ⊂ 𝑁𝜆 such that 

𝐼𝜆(𝑢𝑛) ≤ 𝑚𝜆 +
1
𝑛

and 𝐼𝜆(𝑢𝑛) ≤ 𝐼𝜆(𝑣) +
1
𝑛
‖𝑣 − 𝑢𝑛‖𝑊 for all 𝑣 ∈ 𝑁𝜆. (3.14)

Since 𝑚+
𝜆 < 0 by Lemma 3.5, it follows that for large 𝑛

𝐼𝜆(𝑢𝑛) ≤ 𝑚𝜆 +
1
𝑛
≤ 𝑚+

𝜆 + 1
𝑛
< 0,

so 𝑢𝑛 ≢ 0. Using Hölder’s inequality, Lemma 2.3 and the embedding estimate ‖𝑢𝑛‖𝑟 ≤ 𝐶𝑟‖𝑢𝑛‖𝑊 , we obtain

0 > 𝐼𝜆(𝑢𝑛) =
(

1
𝑝
− 1

𝑟

)

([𝑢𝑛]𝑝𝑠,𝑝 + ‖∇𝑢𝑛‖𝑝𝑝) +
(

1
𝑞
− 1

𝑟

)

‖∇𝑢𝑛‖𝑞𝑞,𝑎 − 𝜆
( 1
𝑘
− 1

𝑟

)

∫Ω
𝑤1(𝑥)|𝑢𝑛|𝑘 d𝑥

≥
(

1
𝑞
− 1

𝑟

)

𝜉(𝑢𝑛) − 𝜆
( 1
𝑘
− 1

𝑟

)

‖𝑤1‖ 𝑟
𝑟−𝑘

‖𝑢𝑛‖
𝑘
𝑟

>
(

1
𝑞
− 1

𝑟

)

min(‖𝑢𝑛‖
𝑝
𝑊 , ‖𝑢𝑛‖

𝑞
𝑊 ) − 𝜆

( 1
𝑘
− 1

𝑟

)

‖𝑤1‖ 𝑟
𝑟−𝑘

𝐶𝑘
𝑟 ‖𝑢𝑛‖

𝑘
𝑊 .

Hence, 

‖𝑢𝑛‖𝑊 ≤
(

𝜆
(𝑟 − 𝑘)𝑞
𝑘(𝑟 − 𝑞)

‖𝑤1‖ 𝑟
𝑟−𝑘

𝐶𝑘
𝑟

)
1

𝛼−𝑘
,

where 𝛼 = 𝑝 if ‖𝑢𝑛‖𝑊 ≥ 1 and 𝛼 = 𝑞 otherwise. Thus, {𝑢𝑛}𝑛∈ℕ is bounded in 𝑊 .
To prove 𝐼 ′𝜆(𝑢𝑛) → 0 as 𝑛 → ∞, we use Lemma 3.6. For each 𝑢𝑛, there exists 𝜀𝑛 > 0 and a 𝐶1-map 𝑔𝑛 ∶ 𝐵𝜀𝑛 (0) → (0,∞) such that 

𝑔𝑛(𝑧)(𝑢𝑛 − 𝑧) ∈ 𝑁𝜆.
Fix 𝑛 large enough so that 𝑢𝑛 ≢ 0, and let 𝜅 ∈ (0, 𝜀𝑛). For a given 𝑢 ∈ 𝑊 , we define 

𝜈𝜅 ∶= 𝜅𝑢
‖𝑢‖𝑊

and 𝜂𝜅 ∶= 𝑔𝑛(𝜈𝜅 )(𝑢𝑛 − 𝜈𝜅 ).

From (3.14), we get 

𝐼𝜆(𝜂𝜅 ) − 𝐼𝜆(𝑢𝑛) ≥ −1
𝑛
‖𝜂𝜅 − 𝑢𝑛‖𝑊 .

Using Taylor’s expansion at 𝑢𝑛, 

⟨𝐼 ′𝜆(𝑢𝑛), 𝜂𝜅 − 𝑢𝑛⟩ + 𝑜𝑛(‖𝜂𝜅 − 𝑢𝑛‖𝑊 ) ≥ −1
𝑛
‖𝜂𝜅 − 𝑢𝑛‖𝑊 .

Substituting 𝜂𝜅 − 𝑢𝑛 = −𝜈𝜅 + (𝑔𝑛(𝜈𝜅 ) − 1)(𝑢𝑛 − 𝜈𝜅 ), we deduce 
⟨

𝐼 ′𝜆(𝑢𝑛),
𝑢

‖𝑢‖𝑊

⟩

≤ 1
𝑛𝜅

‖𝜂𝜅 − 𝑢𝑛‖𝑊 +
(𝑔𝑛(𝜈𝜅 ) − 1)

𝜅
⟨𝐼 ′𝜆(𝑢𝑛) − 𝐼 ′𝜆(𝜂𝜅 ), 𝑢𝑛 − 𝜈𝜅⟩ +

1
𝜅
𝑜𝑛(‖𝜂𝜅 − 𝑢𝑛‖𝑊 ).

Letting 𝜅 → 0 for fixed 𝑛, we deduce 
⟨

𝐼 ′𝜆(𝑢𝑛),
𝑢

‖𝑢‖𝑊

⟩

≤ 𝑐
𝑛
(1 + ‖𝑔′𝑛(0)‖𝑊 ′ ), (3.15)

for some 𝑐 > 0.
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It remains to show that ‖𝑔′𝑛(0)‖𝑊 ′  is bounded. From Lemma 3.6 and Hölder’s inequality, we have 

⟨𝑔′𝑛(0), 𝑧⟩ ≤
𝐶‖𝑧‖𝑊

(𝑝 − 𝑘)([𝑢𝑛]
𝑝
𝑠,𝑝 + ‖∇𝑢𝑛‖

𝑝
𝑝) + (𝑞 − 𝑘)‖∇𝑢𝑛‖

𝑞
𝑞,𝑎 − 𝜆(𝑟 − 𝑘) ∫Ω 𝑤2(𝑥)|𝑢𝑛|𝑟 d𝑥

,

where 𝐶 is a positive constant. Suppose ‖𝑔′𝑛(0)‖𝑊 ′  is not bounded. Then, along a subsequence, the denominator goes to 0. However, 
since 𝑢𝑛 ∈ 𝑁𝜆, it follows that 𝐿𝜆(𝑢𝑛) = 𝑜𝑛(1) and 

(𝑝 − 𝑘)‖∇𝑢𝑛‖𝑝𝑝 ≤ (𝑝 − 𝑘)([𝑢𝑛]𝑝𝑠,𝑝 + ‖∇𝑢𝑛‖𝑝𝑝) + (𝑞 − 𝑘)‖∇𝑢𝑛‖𝑞𝑞,𝑎 ≤ 𝜆∗(𝑟 − 𝑘)‖𝑤2‖∞𝑆𝑟
𝑟‖∇𝑢𝑛‖

𝑟
𝑝 + 𝑜𝑛(1),

which leads to 

‖∇𝑢𝑛‖𝑝 ≥
(

(𝑝 − 𝑘)
(𝑟 − 𝑘)𝜆∗𝑆𝑟

𝑟

)
1

𝑟−𝑝
+ 𝑜𝑛(1).

Thus, for 𝑛 sufficiently large, we have ‖∇𝑢𝑛‖𝑝 > 𝑐 > 0. Then we get 

𝐿𝜆(𝑢𝑛) ≥
𝑟 − 𝑝
𝑟 − 𝑘

‖∇𝑢𝑛‖𝑝𝑝 − 𝜆‖𝑤1‖ 𝑟
𝑟−𝑘

𝑆𝑘
𝑟 ‖∇𝑢𝑛‖

𝑘
𝑝 > ‖∇𝑢𝑛‖𝑘𝑝

⎛

⎜

⎜

⎝

𝑟 − 𝑝
𝑟 − 𝑘

(

𝑝 − 𝑘
(𝑟 − 𝑘)𝜆∗𝑆𝑟

𝑟

)
𝑝−𝑘
𝑟−𝑝

− 𝜆∗‖𝑤1‖ 𝑟
𝑟−𝑘

𝑆𝑘
𝑟

⎞

⎟

⎟

⎠

= 0,

which is a contradiction to 𝐿𝜆(𝑢𝑛) = 𝑜𝑛(1). Hence, ‖𝑔′𝑛(0)‖𝑊 ′  is bounded, and from (3.15) we conclude that 𝐼 ′𝜆(𝑢𝑛) = 𝑜𝑛(1). ∎
Lemma 3.8. Let 𝜆 > 0 and {𝑢𝑛}𝑛∈ℕ ⊂ 𝑊  be a bounded (PS)𝑐 -sequence for some 𝑐 ∈ ℝ. Then, up to a subsequence, we have 

∇𝑢𝑛(𝑥) → ∇𝑢(𝑥) a.e. in Ω as 𝑛 → ∞.

Proof.  The proof follows from Farkas–Fiscella–Winkert [12, Lemma 3.1] and da Silva–Fiscella–Viloria [31, Lemma 2.2]. For the sake 
of brevity, we omit the details. ∎
Lemma 3.9. Suppose that {𝑢𝑛}𝑛∈ℕ ⊂ 𝑁𝜆 is a (PS)𝑐 -sequence for the functional 𝐼𝜆 at the level 𝑐, and that 𝑢𝑛 ⇀ 𝑢 weakly in 𝑊 . Then 𝑢 is a 
critical point of 𝐼𝜆. Moreover, the energy of the weak limit satisfies 

𝐼𝜆(𝑢) ≥ −𝑐𝜆
𝑝

𝑝−𝑘 ,

where 𝑐 is defined in (3.4).
Proof.  Since {𝑢𝑛}𝑛∈ℕ is a (PS)𝑐 -sequence for 𝐼𝜆, we have

⟨𝐼 ′𝜆(𝑢𝑛), 𝑢𝑛⟩ = [𝑢𝑛]𝑝𝑠,𝑝 + ‖∇𝑢𝑛‖𝑝𝑝 + ‖∇𝑢𝑛‖𝑞𝑞,𝑎 − 𝜆∫Ω
(𝑤1(𝑥)|𝑢𝑛|𝑘 +𝑤2(𝑥)|𝑢𝑛|𝑟) d𝑥 = 𝑜𝑛(1),

𝐼𝜆(𝑢𝑛) =
1
𝑝
[𝑢𝑛]𝑝𝑠,𝑝 +

1
𝑝
‖∇𝑢𝑛‖𝑝𝑝 +

1
𝑞
‖∇𝑢𝑛‖𝑞𝑞,𝑎 −

𝜆
𝑘 ∫Ω

𝑤1(𝑥)|𝑢𝑛|𝑘 d𝑥 − 𝜆
𝑟 ∫Ω

𝑤2(𝑥)|𝑢𝑛|𝑟 d𝑥 = 𝑐 + 𝑜𝑛(1).

Using Lemma 2.3 and the Sobolev embedding theorem, we estimate

𝑐1 + 𝑐2‖𝑢𝑛‖𝑊 ≥ 𝐼𝜆(𝑢𝑛) −
1
𝑟
⟨𝐼 ′𝜆(𝑢𝑛), 𝑢𝑛⟩

=
(

1
𝑝
− 1

𝑟

)

[𝑢𝑛]𝑝𝑠,𝑝 +
(

1
𝑝
− 1

𝑟

)

‖∇𝑢𝑛‖𝑝𝑝 +
(

1
𝑞
− 1

𝑟

)

‖∇𝑢𝑛‖𝑞𝑞,𝑎 − 𝜆
( 1
𝑘
− 1

𝑟

)

∫Ω
𝑤1(𝑥)|𝑢𝑛|𝑘 d𝑥

≥
(

1
𝑞
− 1

𝑟

)

𝜉(𝑢𝑛) − 𝜆
( 1
𝑘
− 1

𝑟

)

‖𝑤1‖ 𝑟
𝑟−𝑘

‖𝑢𝑛‖
𝑘
𝑟

≥
(

1
𝑞
− 1

𝑟

)

min{‖𝑢𝑛‖
𝑝
𝑊 , ‖𝑢𝑛‖

𝑞
𝑊 } − 𝜆

( 1
𝑘
− 1

𝑟

)

‖𝑤1‖ 𝑟
𝑟−𝑘

𝐶𝑘
𝑟 ‖𝑢𝑛‖

𝑘
𝑊 ,

for some 𝑐1, 𝑐2 > 0. Hence, 

𝑐3 ≥
(

1
𝑞
− 1

𝑟

)

min{‖𝑢𝑛‖
𝑝
𝑊 , ‖𝑢𝑛‖

𝑞
𝑊 } − 𝜆𝑐4

( 1
𝑘
− 1

𝑟

)

‖𝑢𝑛‖
𝑘
𝑊 ,

for some 𝑐3, 𝑐4 > 0. Since 𝑘 < 𝑝 < 𝑞 < 𝑟, the last inequality implies that {𝑢𝑛}𝑛∈ℕ is bounded in 𝑊 .
From this and the reflexivity of 𝑊 , there exists 𝑢 ∈ 𝑊  such that 𝑢𝑛 ⇀ 𝑢 weakly in 𝑊 , up to a subsequence not relabeled. Therefore, 

we have the compactness properties 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢𝑛 → 𝑢, strongly in 𝐿𝛿(Ω) for 𝛿 ∈ [1, 𝑝∗),
𝑢𝑛 → 𝑢, a.e. in Ω,
|𝑢𝑛|𝛿−2𝑢𝑛 ⇀ |𝑢|𝛿−2𝑢, weakly in 𝐿𝛿′ (Ω) for 𝛿 ∈ (1, 𝑝∗]

|∇𝑢𝑛|𝛿−2∇𝑢𝑛 is bounded in 𝐿𝛿′ (Ω) for 𝛿 ∈ {𝑝, 𝑞}.

(3.16)

By Lemma 2.3 of Chen–Mosconi–Squassina [50] and (3.16), we have
lim
𝑛→∞

𝐴𝑝(𝑢𝑛, 𝑣) = 𝐴𝑝(𝑢, 𝑣), for all 𝑣 ∈ 𝑊 , lim
𝑛→∞

𝐵𝑝(1, 𝑢𝑛, 𝑣) = 𝐵𝑝(1, 𝑢, 𝑣), for all 𝑣 ∈ 𝑊 . (3.17)
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Let 
𝐾 ∶= {𝑥 ∈ Ω∶ 𝑎(𝑥) = 0}. (3.18)

Since 𝑎(⋅) is Lipschitz continuous, the set Ω ⧵𝐾 is an open subset of ℝ𝑁 . Moreover, {|∇𝑢𝑛|𝑞−2∇𝑢𝑛}𝑛∈ℕ is bounded in 𝐿𝑞′ (Ω ⧵𝐾, 𝑎(𝑥)). 
Using (3.16), Lemma 3.8 and Proposition A.8 of Autuori–Pucci [51], we obtain 

lim
𝑛→∞

𝐵𝑞(𝑎(𝑥), 𝑢𝑛, 𝑢) = lim
𝑛→∞∫Ω⧵𝐾

𝑎(𝑥)|∇𝑢𝑛|𝑞−2∇𝑢𝑛 ⋅ ∇𝑢 d𝑥 = 𝐵𝑞(𝑎(𝑥), 𝑢, 𝑢).

Moreover, from (3.16), we deduce

∫Ω
𝑤1(𝑥)|𝑢𝑛|𝑘−2𝑢𝑛𝑣 d𝑥 → ∫Ω

𝑤1(𝑥)|𝑢|𝑘−2𝑢𝑣 d𝑥, for all 𝑣 ∈ 𝑊 ,

∫Ω
𝑤2(𝑥)|𝑢𝑛|𝑟−2𝑢𝑛𝑣 d𝑥 → ∫Ω

𝑤2(𝑥)|𝑢|𝑟−2𝑢𝑣 d𝑥, for all 𝑣 ∈ 𝑊 .
(3.19)

Combining (3.17) and (3.19) gives
⟨𝐼 ′𝜆(𝑢𝑛), 𝑣⟩ − ⟨𝐼 ′𝜆(𝑢), 𝑣⟩

= (𝐴𝑝(𝑢𝑛, 𝑣) − 𝐴𝑝(𝑢, 𝑣)) + (𝐵𝑝(1, 𝑢𝑛, 𝑣) − 𝐵𝑝(1, 𝑢, 𝑣)) + (𝐵𝑞(𝑎(𝑥), 𝑢𝑛, 𝑣) − 𝐵𝑞(𝑎(𝑥), 𝑢, 𝑣))

− 𝜆∫Ω
𝑤1(𝑥)(|𝑢𝑛|𝑘−2𝑢𝑛 − |𝑢|𝑘−2𝑢)𝑣 d𝑥 − 𝜆∫Ω

𝑤2(𝑥)(|𝑢𝑛|𝑟−2𝑢𝑛 − |𝑢|𝑟−2𝑢)𝑣 d𝑥 = 𝑜𝑛(1).

Since 𝐼 ′𝜆(𝑢𝑛) → 0 in 𝑊 ′, it follows that ⟨𝐼 ′𝜆(𝑢), 𝑣⟩ = 0 for all 𝑣 ∈ 𝑊 . Hence, 𝑢 is a critical point of 𝐼𝜆.
Finally, since 𝑢 is a critical point of 𝐼𝜆, we may write 

𝐼𝜆(𝑢) ≥
(

1
𝑝
− 1

𝑟

)

‖∇𝑢‖𝑝𝑝 − 𝜆
( 1
𝑘
− 1

𝑟

)

∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥.

Using Hölder’s inequality, the Sobolev embedding theorem, and Young’s inequality, we obtain the estimate

𝜆∫Ω
𝑤1(𝑥)|𝑢|𝑘 d𝑥

≤
(

𝑝
𝑘

(

1
𝑝
− 1

𝑟

)

( 1
𝑘
− 1

𝑟

)−1)
𝑘
𝑝
‖∇𝑢‖𝑘𝑝𝜆

(

𝑝
𝑘

(

1
𝑝
− 1

𝑟

)

( 1
𝑘
− 1

𝑟

)−1)
−𝑘
𝑝
‖𝑤1‖𝑟∕(𝑟−𝑘)𝑆

𝑘
𝑟

≤
((

1
𝑝
− 1

𝑟

)

( 1
𝑘
− 1

𝑟

)−1)

‖∇𝑢‖𝑝𝑝 + 𝐴𝜆
𝑝

𝑝−𝑘 ,

where 

𝐴 =
⎡

⎢

⎢

⎣

(

𝑝
𝑘

(

1
𝑝
− 1

𝑟

)

( 1
𝑘
− 1

𝑟

)−1)
−𝑘
𝑝
‖𝑤1‖𝑟∕𝑟−𝑘𝑆

𝑘
𝑟

⎤

⎥

⎥

⎦

𝑝
𝑝−𝑘

.

Thus, we deduce 

𝐼𝜆(𝑢) ≥ −
( 1
𝑘
− 1

𝑟

)

𝐴𝜆
𝑝

𝑝−𝑘 = −𝑐𝜆
𝑝

𝑝−𝑘 ,

which completes the proof. ∎
Lemma 3.10. Suppose that {𝑢𝑛}𝑛∈ℕ ⊂ 𝑁𝜆 is a (PS)𝑐 -sequence for the functional 𝐼𝜆 at the level 𝑐. Then {𝑢𝑛}𝑛∈ℕ has a convergent subsequence 
in 𝑊  provided that 

−∞ < 𝑐 < 𝑐0 ∶=
(

1
𝑞
− 1

𝑝∗

) 
𝑁
𝑝
𝑝

(𝜆‖𝑤2‖∞)
𝑁−𝑝
𝑝

− 𝑐𝜆
𝑝

𝑝−𝑘 , (3.20)

where 𝑐 is defined in (3.4).
Proof.  Since {𝑢𝑛}𝑛∈ℕ is a (PS)𝑐 -sequence, Lemma 3.9 implies that {𝑢𝑛}𝑛∈ℕ is bounded in 𝑊 . By reflexivity, there exists 𝑢 ∈ 𝑊  such 
that, up to a subsequence, 𝑢𝑛 ⇀ 𝑢 weakly in 𝑊 . By Lemma 3.9, the weak limit 𝑢 is a critical point of 𝐼𝜆. Moreover, since 𝑢𝑛 → 𝑢
strongly in 𝐿𝛿(Ω) for every 𝛿 ∈ [1, 𝑝∗), we have 

∫Ω
𝑤1(𝑥)|𝑢𝑛|𝑘 d𝑥 → ∫Ω

𝑤1(𝑥)|𝑢|𝑘 d𝑥.

Applying the Brezis-Lieb lemma, we obtain the decompositions
1
𝑝
[𝑢𝑛 − 𝑢]𝑝𝑠,𝑝 +

1
𝑝
‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 +

1
𝑞
‖∇𝑢𝑛 − ∇𝑢‖𝑞𝑞,𝑎 −

𝜆
𝑟
‖𝑢𝑛 − 𝑢‖𝑟𝑟,𝑤2

+ 𝐼𝜆(𝑢) = 𝑐 + 𝑜𝑛(1), (3.21)

[𝑢𝑛 − 𝑢]𝑝𝑠,𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑞𝑞,𝑎 − 𝜆‖𝑢𝑛 − 𝑢‖𝑟𝑟,𝑤2
= 𝑜𝑛(1). (3.22)
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Define, 
𝜅 = lim

𝑛→∞
([𝑢𝑛 − 𝑢]𝑝𝑠,𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑞𝑞,𝑎) ≥ 0.

From (3.22), it follows that 
lim
𝑛→∞

𝜆‖𝑢𝑛 − 𝑢‖𝑟𝑟,𝑤2
= 𝜅.

If 𝜅 = 0, then 
lim
𝑛→∞

([𝑢𝑛 − 𝑢]𝑝𝑠,𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑞𝑞,𝑎) = 0

and Lemma 2.3 yields 𝑢𝑛 → 𝑢 strongly in 𝑊 , completing the proof.
If 𝑟 < 𝑝∗, then 𝑢𝑛 → 𝑢 strongly in 𝐿𝑟(Ω) for all 𝑟 ∈ [1, 𝑝∗). Hence, 

lim
𝑛→∞

𝜆‖𝑢𝑛 − 𝑢‖𝑟𝑟,𝑤2
= 𝜅 = 0.

It remains to consider the case 𝑟 = 𝑝∗. Using (2.1), we obtain 

𝜅 = lim
𝑛→∞

𝜆‖𝑢𝑛 − 𝑢‖𝑝
∗

𝑝∗ ,𝑤2
≤ 𝜆‖𝑤2‖∞

− 𝑝∗
𝑝

𝑝 lim
𝑛→∞

‖∇𝑢𝑛 − ∇𝑢‖𝑝
∗
𝑝 ≤ 𝜆‖𝑤2‖∞

− 𝑝∗
𝑝

𝑝 𝜅
𝑝∗
𝑝 .

This yields 


𝑁
𝑝
𝑝

(𝜆‖𝑤2‖∞)
𝑁−𝑝
𝑝

< 𝜅.

Now (3.21) gives 

𝑐 − 𝐼𝜆(𝑢) = lim
𝑛→∞

[

1
𝑝
[𝑢𝑛 − 𝑢]𝑝𝑠,𝑝 +

1
𝑝
‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 +

1
𝑞
‖∇𝑢𝑛 − ∇𝑢‖𝑞𝑞,𝑎 −

𝜆
𝑝∗

‖𝑢𝑛 − 𝑢‖𝑝
∗

𝑝∗ ,𝑤2

]

≥
(

1
𝑞
− 1

𝑝∗

)

𝑘 >
(

1
𝑞
− 1

𝑝∗

) 
𝑁
𝑝
𝑝

(𝜆‖𝑤2‖∞)
𝑁−𝑝
𝑝

.

Hence, 

𝑐 >
(

1
𝑞
− 1

𝑝∗

) 
𝑁
𝑝
𝑝

(𝜆‖𝑤2‖∞)
𝑁−𝑝
𝑝

+ 𝐼𝜆(𝑢) ≥
(

1
𝑞
− 1

𝑝∗

) 
𝑁
𝑝
𝑝

(𝜆‖𝑤2‖∞)
𝑁−𝑝
𝑝

− 𝑐𝜆
𝑝

𝑝−𝑘 ,

contradicting (3.20). Therefore, 𝜅 = 0, and hence 𝑢𝑛 → 𝑢 strongly in 𝑊 . ∎
Proof of Theorem 1.1.  Let 𝜆∗∗ > 0 be chosen so that, for every 𝜆 ∈ (0, 𝜆∗∗), the inequality 

(

1
𝑞
− 1

𝑝∗

) 
𝑁
𝑝
𝑝

(𝜆‖𝑤2‖∞)
𝑁−𝑝
𝑝

− 𝑐𝜆
𝑝

𝑝−𝑘 > 0.

holds. Define 𝜆0 = min{𝜆∗, 𝜆∗∗}. For all 𝜆 ∈ (0, 𝜆0), by Lemma 3.7, there exists a minimizing sequence {𝑢𝑛}𝑛∈ℕ ⊂ 𝑁𝜆. Moreover, {𝑢𝑛}𝑛∈ℕ
is a (PS)𝑚𝜆

-sequence for 𝐼𝜆 at the level 𝑚𝜆. By Lemma 3.10, there exists 𝑢𝜆 ∈ 𝑊  such that, up to a subsequence, 
𝑢𝑛 → 𝑢𝜆 strongly in 𝑊 .

Consequently, for these values of 𝜆, the function 𝑢𝜆 satisfies ⟨𝐼 ′𝜆(𝑢𝜆), 𝑣⟩ = 0 for all 𝑣 ∈ 𝑊 , that is, 𝑢𝜆 is a critical point of 𝐼𝜆. In particular, 

𝐼𝜆(𝑢𝜆) ≥
(

1
𝑝
− 1

𝑟

)

‖∇𝑢𝜆‖𝑝𝑝 − 𝜆
( 1
𝑘
− 1

𝑟

)

∫Ω
𝑤1(𝑥)|𝑢𝜆|𝑘 d𝑥 ≥ −𝜆

( 1
𝑘
− 1

𝑟

)

∫Ω
𝑤1(𝑥)|𝑢𝜆|𝑘 d𝑥.

Therefore, since 𝐼𝜆(𝑢𝜆) = 𝑚𝜆, it follows that 

∫Ω
𝑤1(𝑥)|𝑢𝜆|𝑘 d𝑥 ≥ −

𝑚𝜆
𝜆

( 1
𝑘
− 1

𝑟

)−1
> 0,

implying 𝑢𝜆 ≢ 0. Hence, 𝑢𝜆 ∈ 𝑁𝜆 and 𝐼𝜆(𝑢𝜆) = 𝑚𝜆.
Next, we prove that 𝑢𝜆 ∈ 𝑁+

𝜆 . Suppose, by contradiction, that 𝑢𝜆 ∈ 𝑁−
𝜆 . Then, by Lemma 3.4, there exist numbers 𝑡1 < 𝑡2 = 1 such 

that 𝑡1𝑢𝜆 ∈ 𝑁+
𝜆  and 𝑡2𝑢𝜆 ∈ 𝑁−

𝜆 . Since the map 𝑡 ↦ 𝐼𝜆(𝑡𝑢𝜆) is increasing on [𝑡1, 𝑡2), we obtain 
𝑚𝜆 ≤ 𝐼𝜆(𝑡1𝑢𝜆) < 𝐼𝜆(𝑡𝑢𝜆) ≤ 𝐼𝜆(𝑢𝜆) = 𝑚𝜆, for all 𝑡 ∈ (𝑡1, 1),

which is a contradiction. Hence, 𝑢𝜆 ∈ 𝑁+
𝜆 , and therefore 𝑚𝜆 = 𝐼𝜆(𝑢𝜆) = 𝑚+

𝜆 . If 𝑢𝜆 ≥ 0, then 𝑢𝜆 itself is a nonnegative weak solution 
of (1.1) and minimizes 𝐼𝜆 on 𝑁+

𝜆 . Otherwise, assume that 𝑢𝜆 changes sign. By Lemma 3.4, there exists a unique 𝑡1 > 0 such that 
𝑡1|𝑢𝜆| ∈ 𝑁+

𝜆 . Moreover, 

𝛾
|𝑢𝜆|(1) ≤ 𝛾𝑢𝜆 (1) = 𝜆∫Ω

𝑤1(𝑥) |𝑢𝜆|𝑘 d𝑥 = 𝛾
|𝑢𝜆|(𝑡1) ≤ 𝛾𝑢𝜆 (𝑡1).
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Since 𝑢𝜆 ∈ 𝑁+
𝜆 , we have 𝛾 ′𝑢𝜆 (1) > 0, which implies 𝑡1 ≥ 1. Consequently, 

𝑚+
𝜆 ≤ 𝜎

|𝑢𝜆|(𝑡1) ≤ 𝜎𝑢𝜆 (𝑡1) ≤ 𝜎𝑢𝜆 (1) = 𝑚+
𝜆 .

Therefore equality holds throughout, and we obtain 
𝐼𝜆
(

𝑡1 |𝑢𝜆|
)

= 𝜎
|𝑢𝜆|(𝑡1) = 𝑚+

𝜆 ,

with 𝑡1|𝑢𝜆| ∈ 𝑁+
𝜆 . Hence, 𝑡1|𝑢𝜆| is a nonnegative weak solution of (1.1) lying in 𝑁+

𝜆 . ∎

In the second part of this section, we prove Theorems 1.2 and 1.3. Recall that 𝑤2 =
1
𝜆  and 𝑟 = 𝑝∗ while still (H1) (i) and (ii) are 

assumed. The energy functional ℑ𝜆 ∶ 𝑊 → ℝ associated with problem (1.2) is defined by 

ℑ𝜆(𝑢) =
1
𝑝 ∫ℝ𝑁 ∫ℝ𝑁

|𝑢(𝑥) − 𝑢(𝑦)|𝑝

|𝑥 − 𝑦|𝑁+𝑠𝑝 d𝑥 d𝑦 + ∫Ω

(

|∇𝑢|𝑝

𝑝
+ 𝑎(𝑥)

|∇𝑢|𝑞

𝑞

)

d𝑥 − 𝜆∫Ω
𝑤1(𝑥)
𝑘

|𝑢|𝑘 d𝑥 − ∫Ω
1
𝑝∗

|𝑢|𝑝
∗
d𝑥.

As in Section 3, we define the Nehari manifold by 
𝔑𝜆 ∶=

{

𝑢 ∈ 𝑊 ⧵ {0}∶ ⟨ℑ′
𝜆(𝑢), 𝑢⟩ = 0

}

.

For each 𝑢 ∈ 𝑊 ⧵ {0}, we define the fibering map 𝜍𝑢(𝑡) ∶= ℑ𝜆(𝑡𝑢). Furthermore, we decompose the set 𝔑𝜆 into three disjoint subsets, 
namely 𝔑±

𝜆  and 𝔑0
𝜆 in the same way as in Section 3. We also define the quantities 𝔪𝜆 and 𝔪+

𝜆  analogously.
Note that ℑ𝜆 is coercive and bounded from below on 𝔑𝜆 by Lemma 3.1. Moreover, arguing as in Lemma 3.3, one has 𝔑0

𝜆 = ∅
for 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.3). Proceeding as in Lemma 3.4, one can show that for 𝜆 ∈ (0, 𝜆∗) and every 𝑢 ∈ 𝑊 ⧵ {0}, 
there exist unique 𝑡𝑚 > 0 and numbers 𝑡1, 𝑡2 with 𝑡1 < 𝑡𝑚 < 𝑡2 such that 𝜍′′𝑢 (𝑡𝑚) = 0, 𝑡1𝑢 ∈ 𝔑+

𝜆 , and 𝑡2𝑢 ∈ 𝔑−
𝜆 . Repeating the argument of 

Lemma 3.5, we deduce 𝔪+
𝜆 < 0.

Next, proceeding as in Lemmas 3.6, 3.7 and 3.10, we obtain the following auxiliary results.
Lemma 3.11.  Let 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.3), and let 𝑢 ∈ 𝔑𝜆. Then there exist 𝜀 > 0 and a differentiable function 𝔊∶ 𝐵𝜀(0) →
(−∞,∞) such that 𝔊(0) = 1 and 𝔊(𝑧)(𝑢 − 𝑧) ∈ 𝔑𝜆. Moreover, 

⟨𝔊′(0), 𝑧⟩ =
𝑝𝐵𝑝(1, 𝑢, 𝑧) + 𝑞𝐵𝑞(𝑎(𝑥), 𝑢, 𝑧) + 𝑝𝐴𝑝(𝑢, 𝑧) − ∫Ω(𝜆𝑘𝑤1(𝑥)|𝑢|𝑘−2 + 𝑝∗|𝑢|𝑝∗−2)𝑢𝑧 d𝑥

(𝑝 − 𝑘)([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) + (𝑞 − 𝑘)‖∇𝑢‖𝑞𝑞,𝑎 − (𝑝∗ − 𝑘) ∫Ω|𝑢|𝑝
∗ d𝑥

.

Lemma 3.12. For 𝜆 ∈ (0, 𝜆∗), where 𝜆∗ is defined in (3.3), there exists a minimizing sequence {𝑢𝑛}𝑛∈ℕ ⊂ 𝔑𝜆 such that 
ℑ𝜆(𝑢𝑛) = 𝔪𝜆 + 𝑜𝑛(1) and ℑ′

𝜆(𝑢𝑛) = 𝑜𝑛(1).

Lemma 3.13. Suppose that {𝑢𝑛}𝑛∈ℕ ⊂ 𝔑𝜆 is a (PS)𝑐 -sequence of ℑ𝜆 at the level 𝑐. Then {𝑢𝑛}𝑛∈ℕ has a convergent subsequence in 𝑊  provided 
that 

−∞ < 𝑐 < 𝑐0 ∶=
(

1
𝑞
− 1

𝑝∗

)


𝑁
𝑝
𝑝 − 𝑐𝜆

𝑝
𝑝−𝑘 ,

where 𝑐 is defined in (3.4).
Proof of Theorem 1.2.  Let 𝜆∗∗ > 0 be chosen so that, for all 𝜆 ∈ (0, 𝜆∗∗), the inequality 

(

1
𝑞
− 1

𝑝∗

)


𝑁
𝑝
𝑝 − 𝑐𝜆

𝑝
𝑝−𝑘 > 0

is satisfied. We define 𝜆1 = min{𝜆∗, 𝜆∗∗}. For all 𝜆 ∈ (0, 𝜆1), by Lemma 3.12, there exists a minimizing sequence {𝑢𝑛}𝑛∈ℕ ⊂ 𝔑𝜆, which is 
also a Palais-Smale sequence for ℑ𝜆 at the level 𝔪𝜆. Applying Lemma 3.13, we find a function 𝑢𝜆 ∈ 𝑊  such that, up to a subsequence, 

𝑢𝑛 → 𝑢𝜆 strongly in 𝑊 .

Proceeding exactly as in the proof of Theorem 1.1 yields the conclusion. ∎
Next, we additionally assume that 𝑤1 ≡ 1. Consider 𝜆̃ > 0 such that 

𝜆̃ <


𝑝∗−𝑘
𝑝∗−𝑝
𝑝

|Ω|
𝑝∗−𝑘
𝑝∗

(

1
𝑞
− 1

𝑝∗

)(

1
𝑘
− 1

𝑞

)−1
. (3.23)

Lemma 3.14. Let 𝜆 ∈ (0, 𝜆̃). Then ℑ𝜆 satisfies the (PS)𝑐 -condition at level 𝑐 for every 𝑐 < 0.

Proof.  Let {𝑢𝑛}𝑛∈ℕ be a (PS)𝑐 -sequence for ℑ𝜆. Proceeding as in Lemma 3.9, we see that {𝑢𝑛}𝑛∈ℕ is bounded in 𝑊 . Since 𝑊  is reflexive, 
there exists 𝑢 ∈ 𝑊  and a subsequence, not relabeled, such that 𝑢𝑛 ⇀ 𝑢 weakly in 𝑊 . Consequently, up to a subsequence, 

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢𝑛 → 𝑢, strongly in 𝐿𝛿(Ω) for 𝛿 ∈ [1, 𝑝∗),
𝑢𝑛 → 𝑢, a.e. in Ω,
|𝑢𝑛|𝛿−2𝑢𝑛 ⇀ |𝑢|𝛿−2𝑢, weakly in 𝐿𝛿′ (Ω) for 𝛿 ∈ (1, 𝑝∗],
∇𝑢𝑛(𝑥) → ∇𝑢(𝑥) a.e. in Ω,
‖𝑢𝑛 − 𝑢‖𝑝∗ → 𝑙, where 𝑙 ≥ 0.

(3.24)
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Let 𝐾 ∶= {𝑥 ∈ Ω∶ 𝑎(𝑥) = 0} as in (3.18). Since 𝑎(⋅) is Lipschitz, Ω ⧵𝐾 is open. From (3.24), we get 

lim
𝑛→∞∫Ω

|∇𝑢𝑛|𝑝−2∇𝑢𝑛 ⋅ ∇𝑢 d𝑥 = ‖∇𝑢‖𝑝𝑝.

Further, {|∇𝑢𝑛|𝑞−2∇𝑢𝑛}𝑛∈ℕ is bounded in 𝐿𝑞′ (Ω ⧵𝐾, 𝑎(𝑥)). Using (3.24) and Proposition A.8 of Autuori–Pucci [51], we arrive at 

lim
𝑛→∞

𝐵𝑞(𝑎(𝑥), 𝑢𝑛, 𝑢) = lim
𝑛→∞∫Ω⧵𝐾

𝑎(𝑥)|∇𝑢𝑛|𝑞−2∇𝑢𝑛 ⋅ ∇𝑢 d𝑥 = ‖∇𝑢‖𝑞𝑞,𝑎.

In addition, by (3.24) and Lemma 2.3 of Chen–Mosconi–Squassina [50], 
lim
𝑛→∞

𝐴𝑝(𝑢𝑛, 𝑢) = 𝐴𝑝(𝑢, 𝑢) = [𝑢]𝑝𝑠,𝑝. (3.25)

Therefore, using (3.24), (3.25), and the Brezis-Lieb Lemma, we compute
𝑜𝑛(1) = ⟨ℑ′

𝜆(𝑢𝑛), 𝑢𝑛 − 𝑢⟩

= 𝐵𝑝(1, 𝑢𝑛, 𝑢𝑛 − 𝑢) + 𝐵𝑞(𝑎(𝑥), 𝑢𝑛, 𝑢𝑛 − 𝑢) + 𝐴𝑝(𝑢𝑛, 𝑢𝑛 − 𝑢) − 𝜆∫Ω
|𝑢𝑛|

𝑘−2𝑢𝑛(𝑢𝑛 − 𝑢) d𝑥 − ∫Ω
|𝑢𝑛|

𝑝∗−2𝑢𝑛(𝑢𝑛 − 𝑢) d𝑥

= ‖∇𝑢𝑛‖𝑝𝑝 − ‖∇𝑢‖𝑝𝑝 + ‖∇𝑢𝑛‖𝑞𝑞,𝑎 − ‖∇𝑢‖𝑞𝑞,𝑎 + [𝑢𝑛]𝑝𝑠,𝑝 − [𝑢]𝑝𝑠,𝑝 − ‖𝑢𝑛‖
𝑝∗
𝑝∗ + ‖𝑢‖𝑝

∗

𝑝∗ + 𝑜𝑛(1)

= ‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑞𝑞,𝑎 + [𝑢𝑛 − 𝑢]𝑝𝑠,𝑝 − ‖𝑢𝑛 − 𝑢‖𝑝
∗

𝑝∗ + 𝑜𝑛(1).

Hence, 
lim
𝑛→∞

(

‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 + ‖∇𝑢𝑛 − ∇𝑢‖𝑞𝑞,𝑎 + [𝑢𝑛 − 𝑢]𝑝𝑠,𝑝
)

= lim
𝑛→∞

‖𝑢𝑛 − 𝑢‖𝑝
∗

𝑝∗ = 𝑙𝑝
∗
. (3.26)

If 𝑙 = 0, then Lemma 2.3 yields 𝑢𝑛 → 𝑢 strongly in 𝑊 , and we are done. Suppose, for contradiction, that 𝑙 > 0. From (3.26) and (2.1), 
we obtain 

𝑝𝑙
𝑝 ≤ ‖∇𝑢𝑛 − ∇𝑢‖𝑝𝑝 ≤ 𝑙𝑝

∗
,

and therefore 

𝑙 ≥ 
1

𝑝∗−𝑝
𝑝 . (3.27)

Next, observe that 

𝑐 + 𝑜𝑛(1) = ℑ𝜆(𝑢𝑛) −
1
𝑞
⟨ℑ′

𝜆(𝑢𝑛), 𝑢𝑛⟩ ≥
(

1
𝑝
− 1

𝑞

)

(‖∇𝑢𝑛‖𝑝𝑝 + [𝑢𝑛]𝑝𝑠,𝑝) − 𝜆
(

1
𝑘
− 1

𝑞

)

‖𝑢𝑛‖
𝑘
𝑘 +

(

1
𝑞
− 1

𝑝∗

)

‖𝑢𝑛‖
𝑝∗
𝑝∗ .

Letting 𝑛 → ∞ and using (3.24), the Brezis-Lieb Lemma, Hölder’s inequality, Young’s inequality and (3.27), we deduce

𝑐 ≥
(

1
𝑞
− 1

𝑝∗

)

(𝑙𝑝
∗
+ ‖𝑢‖𝑝

∗

𝑝∗ ) − 𝜆
(

1
𝑘
− 1

𝑞

)

‖𝑢‖𝑘𝑘

≥
(

1
𝑞
− 1

𝑝∗

)

(𝑙𝑝
∗
+ ‖𝑢‖𝑝

∗

𝑝∗ ) − 𝜆
(

1
𝑘
− 1

𝑞

)

|Ω|
𝑝∗−𝑘
𝑝∗

‖𝑢‖𝑘𝑝∗

≥
(

1
𝑞
− 1

𝑝∗

)

(𝑙𝑝
∗
+ ‖𝑢‖𝑝

∗

𝑝∗ ) −
(

1
𝑞
− 1

𝑝∗

)

‖𝑢‖𝑝
∗

𝑝∗ − |Ω|
(

1
𝑞
− 1

𝑝∗

)− 𝑘
𝑝∗−𝑘

(

𝜆
(

1
𝑘
− 1

𝑞

))
𝑝∗

𝑝∗−𝑘

≥
(

1
𝑞
− 1

𝑝∗

)


𝑝∗

𝑝∗−𝑝
𝑝 − |Ω|

(

1
𝑞
− 1

𝑝∗

)− 𝑘
𝑝∗−𝑘

(

𝜆
(

1
𝑘
− 1

𝑞

))
𝑝∗

𝑝∗−𝑘
.

For every 𝜆 ∈ (0, 𝜆̃) with 𝜆̃ satisfying (3.23), the right-hand side is strictly positive, hence 𝑐 > 0, contradicting the assumption 𝑐 < 0. 
Hence, 𝑙 = 0, and thus 𝑢𝑛 → 𝑢 strongly in 𝑊 . This completes the proof. ∎

Since the energy functional ℑ𝜆 involves the critical Sobolev exponent, it is not bounded from below on 𝑊 . To address this, 
following the approach of Farkas–Fiscella–Winkert [12] and García Azorero–Peral Alonso [52], we introduce the auxiliary function 
𝑔𝜆 ∶ [0,∞) → ℝ defined by 

𝑔𝜆(𝑡) =
1
𝑞
𝑡𝑞 − 𝜆

𝑘
𝐶𝑘
𝑘 𝑡

𝑘 − 1
𝑝∗

𝐶𝑝∗
𝑝∗ 𝑡

𝑝∗ .

Since 𝑘 < 𝑞 < 𝑝∗, we have 𝑔𝜆(𝑡) < 0 for 𝑡 > 0 sufficiently small and 𝑔𝜆(𝑡) → −∞ as 𝑡 → ∞. Moreover, because 1 < 𝑘 < 𝑝 < 𝑞 < 𝑝∗, there 
exists 𝜆̃1 > 0 such that 𝑔𝜆 attains its positive maximum for every 𝜆 ∈ (0, 𝜆̃1). Let 𝛼0(𝜆) and 𝛼1(𝜆) be the two positive zeros of 𝑔𝜆 such 
that 0 < 𝛼0 < 𝛼1.

We now show that 𝛼0(𝜆) → 0 as 𝜆 → 0. Since 𝑔𝜆(𝛼0) = 0 and 𝑔′𝜆(𝛼0) > 0, we have, for 𝜆 ∈ (0, 𝜆̃1),

1
𝑞
𝛼𝑞0 (𝜆) =

𝜆
𝑘
𝐶𝑘
𝑘𝛼

𝑘
0 (𝜆) +

1
𝑝∗

𝐶𝑝∗
𝑝∗ 𝛼

𝑝∗
0 (𝜆), (3.28)

𝛼𝑞−10 (𝜆) > 𝜆𝐶𝑘
𝑘𝛼

𝑘−1
0 (𝜆) + 𝐶𝑝∗

𝑝∗ 𝛼
𝑝∗−1
0 (𝜆). (3.29)
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From (3.28) it follows that 𝛼0(𝜆) is bounded. Suppose, for contradiction, that 𝛼0(𝜆) → 𝛼 ≠ 0 as 𝜆 → 0. Passing to the limit in (3.28) 
and (3.29) yields 

1
𝑞
𝛼𝑞 = 1

𝑝∗
𝐶𝑝∗
𝑝∗ 𝛼

𝑝∗ and 𝛼𝑞−1 > 𝐶𝑝∗
𝑝∗ 𝛼

𝑝∗−1,

which is impossible because 𝑞 < 𝑝∗. Therefore, 𝛼0(𝜆) → 0 as 𝜆 → 0. Hence, there exists 𝜆̃2 such that 𝛼0(𝜆) < 1 for every 𝜆 ∈ (0, 𝜆̃2), and 
consequently 𝛼0(𝜆) < min{𝛼1(𝜆), 1}.

Next, for 𝜆 ∈ (0,min{𝜆̃1, 𝜆̃2}), we fix a 𝐶∞-function 𝜃∶ [0,∞) → [0, 1] such that 

𝜃(𝑡) ∶=

{

1 if 𝑡 ∈ [0, 𝛼0(𝜆)]
0 if 𝑡 ∈ [min{𝛼1(𝜆), 1},∞).

We then define the truncated energy functional ℑ̃𝜆 ∶ 𝑊 → ℝ by 

ℑ̃𝜆(𝑢) =
1
𝑝 ∫ℝ𝑁 ∫ℝ𝑁

|𝑢(𝑥) − 𝑢(𝑦)|𝑝

|𝑥 − 𝑦|𝑁+𝑠𝑝 d𝑥 d𝑦 + ∫Ω

(

|∇𝑢|𝑝

𝑝
+ 𝑎(𝑥)

|∇𝑢|𝑞

𝑞

)

d𝑥 − 𝜆
𝑘 ∫Ω

|𝑢|𝑘 d𝑥 − 1
𝑝∗

‖𝑢‖𝑝
∗

𝑝∗𝜃(‖𝑢‖𝑊 ).

It is immediate that 
ℑ̃𝜆(𝑢) = ℑ𝜆(𝑢) for any ‖𝑢‖𝑊 ∈ [0, 𝛼0(𝜆)]

and that ℑ̃𝜆 is coercive and bounded from below.
Finally, choose Λ > 0 such that 

Λ ≤ min{𝜆̃, 𝜆̃1, 𝜆̃2, 𝜆̃3},

where 𝜆̃ is defined in (3.23), 𝜆̃1, 𝜆̃2 are as above and 𝜆̃3 = 𝑘
𝑞𝐶𝑘

𝑘
.

Lemma 3.15. Let 𝜆 ∈ (0,Λ). If ℑ̃𝜆(𝑢) < 0, then ‖𝑢‖𝑊 < 𝛼0(𝜆) and ℑ̃𝜆(𝑧) = ℑ𝜆(𝑧) for every 𝑧 in a sufficiently small neighborhood of 𝑢. 
Moreover, ℑ̃𝜆 satisfies the (PS)𝑐 -condition at level 𝑐 for every 𝑐 < 0.

Proof.  Fix 𝜆 ∈ (0,Λ) and suppose that ℑ̃𝜆(𝑢) < 0. We consider two cases.
Case 1: ‖𝑢‖𝑊 ≥ 1
In this case, 𝜃(‖𝑢‖𝑊 ) = 0. Hence 

ℑ̃𝜆(𝑢) =
1
𝑝
([𝑢]𝑝𝑠,𝑝 + ‖∇𝑢‖𝑝𝑝) +

1
𝑞
‖∇𝑢‖𝑞𝑞,𝑎 −

𝜆
𝑘 ∫Ω

|𝑢|𝑘 d𝑥 ≥ 1
𝑞
‖𝑢‖𝑝𝑊 − 𝜆

𝑘
𝐶𝑘
𝑘‖𝑢‖

𝑘
𝑊 =∶ 𝜎𝜆(‖𝑢‖𝑊 ),

where 𝜎𝜆(𝑡) ∶= 1
𝑞 𝑡

𝑝 − 𝜆
𝑘𝐶

𝑘
𝑘 𝑡

𝑘 for all 𝑡 ∈ [1,∞). The function 𝜎𝜆 is minimized at 

𝑡∗ =

(

𝜆𝐶𝑘
𝑘 𝑞
𝑝

)
1

𝑝−𝑘

,

and 

𝜎𝜆(𝑡∗) =
1
𝑞

(

𝜆𝐶𝑘
𝑘 𝑞
𝑝

)
𝑝

𝑝−𝑘 (

1 −
𝑝
𝑘

)

< 0,

since 𝑘 < 𝑝. Moreover, 𝜎𝜆(𝑡) ≥ 0 if and only if 𝑡 ≥
(

𝜆𝐶𝑘
𝑘 𝑞
𝑘

)
1

𝑝−𝑘
. If 𝜆 ≤ 𝜆̃3 =

𝑘
𝑞𝐶𝑘

𝑘
, we deduce that min𝑡∈[1,∞) 𝜎𝜆(𝑡) ≥ 0, which further implies 

ℑ̃𝜆(𝑢) ≥ 0 for ‖𝑢‖𝑊 ≥ 1, contradicting ℑ̃𝜆(𝑢) < 0. Therefore, ‖𝑢‖𝑊 ≥ 1 is impossible.
Case 2: ‖𝑢‖𝑊 < 1
We estimate 

ℑ̃𝜆(𝑢) ≥
1
𝑞
‖𝑢‖𝑞𝑊 − 𝜆

𝑘
𝐶𝑘
𝑘‖𝑢‖

𝑘
𝑊 − 1

𝑝∗
𝐶𝑝∗
𝑝∗ ‖𝑢‖

𝑝∗
𝑊 𝜃(‖𝑢‖𝑊 ) =∶ 𝑔̃𝜆(‖𝑢‖𝑊 ),

where 𝑔̃𝜆(𝑡) ∶= 1
𝑞 𝑡

𝑞 − 𝜆
𝑘𝐶

𝑘
𝑘 𝑡

𝑘 − 1
𝑝∗ 𝐶

𝑝∗
𝑝∗ 𝑡

𝑝∗𝜃(𝑡). Since 0 ≤ 𝜃 ≤ 1, we have 

𝑔̃𝜆(𝑡) ≥ 𝑔𝜆(𝑡) ≥ 0 for all 𝑡 ∈ [𝛼0(𝜆),min{𝛼1(𝜆), 1}]. (3.30)

Thus, if min{𝛼1(𝜆), 1} = 1, then ℑ̃𝜆(𝑢) < 0 together with (3.30) implies ‖𝑢‖𝑊 < 𝛼0(𝜆).
If min{𝛼1(𝜆), 1} = 𝛼1(𝜆), then 𝛼1(𝜆) < 1. For 𝛼1(𝜆) < ‖𝑢‖𝑊 < 1, we estimate as in Case 1 by dropping the critical term (it is truncated, 

hence nonnegative in the energy with a minus sign removed when 𝜃 = 0) and obtain 

ℑ̃𝜆(𝑢) ≥ 𝜎̃𝜆(‖𝑢‖𝑊 ), where 𝜎̃𝜆(𝑡) = 1
𝑞
𝑡𝑞 − 𝜆

𝑘
𝐶𝑘
𝑘 𝑡

𝑘,

which yields again a contradiction for 𝜆 ≤ 𝜆̃3, exactly as in Case 1. If instead 𝛼0(𝜆) < ‖𝑢‖𝑊 ≤ 𝛼1(𝜆), then (3.30) implies ℑ̃𝜆(𝑢) ≥ 0, 
contradicting ℑ̃𝜆(𝑢) < 0. Hence in all cases, ‖𝑢‖𝑊 < 𝛼0(𝜆). Since ℑ̃𝜆 is continuous, there exists a sufficiently small neighborhood 
𝐵 ⊂ 𝐵𝛿(𝛼0) of 𝑢 such that ℑ̃𝜆(𝑧) < 0 for all 𝑧 ∈ 𝐵 and ℑ𝜆(𝑧) = ℑ̃𝜆(𝑧) follows from above. Furthermore, for 𝑐 < 0, we have ℑ̃𝜆 = ℑ𝜆. 
Thanks to Lemma 3.14, ℑ̃𝜆 satisfies (PS)𝑐 -condition. This completes the proof. ∎
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Lemma 3.16. Let 𝜆 ∈ (0,min{𝜆̃1, 𝜆̃2}). Then, for every 𝑚 ∈ ℕ, there exists 𝛿 = 𝛿(𝜆, 𝑚) > 0 such that 𝛾(ℑ̃−𝛿
𝜆
)

≥ 𝑚, where 

ℑ̃−𝛿
𝜆 = {𝑢 ∈ 𝑊 ∶ ℑ̃𝜆(𝑢) ≤ −𝛿}.

Proof.  Fix 𝜆 ∈ (0,min{𝜆̃1, 𝜆̃2}) and 𝑚 ∈ ℕ. Let 𝑊𝑚 ⊂ 𝑊  be an 𝑚-dimensional subspace. Since 𝑊𝑚 is finite dimensional, all norms are 
equivalent. In particular, there exists a constant 𝐶(𝑚) > 0 such that 

‖𝑢‖𝑘𝑘 ≥ 𝐶(𝑚)‖𝑢‖𝑘𝑊 , for all 𝑢 ∈ 𝑊𝑚. (3.31)

Let 𝑢 ∈ 𝑊𝑚 with ‖𝑢‖𝑊 ≤ 𝛼0 < 1. Using the definition of ℑ̃𝜆, the truncation property, and (3.31), we obtain 

ℑ̃𝜆(𝑢) ≤
1
𝑝
‖𝑢‖𝑝𝑊 − 𝜆

𝑘
𝐶(𝑚)‖𝑢‖𝑘𝑊 . (3.32)

Choose 𝑟0 > 0 such that 

𝑟0 < min
⎛

⎜

⎜

⎝

𝛼0(𝜆),
(

𝜆𝐶(𝑚)𝑝
𝑘

)
1

𝑝−𝑘 ⎞
⎟

⎟

⎠

. (3.33)

Next, define 𝑆𝑟0 = {𝑢 ∈ 𝑊𝑚 ∶ ‖𝑢‖𝑊 = 𝑟0}. Since 𝑊𝑚 is 𝑚-dimensional, 𝑆𝑟0  is homeomorphic to the (𝑚 − 1)-dimensional sphere. More-
over, from (3.32) and (3.33), we obtain 

ℑ̃𝜆(𝑢) < 0, for all 𝑢 ∈ 𝑆𝑟0 .

Therefore, by continuity of ℑ̃𝜆 and compactness of 𝑆𝑟0 , there exists 𝛿 = 𝛿(𝜆, 𝑚) > 0 such that ℑ̃𝜆(𝑢) < −𝛿 for every 𝑢 ∈ 𝑆𝑟0 . Hence, 
𝑆𝑟0 ⊂ ℑ̃−𝛿

𝜆 ⧵ {0} and by Proposition 2.9, we get 

𝛾
(

ℑ̃−𝛿
𝜆
)

≥ 𝛾(𝑆𝑟0 ) = 𝑚.

 ∎
Proof of Theorem 1.3.  Define 

𝑃𝑐 = {𝑢 ∈ 𝑊 ∶ ℑ̃𝜆(𝑢) = 𝑐, ℑ̃′
𝜆(𝑢) = 0}. (3.34)

For each 𝑚 ∈ ℕ, set 

𝑐𝑚 = inf
𝐴∈Σ𝑚

sup
𝑢∈𝐴

ℑ̃𝜆(𝑢),

where 

Σ𝑚 = {𝐴 ⊆ 𝑊 ⧵ {0}∶ 𝐴 is closed, symmetric, and 𝛾(𝐴) ≥ 𝑚}.

By Lemma 3.16, for every 𝑚 ∈ ℕ, there exists 𝛿𝑚 > 0 such that 

𝛾(ℑ̃−𝛿𝑚
𝜆 ) ≥ 𝑚, ℑ̃−𝛿𝑚

𝜆 = {𝑢 ∈ 𝑊 ∶ ℑ̃𝜆(𝑢) ≤ −𝛿𝑚}.

Hence, ℑ̃−𝛿𝑚
𝜆 ∈ Σ𝑚. Since ℑ̃𝜆 is bounded from below, it follows that 

−∞ < 𝑐𝑚 ≤ sup
𝑢∈ℑ̃−𝛿𝑚

𝜆

ℑ̃𝜆(𝑢) ≤ −𝛿𝑚 < 0.

Thus each 𝑐𝑚 is finite and negative.
Let 𝑃𝑐𝑚  be as defined in (3.34). We claim that 𝑃𝑐𝑚  is compact. To this end, let {𝑢𝑛}𝑛∈ℕ ⊂ 𝑃𝑐𝑚  be a bounded sequence. Then 

ℑ̃𝜆(𝑢𝑛) = 𝑐𝑚 and ℑ̃′
𝜆(𝑢𝑚) = 0. By Lemma 3.15, ℑ̃𝜆 satisfies the (PS)𝑐𝑚  condition, i.e., there exist 𝑢 ∈ 𝑊  such that {𝑢𝑛}𝑛∈ℕ converges 

to 𝑢 strongly in 𝑊 , up to a subsequence if necessary. This implies ℑ̃𝜆(𝑢) = 𝑐𝑚 and ℑ̃′
𝜆(𝑢) = 0, hence 𝑢 ∈ 𝑃𝑐𝑚 . Thus, {𝑢𝑛}𝑛∈ℕ admits a 

convergent subsequence in 𝑃𝑐𝑚 , consequently 𝑃𝑐𝑚  is compact. Moreover, by Proposition 2.9, we have 𝛾(𝑃𝑐𝑚 ) < ∞.
Since Σ𝑚+1 ⊂ Σ𝑚, we have 𝑐𝑚 ≤ 𝑐𝑚+1. If all 𝑐𝑚 are distinct, then we obtain an infinite sequence of distinct critical values 𝑐𝑚 < 0, 

hence infinitely many distinct critical points of ℑ̃𝜆 with negative energy.
Suppose instead that for some 𝑚 ∈ ℕ and some 𝑗 ≥ 1, 

𝑐 = 𝑐𝑚 = 𝑐𝑚+1 = ⋯ = 𝑐𝑚+𝑗 .

Then, by Lemma 3.6 of da Silva–Fiscella–Viloria [31], we have 𝛾(𝑃𝑐𝑚 ) ≥ 𝑗 + 1. Following the classical argument presented by Rabi-
nowitz [42, Remark 7.3], it follows that 𝑃𝑐𝑚  contains infinitely many distinct elements. Hence ℑ̃𝜆 possesses infinitely many distinct 
critical points with negative energy.

Finally, by Lemma 3.15, on negative levels the truncated functional ℑ̃𝜆 coincides locally with the original functional ℑ𝜆. Therefore, 
ℑ𝜆 also has infinitely many distinct critical points with negative energy. This completes the proof. ∎
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4.  Local 𝒑-Laplacian with fractional double phase

In this section, we study problem (1.3) and prove Theorems 1.4 and 1.5. We show that problem (1.3) admits at least two nontrivial 
constant sign solutions by employing the Mountain Pass Theorem, and we obtain a least energy sign-changing solution by means of 
the Poincaré-Miranda existence theorem and the quantitative deformation lemma. Throughout this section we suppose that (H2) 
holds.

The energy functional 𝐽 ∶ 𝐸 → ℝ associated with (1.3) is 

𝐽 (𝑢) = 1
𝑝 ∫Ω

|∇𝑢|𝑝 d𝑥 + 1
𝑝 ∫𝑄

|𝐷𝑠(𝑢)|𝑝 d𝜈 +
1
𝑞 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈 − ∫Ω
𝐹 (𝑥, 𝑢) d𝑥

where 𝐹 (𝑥, 𝑡) = ∫ 𝑡
0 𝑓 (𝑥, 𝜏) d𝜏, and 𝐷𝑠(𝑢) as well as d𝜈 are defined in (1.4). By Lemma 3.10 of de Albuquerque–de Assis–Carvalho–Salort 

[53] we have 𝐽 ∈ 𝐶1(𝐸,ℝ), and its derivative is given by 

⟨𝐽 ′(𝑢), 𝑣⟩ = ∫Ω
|∇𝑢|𝑝−2∇𝑢 ⋅ ∇𝑣 d𝑥 + ∫𝑄

|𝐷𝑠(𝑢)|𝑝−2𝐷𝑠(𝑢)𝐷𝑠(𝑣) d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2𝐷𝑠(𝑢)𝐷𝑠(𝑣) d𝜈 − ∫Ω

𝑓 (𝑥, 𝑢)𝑣 d𝑥

for 𝑢, 𝑣 ∈ 𝐸. We also note that if 𝑢 ∈ 𝐸 satisfies 𝑢+ ≠ 0 ≠ 𝑢−, then 
𝐽 (𝑢) > 𝐽 (𝑢+) + 𝐽 (−𝑢−), ⟨𝐽 ′(𝑢), 𝑢+⟩ > ⟨𝐽 ′(𝑢+), 𝑢+⟩, ⟨𝐽 ′(𝑢),−𝑢−⟩ > ⟨𝐽 ′(−𝑢−),−𝑢−⟩.

Remark 4.1. The following properties are immediate consequences of (H2):

(i) By (H2)(ii) and (iii), for every 𝜀 > 0 there exists 𝑐∗ > 0 such that 
𝐹 (𝑥, 𝑡) ≤ 𝜀|𝑡|𝑝 + 𝑐∗|𝑡|

𝑟, for a.e. 𝑥 ∈ Ω and for all 𝑡 ∈ ℝ.

(ii) By (H2)(ii) and (iv), for every 𝑀 > 0, there exists 𝑐𝑀 > 0 such that 

𝐹 (𝑥, 𝑡) ≥ 𝑀
𝑞
|𝑡|𝑞 − 𝑐𝑀 , for a.e. 𝑥 ∈ Ω and for all 𝑡 ∈ ℝ.

(iii) From (H2)(ii) and (iv), we infer that 𝑞 < 𝑟. Moreover, 

lim
𝑡→±∞

𝐹 (𝑥, 𝑡)
|𝑡|𝑞

= ∞ uniformly for a.a. 𝑥 ∈ Ω.

(iv) From (H2)(iii) it follows that 𝑓 (𝑥, 0) = 0 for a.a. 𝑥 ∈ Ω.

To obtain constant sign solutions of problem (1.3), we introduce the truncated functionals 𝐽± ∶ 𝐸 → ℝ defined by 

𝐽±(𝑢) =
1
𝑝 ∫Ω

|∇𝑢|𝑝 d𝑥 + 1
𝑝 ∫𝑄

|𝐷𝑠(𝑢)|𝑝 d𝜈 +
1
𝑞 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈 − ∫Ω
𝐹 (𝑥,±𝑢±) d𝑥.

Next, we define the operator ∶ 𝐸 → 𝐸∗ corresponding to the principal part of the energy functional by 

⟨(𝑢), 𝑣⟩ = ∫Ω
|∇𝑢|𝑝−2∇𝑢 ⋅ ∇𝑣 d𝑥 + ∫𝑄

|𝐷𝑠(𝑢)|𝑝−2𝐷𝑠(𝑢)𝐷𝑠(𝑣) d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2𝐷𝑠(𝑢)𝐷𝑠(𝑣) d𝜈,

where ⟨⋅, ⋅⟩ denotes the duality pairing between 𝐸 and 𝐸∗.
The following lemma establishes the key compactness property of the operator , which will be crucial in proving the existence 

of constant sign solutions.
Lemma 4.2. The operator  satisfies the (S+)-property. More precisely, if {𝑢𝑛}𝑛∈ℕ ⊂ 𝐸 is such that 𝑢𝑛 ⇀ 𝑢 weakly in 𝐸 and 

lim sup
𝑛→∞

⟨(𝑢𝑛), 𝑢𝑛 − 𝑢⟩ ≤ 0,

then 𝑢𝑛 → 𝑢 strongly in 𝐸.
Proof.  Let {𝑢𝑛}𝑛∈ℕ ⊂ 𝐸 satisfy 𝑢𝑛 ⇀ 𝑢 in 𝐸 and 

lim sup
𝑛→∞

⟨(𝑢𝑛), 𝑢𝑛 − 𝑢⟩ ≤ 0. (4.1)

Since the space 𝐸 is continuously embedded into both 𝑊 1,𝑝
0 (Ω) and 𝑊 𝑠,

0 (Ω), the weak convergence in 𝐸 implies

𝑢𝑛 ⇀ 𝑢 in 𝑊 1,𝑝
0 (Ω), (4.2)

𝑢𝑛 ⇀ 𝑢 in 𝑊 𝑠,
0 (Ω). (4.3)

Moreover, the weak convergence in 𝐸 yields 
lim
𝑛→∞

⟨(𝑢), 𝑢𝑛 − 𝑢⟩ = 0. (4.4)

Combining (4.4), (4.1) and Lemma 2.15, we obtain 
lim
𝑛→∞

⟨(𝑢𝑛) −(𝑢), 𝑢𝑛 − 𝑢⟩ = 0.
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Using the definition of , we have

⟨(𝑢𝑛) −(𝑢), 𝑢𝑛 − 𝑢⟩ = ∫Ω

(

|∇𝑢𝑛|𝑝−2∇𝑢𝑛 − |∇𝑢|𝑝−2∇𝑢
)

⋅ ∇(𝑢𝑛 − 𝑢) d𝑥 + ∫𝑄

(

|𝐷𝑠𝑢𝑛|
𝑝−2𝐷𝑠𝑢𝑛 − |𝐷𝑠𝑢|

𝑝−2𝐷𝑠𝑢
)

𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈

+ ∫𝑄
𝑏(𝑥, 𝑦)

(

|𝐷𝑠𝑢𝑛|
𝑞−2𝐷𝑠𝑢𝑛 − |𝐷𝑠𝑢|

𝑞−2𝐷𝑠𝑢
)

𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈.

By the standard monotonicity inequalities for the 𝑝-Laplace operator and the fractional 𝑝- and 𝑞-Laplace operators, each term in 
the above expression is nonnegative, see Lemma 2.15. Therefore, since their sum converges to zero, each term must converge to zero 
separately. In particular, 

lim
𝑛→∞∫Ω

(

|∇𝑢𝑛|𝑝−2∇𝑢𝑛 − |∇𝑢|𝑝−2∇𝑢
)

⋅ ∇(𝑢𝑛 − 𝑢) d𝑥 = 0, (4.5)

and

lim
𝑛→∞

(

∫𝑄

(

|𝐷𝑠(𝑢𝑛)|𝑝−2𝐷𝑠(𝑢𝑛) − |𝐷𝑠(𝑢)|𝑝−2𝐷𝑠(𝑢)
)

𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈

+ ∫𝑄
𝑏(𝑥, 𝑦)

(

|𝐷𝑠(𝑢𝑛)|𝑞−2𝐷𝑠(𝑢𝑛) − |𝐷𝑠(𝑢)|𝑞−2𝐷𝑠(𝑢)
)

𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈

)

= 0.

(4.6)

From (4.2), (4.5) and Lemma 2.15 by Colasuonno–Pucci–Varga [54], it follows that 𝑢𝑛 → 𝑢 strongly in 𝑊 1,𝑝
0 (Ω). Similarly, using (4.3),

(4.6) and Theorem 3.14 of de Albuquerque–de Assis–Carvalho–Salort [53], we deduce 𝑢𝑛 → 𝑢 strongly in 𝑊 𝑠,
0 (Ω). Combining these 

two strong convergences yields 𝑢𝑛 → 𝑢 strongly in 𝐸. This completes the proof. ∎
Lemma 4.3. The functionals 𝐽± satisfy the (C)-condition.
Proof.  We prove the result for 𝐽+. The proof for 𝐽− is analogous.

Let {𝑢𝑛}𝑛∈ℕ ⊆ 𝐸 be a sequence such that, for some 𝑐1 > 0, 
|𝐽+(𝑢𝑛)| < 𝑐1, (1 + ‖𝑢𝑛‖𝐸 )𝐽 ′

+(𝑢𝑛) → 0 in 𝐸∗.

Thus,
|

|

|

|

1
𝑝 ∫Ω

|∇𝑢𝑛|𝑝 d𝑥 + 1
𝑝 ∫𝑄

|𝐷𝑠(𝑢𝑛)|𝑝 d𝜈 +
1
𝑞 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢𝑛)|𝑞 d𝜈 − ∫Ω
𝐹 (𝑥, 𝑢+𝑛 ) d𝑥

|

|

|

|

< 𝑐1 (4.7)

and, for all 𝑣 ∈ 𝐸,
|

|

|

|

∫Ω
|∇𝑢𝑛|𝑝−2∇𝑢𝑛 ⋅ ∇𝑣 d𝑥 + ∫𝑄

|𝐷𝑠(𝑢𝑛)|𝑝−2𝐷𝑠(𝑢𝑛)𝐷𝑠(𝑣) d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢𝑛)|𝑞−2𝐷𝑠(𝑢𝑛)𝐷𝑠(𝑣) d𝜈 − ∫Ω

𝑓 (𝑥, 𝑢+𝑛 )𝑣 d𝑥
|

|

|

|

≤
𝑜𝑛(1)‖𝑣‖𝐸
(1 + ‖𝑢𝑛‖𝐸 )

.
(4.8)

Taking 𝑣 = −𝑢−𝑛  as a test function in (4.8), we obtain 
|

|

|

|

|

∫Ω
|∇𝑢−𝑛 |

𝑝 d𝑥 + ∫𝑄
|𝐷𝑠(𝑢−𝑛 )|

𝑝 d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢−𝑛 )|

𝑞 d𝜈
|

|

|

|

|

≤ 𝑜𝑛(1).

Therefore, using Lemma 2.6, we have ‖𝑢−𝑛 ‖𝐸 → 0, and consequently 
𝑢−𝑛 → 0 in 𝐸. (4.9)

Next, taking 𝑣 = 𝑢𝑛 as a test function in (4.8) and subtracting it from (4.7) after multiplying with 𝑞, we obtain 
(

𝑞
𝑝
− 1

)

∫Ω
|∇𝑢𝑛|𝑝 d𝑥 +

(

𝑞
𝑝
− 1

)

∫𝑄
|𝐷𝑠(𝑢𝑛)|𝑝 d𝜈 + ∫Ω

(𝑢+𝑛 𝑓 (𝑥, 𝑢
+
𝑛 ) − 𝑞𝐹 (𝑥, 𝑢+𝑛 )) d𝑥 < 𝑐2 (4.10)

for some 𝑐2 > 0.
We claim that {𝑢+𝑛 }𝑛∈ℕ is bounded in 𝐸. Suppose by contradiction that 

‖𝑢+𝑛 ‖𝐸 → ∞. (4.11)

Define 𝑦𝑛 =
𝑢+𝑛

‖𝑢+𝑛 ‖𝐸
, then ‖𝑦𝑛‖𝐸 = 1, which implies the boundedness of {𝑦𝑛}𝑛∈ℕ in 𝐸. By reflexivity of 𝐸, there exists 𝑦 ∈ 𝐸 such that 

𝑦 ≥ 0 and up to a subsequence, we have 
⎧

⎪

⎨

⎪

⎩

𝑦𝑛 ⇀ 𝑦 in 𝐸,
𝑦𝑛(𝑥) → 𝑦(𝑥) for a.a. 𝑥 ∈ Ω,
𝑦𝑛 → 𝑦 in 𝐿𝑟(Ω) for 𝑟 ∈ [1, 𝑝∗).

(4.12)

We show that 𝑦 ≡ 0. Suppose that Ω+ = {𝑥 ∈ Ω∶ 𝑦+(𝑥) > 0} has positive measure. Then 
lim
𝑛→∞

𝑢+𝑛 (𝑥) = lim
𝑛→∞

𝑦𝑛(𝑥)‖𝑢+𝑛 ‖𝐸 → ∞ in Ω+.

Nonlinear Analysis 272 (2026) 114169 

23 



A. Arora et al.

By Remark 4.1 (iii), one gets 

lim
𝑛→∞

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

= ∞ in Ω+.

Fatou’s lemma yields 

lim inf
𝑛→∞ ∫Ω+

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

d𝑥 = ∞. (4.13)

Using (H2) (ii) and (iv) gives 
𝐹 (𝑥, 𝑠) ≥ −𝑐2 for a.a. 𝑥 ∈ Ω and for all 𝑠 ∈ ℝ, (4.14)

for some 𝑐2 > 0. From (4.13) and (4.14), we obtain 

∫Ω

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

d𝑥 = ∫Ω+

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

d𝑥 + ∫Ω⧵Ω+

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

d𝑥 ≥ ∫Ω+

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

d𝑥 −
𝑐2

‖𝑢+𝑛 ‖
𝑞
𝐸

|Ω|.

Thus, from (4.11) and (4.13), we have 

lim
𝑛→∞∫Ω

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

d𝑥 = ∞. (4.15)

By using (4.7) and Lemma 2.6, for sufficiently large 𝑛, we have, for some 𝑐3 > 0,

∫Ω

𝐹 (𝑥, 𝑢+𝑛 (𝑥))

‖𝑢+𝑛 ‖
𝑞
𝐸

d𝑥 < 𝑐3 +
1
𝑝 ∫Ω

|∇𝑦𝑛(𝑥)|𝑝

‖𝑢+𝑛 ‖
𝑞−𝑝
𝐸

d𝑥 + 1
𝑝 ∫𝑄

|𝑦𝑛(𝑥) − 𝑦𝑛(𝑦)|𝑝

‖𝑢+𝑛 ‖
𝑞−𝑝
𝐸 |𝑥 − 𝑦|𝑁+𝑠𝑝

d𝑥 d𝑦 + 1
𝑞 ∫𝑄

𝑏(𝑥, 𝑦)
|𝑦𝑛(𝑥) − 𝑦𝑛(𝑦)|𝑞

|𝑥 − 𝑦|𝑁+𝑠𝑞 d𝑥 d𝑦

≤ 𝑐3 +
𝜂(𝑦𝑛)
𝑝

= 𝑐3 +
1
𝑝
,

which is a contradiction to (4.15). Hence, 𝑦 ≡ 0 a.e. in Ω.
Let 0 ≤ 𝑡𝑛 ≤ 1 be such that 

𝐽+(𝑡𝑛𝑢+𝑛 ) = max
0≤𝑡≤1

𝐽+(𝑡𝑢+𝑛 ).

For any fixed 𝜆 ≥ 1 there exists 𝑛0 > 0 such that 0 < 𝜆
‖𝑢+𝑛 ‖𝐸

≤ 1 for all 𝑛 ≥ 𝑛0. Hence 

𝐽+(𝑡𝑛𝑢+𝑛 ) ≥ 𝐽+

(

𝜆
‖𝑢+𝑛 ‖𝐸

𝑢+𝑛

)

= 𝐽+(𝜆𝑦𝑛),

for all 𝑛 ≥ 𝑛0. By (4.12), we have 
𝑦𝑛 → 0 in 𝐿𝑟(Ω) for 𝑟 ∈ [1, 𝑝∗)

which implies 

∫Ω
𝐹 (𝑥, 𝜆𝑦𝑛) d𝑥 → 0. (4.16)

By using norm-modular relation and (4.16), we get, for some 𝑐4 > 0,

𝐽+(𝜆𝑦𝑛) =
1
𝑝 ∫Ω

|∇(𝜆𝑦𝑛)|𝑝 d𝑥 + 1
𝑝 ∫𝑄

|𝐷𝑠(𝜆𝑦𝑛)|𝑝 d𝜈 +
1
𝑞 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝜆𝑦𝑛)|𝑞 d𝜈 − ∫Ω
𝐹 (𝑥, 𝜆𝑦𝑛) d𝑥

≥ 𝜆𝑝

𝑞
𝜂(𝑦𝑛) − ∫Ω

𝐹 (𝑥, 𝜆𝑦𝑛) d𝑥

≥ 𝜆𝑝

𝑞
− 𝑐4

for all 𝑛 ≥ 𝑛0. Because 𝜆 ≥ 1 is arbitrarily chosen, we see that 
𝐽+(𝑡𝑛𝑢+𝑛 ) → +∞ as 𝑛 → ∞. (4.17)

Taking (4.7) into account gives 
𝐽+(0) = 0 and 𝐽+(𝑢+𝑛 ) ≤ 𝑐5 for all 𝑛 ∈ ℕ, (4.18)

for some 𝑐5 > 0. From (4.17) and (4.18) there exists 𝑛2 ∈ ℕ such that 
𝑡𝑛 ∈ (0, 1) for all 𝑛 ≥ 𝑛2.
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Therefore, we have

0 = d
d𝑡
𝐽+(𝑡𝑢+𝑛 )

|

|

|

|𝑡=𝑡𝑛
= 𝑡𝑝−1𝑛 ∫Ω

|∇(𝑢+𝑛 )|
𝑝 d𝑥 + 𝑡𝑝−1𝑛 ∫𝑄

|𝐷𝑠(𝑢+𝑛 )|
𝑝 d𝜈 + 𝑡𝑞−1𝑛 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢+𝑛 )|
𝑞 d𝜈 − ∫Ω

𝑓 (𝑥, 𝑡𝑛𝑢+𝑛 )𝑢
+
𝑛 d𝑥

= ⟨𝐽 ′
+(𝑡𝑛𝑢

+
𝑛 ), 𝑢

+
𝑛 ⟩, for all 𝑛 ≥ 𝑛2.

By (4.10), it follows

𝑞𝐽+(𝑡𝑛𝑢+𝑛 ) =
𝑞
𝑝 ∫Ω

|∇(𝑡𝑛𝑢+𝑛 )|
𝑝 d𝑥 +

𝑞
𝑝 ∫𝑄

|𝐷𝑠(𝑡𝑛𝑢+𝑛 )|
𝑝 d𝜈 + ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑡𝑛𝑢+𝑛 )|
𝑞 d𝜈 − 𝑞 ∫Ω

𝐹 (𝑥, 𝑡𝑛𝑢+𝑛 ) d𝑥

=
(

𝑞
𝑝
− 1

)

∫Ω
|∇(𝑡𝑛𝑢+𝑛 )|

𝑝 d𝑥 +
(

𝑞
𝑝
− 1

)

∫𝑄
|𝐷𝑠(𝑡𝑛𝑢+𝑛 )|

𝑝 d𝜈 + ∫Ω
(𝑡𝑛𝑢+𝑛 𝑓 (𝑥, 𝑡𝑛𝑢

+
𝑛 ) − 𝑞𝐹 (𝑥, 𝑡𝑛𝑢+𝑛 )) d𝑥

≤
(

𝑞
𝑝
− 1

)

∫Ω
|∇(𝑢𝑛)|𝑝 d𝑥 +

(

𝑞
𝑝
− 1

)

∫𝑄
|𝐷𝑠(𝑢𝑛)|𝑝 d𝜈 + ∫Ω

(𝑢+𝑛 𝑓 (𝑥, 𝑢
+
𝑛 ) − 𝑞𝐹 (𝑥, 𝑢+𝑛 )) d𝑥

≤ 𝑐2,

which is a contradiction to (4.17). Hence, (4.11) cannot be true. Therefore, {𝑢+𝑛 }𝑛∈ℕ is bounded in 𝐸. Further from (4.9), we conclude 
that {𝑢𝑛}𝑛∈ℕ is bounded in 𝐸 as well. By reflexivity of 𝐸, there exists 𝑢 ∈ 𝐸 such that up to a subsequence, we have 

⎧

⎪

⎨

⎪

⎩

𝑢𝑛 ⇀ 𝑢 in 𝐸,
𝑢𝑛(𝑥) → 𝑢(𝑥) for a.a. 𝑥 ∈ Ω,
𝑢𝑛 → 𝑢 in 𝐿𝑟(Ω) for 𝑟 ∈ [1, 𝑝∗).

Taking 𝑣 = 𝑢𝑛 − 𝑢 as a test function in (4.8), we obtain
|

|

|

|

∫Ω
|∇𝑢𝑛|𝑝−2∇𝑢𝑛 ⋅ ∇(𝑢𝑛 − 𝑢) d𝑥 + ∫𝑄

|𝐷𝑠(𝑢𝑛)|𝑝−2𝐷𝑠(𝑢𝑛)𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈

+ ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢𝑛)|𝑞−2𝐷𝑠(𝑢𝑛)𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈 − ∫Ω

𝑓 (𝑥, 𝑢+𝑛 )(𝑢𝑛 − 𝑢) d𝑥
|

|

|

|

≤ 𝑜𝑛(1)‖𝑢𝑛 − 𝑢‖𝐸 .
(4.19)

On the other hand, from (H2) (ii) and Hölder’s inequality, we get

∫Ω
𝑓 (𝑥, 𝑢+𝑛 )(𝑢𝑛 − 𝑢) d𝑥 ≤ 𝑐 ∫Ω

(𝑢𝑛 − 𝑢) d𝑥 + 𝑐 ∫Ω
|𝑢+𝑛 |

𝑟−1(𝑢𝑛 − 𝑢) d𝑥 ≤ 𝑐‖𝑢𝑛 − 𝑢‖1 + 𝑐‖𝑢+𝑛 ‖
𝑟−1
𝑟 ‖𝑢𝑛 − 𝑢‖𝑟 → 0. (4.20)

By passing to the lim sup as 𝑛 → ∞ in (4.19) and using (4.20), we have 

lim sup
𝑛→∞

(

∫Ω
|∇𝑢𝑛|𝑝−2∇𝑢𝑛 ⋅ ∇(𝑢𝑛 − 𝑢) d𝑥 + ∫𝑄

|𝐷𝑠(𝑢𝑛)|𝑝−2𝐷𝑠(𝑢𝑛)𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢𝑛)|𝑞−2𝐷𝑠(𝑢𝑛)𝐷𝑠(𝑢𝑛 − 𝑢) d𝜈

)

≤ 0,

that is, 
lim sup
𝑛→∞

⟨(𝑢𝑛), 𝑢𝑛 − 𝑢⟩ ≤ 0.

By Lemma 4.2, we have 𝑢𝑛 → 𝑢 in 𝐸. This completes the proof. ∎
Lemma 4.4. There exist positive real numbers 𝛿 and 𝛽 such that 

𝐽 (𝑢) ≥ 𝛽 > 0 and 𝐽±(𝑢) ≥ 𝛽 > 0 for all 0 < ‖𝑢‖𝐸 < 𝛿.

Proof.  We demonstrate the claim for the functional 𝐽 , as the same reasoning applies to 𝐽±. By Remark 4.1, for every 𝜀 > 0 there 
exists a constant 𝑐∗ > 0 such that 

𝐹 (𝑥, 𝑡) ≤ 𝜀|𝑡|𝑝 + 𝑐∗|𝑡|
𝑟, for a.a. 𝑥 ∈ Ω and for all 𝑡 ∈ ℝ. (4.21)

Let ‖𝑢‖𝐸 < 1. Using (4.21), the Sobolev embedding (2.9) and Lemma 2.6, we estimate

𝐽 (𝑢) ≥ 1
𝑝 ∫Ω

|∇𝑢|𝑝 d𝑥 + 1
𝑝 ∫𝑄

|𝐷𝑠(𝑢)|𝑝 d𝜈 +
1
𝑞 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈 − 𝜀∫Ω
|𝑢|𝑝 d𝑥 − 𝑐∗ ∫Ω

|𝑢|𝑟 d𝑥

≥ 1
𝑝
‖∇𝑢‖𝑝𝑝 +

1
𝑞

(

∫𝑄
|𝐷𝑠(𝑢)|𝑝 d𝜈 + ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈

)

− 𝜀𝑆𝑝
𝑝‖∇𝑢‖

𝑝
𝑝 − 𝑐∗𝕊𝑟

𝑟‖𝑢‖
𝑟
𝐸

≥ ‖∇𝑢‖𝑝𝑝
( 1
𝑝
− 𝜀𝑆𝑝

𝑝

)

+ 1
𝑞

(

∫𝑄
|𝐷𝑠(𝑢)|𝑝 d𝜈 + ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈

)

− 𝑐∗𝕊𝑟
𝑟‖𝑢‖

𝑟
𝐸

≥ min
{

( 1
𝑝
− 𝜀𝑆𝑝

𝑝

)

, 1
𝑞

}

𝜂(𝑢) − 𝑐∗𝕊𝑟
𝑟‖𝑢‖

𝑟
𝐸

≥ min
{

( 1
𝑝
− 𝜀𝑆𝑝

𝑝

)

, 1
𝑞

}

‖𝑢‖𝑞𝐸 − 𝑐∗𝕊𝑟
𝑟‖𝑢‖

𝑟
𝐸 .
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Now choose 𝜀 > 0 small such that 1𝑝 − 𝜀𝑆𝑝
𝑝 > 0, and take 𝛿 > 0 sufficiently small so that 

𝛽 ∶= min
{(

1
𝑝
− 𝜀𝑆𝑝

𝑝

)

, 1
𝑞

}

𝛿𝑞 − 𝑐∗𝕊𝑟𝛿
𝑟 > 0,

which is possible since 𝑞 < 𝑟 by Remark 4.1. It follows that 𝐽 (𝑢) ≥ 𝛽 > 0 for all 0 < ‖𝑢‖𝐸 < 𝛿 and for some 𝛿 > 0. ∎
Lemma 4.5. If 𝑢 ≥ 0 a.e. in Ω, then 𝐽±(𝑡𝑢) → −∞ as 𝑡 → ±∞.

Proof.  We prove the statement for 𝐽+. The case of 𝐽− follows analogously. By Remark 4.1, for every 𝑀 > 0 there exists a constant 
𝑐𝑀 > 0 such that 

𝐹 (𝑥, 𝑡) ≥ 𝑀
𝑞
|𝑡|𝑞 − 𝑐𝑀 , for a.a. 𝑥 ∈ Ω and for all 𝑡 ∈ ℝ. (4.22)

Let 𝑢 ∈ 𝐸 with 𝑢 ≥ 0 a.e. in Ω. For 𝑡 > 1, using (4.22) and Lemma 2.6, we obtain

𝐽+(𝑡𝑢) ≤
𝑡𝑝

𝑝 ∫Ω
|∇𝑢|𝑝 d𝑥 + 𝑡𝑝

𝑝 ∫𝑄
|𝐷𝑠(𝑢)|𝑝 d𝜈 +

𝑡𝑞

𝑞 ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈 −

𝑀
𝑞 ∫Ω

|𝑡𝑢|𝑞 d𝑥 + 𝑐𝑀 |Ω|

≤ 𝑡𝑞

𝑝

[

∫Ω
|∇𝑢|𝑝 d𝑥 + ∫𝑄

|𝐷𝑠(𝑢)|𝑝 d𝜈 + ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞 d𝜈

]

− 𝑀𝑡𝑞

𝑞 ∫Ω
|𝑢|𝑞 d𝑥 + 𝑐𝑀 |Ω|

≤ 𝑡𝑞

𝑝

[

𝜂(𝑢) − 𝑀
𝑞 ∫Ω

|𝑢|𝑞 d𝑥
]

+ 𝑐𝑀 |Ω|

≤ 𝑡𝑞

𝑝

[

max{‖𝑢‖𝑝𝐸 , ‖𝑢‖
𝑞
𝐸} −

𝑀
𝑞 ∫Ω

|𝑢|𝑞 d𝑥
]

+ 𝑐𝑀 |Ω|.

Choosing 𝑀 > 0 sufficiently large so that 

max{‖𝑢‖𝑝𝐸 , ‖𝑢‖
𝑞
𝐸} −

𝑀
𝑞 ∫Ω

|𝑢|𝑞 d𝑥 < 0,

we conclude that 𝐽+(𝑡𝑢) → −∞ as 𝑡 → ∞. ∎
Proof of Theorem 1.4.  By Lemmas 4.4 and 4.5, the functionals 𝐽± satisfy the geometric assumptions of the mountain pass theorem 
stated in Theorem 2.11. Hence, by Theorem 2.11, for each functional 𝐽± there exists a (C)-sequence at the level 

𝑐± = inf
𝛾∈Γ

max
𝑡∈[0,1]

𝐽±(𝛾(𝑡)) > 0,

where 
Γ ∶= {𝛾 ∈ 𝐶([0, 1], 𝐸)∶ 𝛾(0) = 0, 𝐽±(𝛾(1)) < 0}.

Furthermore, by Lemma 4.3, each functional 𝐽± satisfies the (C)-condition. Therefore, by Theorem 2.12, there exist critical points 
𝑢∗, 𝑣∗ ∈ 𝐸 of 𝐽+ and 𝐽− at the corresponding levels 𝑐+ and 𝑐−, respectively. Precisely, 

𝐽 ′
+(𝑢∗) = 0, 𝐽+(𝑢∗) = 𝑐+ > 0, 𝐽 ′

−(𝑣∗) = 0, 𝐽−(𝑣∗) = 𝑐− > 0.

Since 𝑐± > 0, the critical points 𝑢∗ and 𝑣∗ are nontrivial solutions of 𝐽+ and 𝐽−, respectively. As ⟨𝐽 ′
+(𝑢∗), 𝑣⟩ = 0 for all 𝑣 ∈ 𝐸, testing 

with 𝑣 = −𝑢−∗  gives

⟨𝐽 ′
+(𝑢∗),−𝑢

−
∗ ⟩ = −∫Ω

|∇𝑢∗|𝑝−2∇𝑢∗ ⋅ ∇𝑢−∗ d𝑥 − ∫𝑄
|𝐷𝑠(𝑢∗)|𝑝−2𝐷𝑠(𝑢∗)𝐷𝑠(𝑢−∗ ) d𝜈

− ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢∗)|𝑞−2𝐷𝑠(𝑢∗)𝐷𝑠(𝑢−∗ ) d𝜈 + ∫Ω

𝑓 (𝑥, (𝑢+∗ ))𝑢
−
∗ d𝑥 = 0.

Since 𝑢+∗ 𝑢−∗ = 0 a.e. in Ω, we have 𝑓 (𝑥, (𝑢+∗ ))𝑢−∗ = 0 a.e. in Ω. Hence the last integral vanishes. Using the standard identities for positive 
and negative parts and the monotonicity inequalities, the remaining terms give 𝜂(−𝑢−∗ ) ≤ 0. Then by Lemma 2.6, we deduce that 
𝑢−∗ = 0 a.e. in Ω. Hence, 𝑢∗ ≥ 0 a.e. in Ω. Similarly, by testing the equation for 𝐽 ′

−(𝑣∗) = 0 with 𝑣 = 𝑣+∗ , we obtain 𝑣∗ ≤ 0 a.e. in Ω. This 
completes the proof. ∎

In the second part, we are interested in the existence of a least energy sign-changing solution of problem (1.3), which proves 
Theorem 1.5. For this purpose, we introduce the set 

 ∶=
{

𝑢 ∈ 𝐸 ∶ 𝑢± ≠ 0, ⟨𝐽 ′(𝑢), 𝑢+⟩ = ⟨𝐽 ′(𝑢),−𝑢−⟩ = 0
}

,

which will serve as a natural constraint for sign-changing solutions. Before carrying out the variational analysis on , we derive 
several estimates that will be used later. For convenience, we set 

ℝ𝑁
+ =

{

𝑥 ∈ ℝ𝑁 ∶ 𝑢(𝑥) > 0
}

and ℝ𝑁
− =

{

𝑥 ∈ ℝ𝑁 ∶ 𝑢(𝑥) ≤ 0
}

.

Let 𝜏, 𝛾 ≥ 0. We compute

∫ℝ𝑁 ∫ℝ𝑁
|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) d𝜈
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= ∫ℝ𝑁
+
∫ℝ𝑁

+

|𝐷𝑠(𝜏𝑢+)|𝑝 d𝜈 + ∫ℝ𝑁
+
∫ℝ𝑁

−

|−𝛾𝑢−(𝑥) − 𝜏𝑢+(𝑦)|𝑝−2(−𝛾𝑢−(𝑥) − 𝜏𝑢+(𝑦))(−𝜏𝑢+(𝑦)) d𝜈
|𝑥 − 𝑦|𝑠𝑝

+ ∫ℝ𝑁
−
∫ℝ𝑁

+

|𝜏𝑢+(𝑥) + 𝛾𝑢−(𝑦)|𝑝−2(𝜏𝑢+(𝑥) + 𝛾𝑢−(𝑦))(𝜏𝑢+(𝑥)) d𝜈
|𝑥 − 𝑦|𝑠𝑝

= ∫ℝ𝑁
+
∫ℝ𝑁

+

|𝐷𝑠(𝜏𝑢+)|𝑝 d𝜈 + ∫ℝ𝑁
+
∫ℝ𝑁

−

(𝛾𝑢−(𝑥) + 𝜏𝑢+(𝑦))𝑝−1(𝜏𝑢+(𝑦)) d𝜈
|𝑥 − 𝑦|𝑠𝑝

+ ∫ℝ𝑁
−
∫ℝ𝑁

+

(𝜏𝑢+(𝑥) + 𝛾𝑢−(𝑦))𝑝−1(𝜏𝑢+(𝑥)) d𝜈
|𝑥 − 𝑦|𝑠𝑝

≥ ∫ℝ𝑁
+
∫ℝ𝑁

+

|𝐷𝑠(𝜏𝑢+)|𝑝 d𝜈 + ∫ℝ𝑁
+
∫ℝ𝑁

−

(𝜏𝑢+(𝑦))𝑝 d𝜈
|𝑥 − 𝑦|𝑠𝑝

+ ∫ℝ𝑁
−
∫ℝ𝑁

+

(𝜏𝑢+(𝑥))𝑝 d𝜈
|𝑥 − 𝑦|𝑠𝑝

= ∫ℝ𝑁 ∫ℝ𝑁
|𝐷𝑠(𝜏𝑢+)|𝑝 d𝜈,

where we have used the basic estimate (𝑎 + 𝑏)𝑝−1𝑎 ≥ 𝑎𝑝 with 𝑎, 𝑏 ≥ 0 in the last inequality. Also, we have 
𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) ≤ 𝐷2

𝑠 (𝜏𝑢
+ − 𝛾𝑢−).

Following similar steps, one can get the following estimates:

∫ℝ𝑁 ∫ℝ𝑁
|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) d𝜈 ≥ ∫ℝ𝑁 ∫ℝ𝑁

|𝐷𝑠(𝜏𝑢+)|𝑝 d𝜈,

∫ℝ𝑁 ∫ℝ𝑁
|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(−𝛾𝑢−) d𝜈 ≥ ∫ℝ𝑁 ∫ℝ𝑁

|𝐷𝑠(−𝛾𝑢−)|𝑝 d𝜈,

∫ℝ𝑁 ∫ℝ𝑁
|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) d𝜈 ≤ ∫ℝ𝑁 ∫ℝ𝑁

|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝 d𝜈,

∫ℝ𝑁 ∫ℝ𝑁
|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(−𝛾𝑢−) d𝜈 ≤ ∫ℝ𝑁 ∫ℝ𝑁

|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝 d𝜈.

(4.23)

Analogous estimates hold when 𝑝 is replaced by 𝑞.
Next, we prove several propositions that will be used in the proof of Theorem 1.5.

Proposition 4.6. Let 𝑢 ∈ 𝐸 with 𝑢± ≠ 0. Then there exists a unique pair of positive numbers (𝜏𝑢, 𝛾𝑢) such that 𝜏𝑢𝑢+ − 𝛾𝑢𝑢− ∈ . In addition, 
if 𝑢 ∈ , then 

𝐽 (𝛼𝑢+ − 𝛽𝑢−) ≤ 𝐽 (𝑢+ − 𝑢−) = 𝐽 (𝑢),

for all 𝛼, 𝛽 ≥ 0 and equality holds if and only if (𝛼, 𝛽) = (1, 1). Moreover, for every 𝑢 ∈ , the following properties hold:

(i) if 𝜏 > 1 and 0 < 𝛾 ≤ 𝜏, then ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ < 0;
(ii) if 𝜏 < 1 and 0 < 𝜏 ≤ 𝛾, then ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ > 0;
(iii) if 𝛾 > 1 and 0 < 𝜏 ≤ 𝛾, then ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩ < 0;
(iv) if 𝛾 < 1 and 0 < 𝛾 ≤ 𝜏, then ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩ > 0.

Proof.  We will establish this proposition in four steps.
Step I: Existence of the pair (𝜏𝑢, 𝛾𝑢).

For 𝑢 ∈ 𝐸 with 𝑢± ≠ 0, we have |𝑢(𝑥)| > 0 for a.a. 𝑥 ∈ Ω. For 𝑠 ∈ (0, 1), by hypothesis (H2) (vi), we have 
𝑓 (𝑥, 𝑠𝑢)𝑠𝑢

|𝑠𝑢|𝑞
≤ 𝑓 (𝑥, 𝑢)𝑢

|𝑢|𝑞
for a.a. 𝑥 ∈ Ω,

which implies 
𝑓 (𝑥, 𝑠𝑢)𝑠𝑢 ≤ 𝑠𝑞𝑓 (𝑥, 𝑢)𝑢 for a.a. 𝑥 ∈ Ω. (4.24)

For every 𝛾 ≥ 0 and 𝜏 > 0 sufficiently small, using (4.23) and (4.24), we obtain

⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ = ∫Ω
|∇(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2∇(𝜏𝑢+ − 𝛾𝑢−)∇(𝜏𝑢+) d𝑥 + ∫𝑄

|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) d𝜈

+ ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑞−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) d𝜈 − ∫Ω

𝑓 (𝑥, 𝜏𝑢+ − 𝛾𝑢−)𝜏𝑢+ d𝑥

≥ ‖∇(𝜏𝑢+)‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝜏𝑢+)|𝑝 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑢+)|𝑞
)

d𝜈 − ∫Ω
𝑓 (𝑥, 𝜏𝑢+)𝜏𝑢+ d𝑥

≥ 𝜏𝑝‖∇𝑢+‖𝑝𝑝 − 𝜏𝑞 ∫Ω
𝑓 (𝑥, 𝑢+)𝑢+ d𝑥 > 0.

For every 𝜏 ≥ 0 and 𝛾 > 0 sufficiently small, using (4.23) and (4.24), we obtain

⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩ ≥ ‖∇(−𝛾𝑢−)‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(−𝛾𝑢−)|𝑝 + 𝑏(𝑥, 𝑦)|𝐷𝑠(−𝛾𝑢−)|𝑞
)

d𝜈 − ∫Ω
𝑓 (𝑥,−𝛾𝑢−)(−𝛾𝑢−) d𝑥

Nonlinear Analysis 272 (2026) 114169 

27 



A. Arora et al.

≥ 𝛾𝑝‖∇𝑢−‖𝑝𝑝 − 𝛾𝑞 ∫Ω
𝑓 (𝑥,−𝑢−)(−𝑢−) d𝑥 > 0.

Thus, there exists a positive number 𝛼 > 0 such that 
⟨𝐽 ′(𝛼𝑢+ − 𝛾𝑢−), 𝛼𝑢+⟩ > 0 and ⟨𝐽 ′(𝜏𝑢+ − 𝛼𝑢−),−𝛼𝑢−⟩ > 0 (4.25)

for all 𝜏, 𝛾 > 0. Further, choose a number 𝛽 > max{1, 𝛼}. For 𝛾 ∈ [0, 𝛽], using (4.23) and (H2) (iv), we get
⟨𝐽 ′(𝛽𝑢+ − 𝛾𝑢−), 𝛽𝑢+⟩

𝛽𝑞
= 1

𝛽𝑞 ∫Ω
|∇(𝛽𝑢+ − 𝛾𝑢−)|𝑝−2∇(𝛽𝑢+ − 𝛾𝑢−)∇(𝛽𝑢+) d𝑥 + 1

𝛽𝑞 ∫𝑄
|𝐷𝑠(𝛽𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝛽𝑢+ − 𝛾𝑢−)𝐷𝑠(𝛽𝑢+) d𝜈

+ 1
𝛽𝑞 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝛽𝑢+ − 𝛾𝑢−)|𝑞−2𝐷𝑠(𝛽𝑢+ − 𝛾𝑢−)𝐷𝑠(𝛽𝑢+) d𝜈 −
1
𝛽𝑞 ∫Ω

𝑓 (𝑥, 𝛽𝑢+ − 𝛾𝑢−)𝛽𝑢+ d𝑥

≤
‖∇(𝛽𝑢+)‖𝑝𝑝

𝛽𝑞
+ 1

𝛽𝑞 ∫𝑄
|𝐷𝑠(𝛽𝑢+ − 𝛾𝑢−)|𝑝 d𝜈 + 1

𝛽𝑞 ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝛽𝑢+ − 𝛾𝑢−)|𝑞 d𝜈 − 1

𝛽𝑞 ∫Ω
𝑓 (𝑥, 𝛽𝑢+)𝛽𝑢+ d𝑥

≤ ‖∇(𝑢+)‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢+ − 𝑢−)|𝑝 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢+ − 𝑢−)|𝑞
)

d𝜈 − ∫Ω
𝑓 (𝑥, 𝛽𝑢+)(𝑢+)𝑞

(𝛽𝑢+)𝑞−1
d𝑥 < 0

for 𝛽 > 0 large enough. Following similar steps for 𝜏 ∈ [0, 𝛽] and for 𝛽 large enough, one can get 
⟨𝐽 ′(𝜏𝑢+ − 𝛽𝑢−),−𝛽𝑢−⟩

𝛽𝑞
< 0.

Hence, for 𝜏, 𝛾 ∈ [0, 𝛽] and 𝛽 large enough, we have 
⟨𝐽 ′(𝛽𝑢+ − 𝛾𝑢−), 𝛽𝑢+⟩ < 0 and ⟨𝐽 ′(𝜏𝑢+ − 𝛽𝑢−),−𝛽𝑢−⟩ < 0. (4.26)

Define the map Γ𝑢 ∶ [0,∞)2 → ℝ2 by 
Γ𝑢(𝜏, 𝛾) ∶=

(

⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩, ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩
)

.

From (4.25), (4.26) and Theorem 2.14, we can find a pair (𝜏𝑢, 𝛾𝑢) ∈ [𝛼, 𝛽] × [𝛼, 𝛽] such that Γ𝑢(𝜏𝑢, 𝛾𝑢) = (0, 0). Thus, we get the existence 
of a pair (𝜏𝑢, 𝛾𝑢) such that 𝜏𝑢𝑢+ − 𝛾𝑢𝑢− ∈ .
Step II: Sign of ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ and ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩.

Let 𝑢 ∈ . Then by definition of 𝑆,

0 = ⟨𝐽 ′(𝑢), 𝑢+⟩ = ‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2
)

𝐷𝑠(𝑢)𝐷𝑠(𝑢+) d𝜈 − ∫Ω
𝑓 (𝑥, 𝑢+)𝑢+ d𝑥 (4.27)

and

0 = ⟨𝐽 ′(𝑢),−𝑢−⟩ = ‖∇𝑢−‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2
)

𝐷𝑠(𝑢)𝐷𝑠(−𝑢−) d𝜈 − ∫Ω
𝑓 (𝑥,−𝑢−)(−𝑢−) d𝑥. (4.28)

We prove the four sign properties by contradiction.
Case II.1: Let 𝜏 > 1 and 0 < 𝛾 ≤ 𝜏. Assume that ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ ≥ 0. Then

0 ≤ ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩

= ‖∇(𝜏𝑢+)‖𝑝𝑝 + ∫𝑄
|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) d𝜈

+ ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑞−2𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(𝜏𝑢+) d𝜈 − ∫Ω

𝑓 (𝑥, 𝜏𝑢+)𝜏𝑢+ d𝑥

and

0 ≤ 𝜏𝑞
(

‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2
)

𝐷𝑠(𝑢)𝐷𝑠(𝑢+) d𝜈
)

− ∫Ω
𝑓 (𝑥, 𝜏𝑢+)𝜏𝑢+ d𝑥. (4.29)

Divide (4.29) by 𝜏𝑞 and use (4.27), we deduce 

∫Ω

(

𝑓 (𝑥, 𝜏𝑢+)
(𝜏𝑢+)𝑞−1

−
𝑓 (𝑥, 𝑢+)
(𝑢+)𝑞−1

)

(𝑢+)𝑞 d𝑥 ≤ 0,

which is a contradiction because of (H2) (vi). Thus, 
⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ < 0.

Case II.2: For 𝜏 < 1 and 0 < 𝜏 ≤ 𝛾, assume that ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ ≤ 0. Repeating a similar argument to that in Case II.1, we again 
obtain a contradiction. Therefore, ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−), 𝜏𝑢+⟩ > 0.
Case II.3: For 𝛾 > 1 and 0 < 𝜏 ≤ 𝛾, assume ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩ ≥ 0. Then

0 ≤ ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩

= ‖∇(𝛾𝑢−)‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑞−2
)

𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)𝐷𝑠(−𝛾𝑢−) d𝜈 − ∫Ω
𝑓 (𝑥,−𝛾𝑢−)(−𝛾𝑢−) d𝑥
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and

0 ≤ 𝛾𝑞
(

‖∇𝑢−‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2
)

𝐷𝑠(𝑢)𝐷𝑠(−𝑢−) d𝜈
)

− ∫Ω
𝑓 (𝑥,−𝛾𝑢−)(−𝛾𝑢−) d𝑥. (4.30)

Divide (4.30) by 𝛾𝑞 and use (4.28), we deduce 

∫Ω

(

𝑓 (𝑥,−𝑢−)
(𝑢−)𝑞−1

−
𝑓 (𝑥,−𝛾𝑢−)
(𝛾𝑢−)𝑞−1

)

(𝑢−)𝑞 d𝑥 ≤ 0.

Again this contradicts (H2) (vi), since 𝛾 > 1. Thus, ⟨𝐽 ′(𝜏𝑢+ − 𝛾𝑢−),−𝛾𝑢−⟩ < 0.
Case II.4: If 𝛾 < 1 and 0 < 𝛾 ≤ 𝜏, the same argument as in Case II.3 gives the opposite sign, and we omit the repeated details.
Step III: The pair (𝜏𝑢, 𝛾𝑢) is unique.

We prove uniqueness in two cases.
Case III.1: 𝑢 ∈ 

We claim that (𝜏𝑢, 𝛾𝑢) = (1, 1) is the unique pair such that 𝜏𝑢𝑢+ − 𝛾𝑢𝑢− ∈ . Assume that there exists another pair (𝜏, 𝛾) ≠ (1, 1) such 
that 𝜏𝑢+ − 𝛾𝑢− ∈ . If 0 < 𝜏 ≤ 𝛾, then Case II.2 and Case II.3 from Step II give 1 ≤ 𝜏 ≤ 𝛾 ≤ 1. On the other hand, if 0 < 𝛾 ≤ 𝜏, then 
Case II.1 and Case II.4 from Step II imply 1 ≤ 𝛾 ≤ 𝜏 ≤ 1. In both situations we conclude 𝜏 = 𝛾 = 1. Therefore, if 𝑢 ∈  the only pair 
producing an element of  is (1, 1).
Case III.2: 𝑢 ∉ 

Assume there exist two pairs (𝜏1, 𝛾1) and (𝜏2, 𝛾2) such that 
𝑤1 ∶= 𝜏1𝑢

+ − 𝛾1𝑢
− ∈  and 𝑤2 ∶= 𝜏2𝑢

+ − 𝛾2𝑢
− ∈  .

Then we obtain 
𝑤2 =

𝜏2
𝜏1

𝜏1𝑢
+ −

𝛾2
𝛾1

𝛾1𝑢
− =

𝜏2
𝜏1

𝑤+
1 −

𝛾2
𝛾1

𝑤−
1 ∈  . (4.31)

Since 𝑤1 ∈ , Case III.1 implies that (1, 1) is the unique pair such that 1 ⋅𝑤+
1 − 1 ⋅𝑤−

1 ∈ . Thus, from (4.31), we get 
𝜏2
𝜏1

=
𝛾2
𝛾1

= 1,

which leads to 𝜏1 = 𝜏2 and 𝛾1 = 𝛾2.
Step IV: Unique maximum point

Define 𝑇𝑢 ∶ [0,∞) × [0,∞) → ℝ by 
𝑇𝑢(𝜏, 𝛾) = 𝐽 (𝜏𝑢+ − 𝛾𝑢−).

We claim that the unique pair (𝜏𝑢, 𝛾𝑢) obtained in Step III is the unique maximum of 𝑇𝑢 in [0,∞) × [0,∞). We will prove that 𝑇𝑢 has a 
maximum which cannot be achieved at the boundary of [0,∞) × [0,∞).

For 𝜏 ≥ 𝛾 ≥ 1, we have
𝑇𝑢(𝜏, 𝛾)

𝜏𝑞
=

𝐽 (𝜏𝑢+ − 𝛾𝑢−)
𝜏𝑞

= 1
𝑝𝜏𝑞

‖∇(𝜏𝑢+ − 𝛾𝑢−)‖𝑝𝑝 +
1
𝑝𝜏𝑞 ∫𝑄

|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑝 d𝜈 + 1
𝑞𝜏𝑞 ∫𝑄

𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑢+ − 𝛾𝑢−)|𝑞 d𝜈 − ∫Ω
𝐹 (𝑥, 𝜏𝑢+ − 𝛾𝑢−)

𝜏𝑞
d𝑥

≤ 1
𝑝
𝜂(𝑢) − ∫Ω

𝐹 (𝑥, 𝜏𝑢+)
(𝜏𝑢+)𝑞

(𝑢+)𝑞 d𝑥 − ∫Ω
𝐹 (𝑥,−𝛾𝑢−)(𝑢−)𝑞

|−𝛾𝑢−|𝑞
𝛾𝑞

𝜏𝑞
d𝑥.

By Remark 4.1 and the above estimate, it follows that 
lim

|(𝜏,𝛾)|→∞
𝑇𝑢(𝜏, 𝛾) = −∞,

implying that 𝑇𝑢 admits a maximum. Further, assume that (0, 𝛾∗) is a maximum point of 𝑇𝑢 with 𝛾∗ ≥ 0. For 𝜏 < 1, we compute
𝜕𝑇𝑢(𝜏, 𝛾∗)

𝜕𝜏
=

𝜕𝐽 (𝜏𝑢+ − 𝛾∗𝑢−)
𝜕𝜏

= 𝜏𝑝−1‖∇(𝑢+)‖𝑝𝑝 + ∫𝑄
|𝐷𝑠(𝜏𝑢+ − 𝛾∗𝑢

−)|𝑝−2𝐷𝑠(𝜏𝑢+ − 𝛾∗𝑢
−)𝐷𝑠(𝑢+) d𝜈

+ ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑢+ − 𝛾∗𝑢

−)|𝑞−2𝐷𝑠(𝜏𝑢+ − 𝛾∗𝑢
−)𝐷𝑠(𝑢+) d𝜈 − ∫Ω

𝑓 (𝑥, 𝜏𝑢+ − 𝛾∗𝑢
−)𝑢+ d𝑥

≥ 𝜏𝑝−1‖∇(𝑢+)‖𝑝𝑝 + ∫𝑄

(

𝜏𝑝−1|𝐷𝑠(𝑢+)|𝑝 + 𝜏𝑞−1|𝐷𝑠(𝑢+)|𝑞
)

d𝜈 − ∫Ω
𝑓 (𝑥, 𝜏𝑢+ − 𝛾∗𝑢

−)𝑢+ d𝑥

≥ 𝜏𝑝−1
(

‖∇(𝑢+)‖𝑝𝑝 − ∫Ω
𝑓 (𝑥, 𝜏𝑢+)
(𝜏𝑢+)𝑝−1

(𝑢+)𝑝 d𝑥
)

.

For 𝜏 > 0 sufficiently small, the above estimate together with (H2) (iii) yields 𝜕𝑇𝑢(𝜏,𝛾∗)𝜕𝜏 > 0. Thus, (0, 𝛾∗) cannot be a maximum point 
since 𝑇𝑢 is increasing for 𝜏 ∈ (0, 𝜀) with 𝜀 > 0 small.

A completely analogous argument shows that a point of the form (𝜏∗, 0) cannot be the maximum point of 𝑇𝑢. Hence, the global 
maximum (𝜏, 𝛾) lies in (0, 𝐿) × (0, 𝐿) for some 𝐿 > 0. From Step I and Step III, we conclude that (𝜏𝑢, 𝛾𝑢) is the only point of maximum. ∎
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Proposition 4.7. Let 𝑢 ∈ 𝐸 with 𝑢± ≠ 0 such that ⟨𝐽 ′(𝑢), 𝑢+⟩ ≤ 0 and ⟨𝐽 ′(𝑢),−𝑢−⟩ ≤ 0. Then 0 < 𝜏𝑢, 𝛾𝑢 ≤ 1, where 𝜏𝑢 and 𝛾𝑢 are obtained 
in Proposition 4.6. In addition, if ⟨𝐽 ′(𝑢), 𝑢+⟩ ≥ 0 and ⟨𝐽 ′(𝑢),−𝑢−⟩ ≥ 0, then 𝜏𝑢, 𝛾𝑢 ≥ 1. 
Proof.  From Proposition 4.6, for each 𝑢 ∈ 𝐸 with 𝑢± ≠ 0, there exists a unique pair (𝜏𝑢, 𝛾𝑢) such that 𝜏𝑢𝑢+ − 𝛾𝑢𝑢− ∈ . Assume 0 < 𝛾𝑢 ≤
𝜏𝑢 with 𝜏𝑢 > 1. Then we have

0 = ⟨𝐽 ′(𝜏𝑢𝑢+ − 𝛾𝑢𝑢
−), 𝜏𝑢𝑢+⟩

= ‖∇(𝜏𝑢𝑢+)‖𝑝𝑝 + ∫𝑄
|𝐷𝑠(𝜏𝑢𝑢+ − 𝛾𝑢𝑢

−)|𝑝−2𝐷𝑠(𝜏𝑢𝑢+ − 𝛾𝑢𝑢
−)𝐷𝑠(𝜏𝑢𝑢+) d𝜈

+ ∫𝑄
𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑢𝑢+ − 𝛾𝑢𝑢

−)|𝑞−2𝐷𝑠(𝜏𝑢𝑢+ − 𝛾𝑢𝑢
−)𝐷𝑠(𝜏𝑢𝑢+) d𝜈 − ∫Ω

𝑓 (𝑥, 𝜏𝑢𝑢+)𝜏𝑢𝑢+ d𝑥

and

0 ≤ 𝜏𝑞𝑢

(

‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2
)

𝐷𝑠(𝑢)𝐷𝑠(𝑢+) d𝜈
)

− ∫Ω
𝑓 (𝑥, 𝜏𝑢𝑢+)𝜏𝑢𝑢+ d𝑥. (4.32)

From the assumption ⟨𝐽 ′(𝑢), 𝑢+⟩ ≤ 0, we have 

‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2
)

𝐷𝑠(𝑢)𝐷𝑠(𝑢+) d𝜈 − ∫Ω
𝑓 (𝑥, 𝑢+)𝑢+ d𝑥 ≤ 0. (4.33)

Dividing (4.32) by 𝜏𝑞𝑢  and using (4.33) gives 

∫Ω

(

𝑓 (𝑥, 𝜏𝑢𝑢+)
(𝜏𝑢𝑢+)𝑞−1

−
𝑓 (𝑥, 𝑢+)
(𝑢+)𝑞−1

)

(𝑢+)𝑞 d𝑥 ≤ 0.

But from (H2) (vi), we have that the left-hand side of the above estimate is strictly positive. Hence, we get a contradiction and deduce 
𝜏𝑢 ≤ 1.

Now assume 0 < 𝜏𝑢 ≤ 𝛾𝑢 with 𝛾𝑢 > 1. Then, using ⟨𝐽 ′(𝑢),−𝑢−⟩ ≤ 0 and 0 = ⟨𝐽 ′(𝜏𝑢𝑢+ − 𝛾𝑢𝑢−), 𝛾𝑢𝑢−⟩ and following as in (4.32) and
(4.33), we can deduce 

∫Ω

(

𝑓 (𝑥,−𝑢−)
(𝑢−)𝑞−1

−
𝑓 (𝑥,−𝛾𝑢𝑢−)
(𝛾𝑢𝑢−)𝑞−1

)

(𝑢−)𝑞−1 d𝑥 ≤ 0,

which is again a contradiction because of (H2) (vi). Thus, for 0 < 𝜏𝑢 ≤ 𝛾𝑢, we get 𝛾𝑢 ≤ 1. Combining both parts, we conclude 0 < 𝜏𝑢, 𝛾𝑢 ≤
1. The second statement, corresponding to the case ⟨𝐽 ′(𝑢), 𝑢+⟩ ≥ 0 and ⟨𝐽 ′(𝑢),−𝑢−⟩ ≥ 0, follows by the same argument with reversed 
inequalities. This completes the proof. ∎
Proposition 4.8. The quantity 𝑘 ∶= inf

𝑢∈
𝐽 (𝑢) is strictly positive. Moreover, 𝐽 is coercive on .

Proof.  From Lemma 4.4, we have 
𝐽 (𝑢) ≥ 𝛽 > 0, (4.34)

with 0 < ‖𝑢‖𝐸 < 𝛿 < 1, where 𝛿 is defined in Lemma 4.4. For 𝑢 ∈ , choose 𝜏, 𝛾 > 0 such that ‖𝜏𝑢+ − 𝛾𝑢−‖𝐸 = 𝛿1 < 𝛿. Such a choice is 
always possible by scaling. Using Proposition 4.6 and (4.34), we obtain 

𝐽 (𝑢) ≥ 𝐽 (𝜏𝑢+ − 𝛾𝑢−) ≥ 𝛽 > 0.

Hence, it follows that 𝑘 > 0.
Let us now show that 𝐽 is coercive on . We need to show that for every sequence {𝑢𝑛}𝑛∈ℕ ⊂ , 𝐽 (𝑢𝑛) → ∞ whenever ‖𝑢𝑛‖𝐸 → ∞. 

Let {𝑢𝑛}𝑛∈ℕ ⊂  be a sequence with lim𝑛→∞‖𝑢𝑛‖𝐸 = ∞. Without loss of generality, we may assume that ‖𝑢𝑛‖𝐸 > 1. Define 𝑣𝑛 = 𝑢𝑛
‖𝑢𝑛‖𝐸

, 
then we have ‖𝑣𝑛‖𝐸 = 1. Since the space 𝐸 is reflexive, up to a subsequence, we have

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑣𝑛 ⇀ 𝑣 in 𝐸,
𝑣𝑛 → 𝑣 in 𝐿𝑠(Ω) for 𝑠 ∈ [1, 𝑝∗),
𝑣𝑛 → 𝑣 a.e. in Ω,
𝑣±𝑛 ⇀ 𝑣± in 𝐸,
𝑣±𝑛 → 𝑣± in 𝐿𝑠(Ω) for 𝑠 ∈ [1, 𝑝∗),
𝑣±𝑛 → 𝑣± a.e. in Ω,

(4.35)

for some 𝑣 ∈ 𝐸. We first suppose that 𝑣 ≠ 0. From Lemma 2.6, we have

𝐽 (𝑢𝑛) =
1
𝑝
‖∇𝑢𝑛‖𝑝𝑝 + ∫𝑄

(

1
𝑝
|𝐷𝑠(𝑢𝑛)|𝑝 +

𝑏(𝑥, 𝑦)
𝑞

|𝐷𝑠(𝑢𝑛)|𝑞
)

d𝜈 − ∫Ω
𝐹 (𝑥, 𝑢𝑛) d𝑥 ≤ 1

𝑝
‖𝑢𝑛‖

𝑞
𝐸 − ∫Ω

𝐹 (𝑥, 𝑢𝑛) d𝑥. (4.36)

Dividing (4.36) by ‖𝑢𝑛‖𝑞𝐸 , passing to the limit as 𝑛 → ∞, and using Remark 4.1, we deduce 

lim
𝑛→∞

𝐽 (𝑢𝑛)
‖𝑢𝑛‖

𝑞
𝐸

= −∞,
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which is a contradiction as we have 𝐽 (𝑢𝑛) ≥ 𝑘 > 0. Thus, 𝑣 = 0 implying 𝑣− = 𝑣+ = 0. As {𝑢𝑛}𝑛∈ℕ ⊂ , by applying Proposition 4.6, 
Lemma 2.6 and (4.35), for every pair (𝜏1, 𝜏2) ∈ (0,∞) × (0,∞) with 0 < 𝜏1 ≤ 𝜏2, we have

𝐽 (𝑢𝑛) ≥ 𝐽 (𝜏1𝑣+𝑛 − 𝜏2𝑣
−
𝑛 )

= 1
𝑝
‖∇(𝜏1𝑣+𝑛 − 𝜏2𝑣

−
𝑛 )‖

𝑝
𝑝 + ∫𝑄

(

1
𝑝
|𝐷𝑠(𝜏1𝑣+𝑛 − 𝜏2𝑣

−
𝑛 )|

𝑝 +
𝑏(𝑥, 𝑦)

𝑞
|𝐷𝑠(𝜏1𝑣+𝑛 − 𝜏2𝑣

−
𝑛 )|

𝑞
)

d𝜈 − ∫Ω
𝐹 (𝑥, 𝜏1𝑣+𝑛 − 𝜏2𝑣

−
𝑛 ) d𝑥

≥ 1
𝑞
min(𝜏𝑝1 , 𝜏

𝑞
1 )𝜂(𝑣𝑛) − ∫Ω

𝐹 (𝑥, 𝜏1𝑣+𝑛 ) d𝑥 − ∫Ω
𝐹 (𝑥,−𝜏2𝑣−𝑛 ) d𝑥

≥ 1
𝑞
min(𝜏𝑝1 , 𝜏

𝑞
1 ) − ∫Ω

𝐹 (𝑥, 𝜏1𝑣+𝑛 ) d𝑥 − ∫Ω
𝐹 (𝑥,−𝜏2𝑣−𝑛 ) d𝑥

→
1
𝑞
min(𝜏𝑝1 , 𝜏

𝑞
1 ).

Hence, for any given 𝑀 > 0, we can choose 𝜏1 large enough such that for all 𝑛 ≥ 𝑚 = 𝑚(𝜏1), we have 𝐽 (𝑢𝑛) > 𝑀 . Thus, 𝐽 is coercive 
on . ∎
Proposition 4.9. For every 𝑢 ∈ , there exists a constant 𝐿 > 0, independent of 𝑢, such that ‖𝑢±‖𝐸 ≥ 𝐿. 
Proof.  Let 𝑢 ∈  with ‖𝑢±‖𝐸 < 1. By definition of , we have ⟨𝐽 ′(𝑢), 𝑢+⟩ = 0, that is,

0 = ‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢)|𝑞−2
)

𝐷𝑠(𝑢)𝐷𝑠(𝑢+) d𝜈 − ∫Ω
𝑓 (𝑥, 𝑢)𝑢+ d𝑥

≥ ‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢+)|𝑝 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢+)|𝑞
)

d𝜈 − ∫Ω
𝑓 (𝑥, 𝑢+)𝑢+ d𝑥.

(4.37)

From (H2) (ii) and (iii), for a given 𝛿 > 0, there exists a positive constant 𝐶𝛿 > 0 such that 
|𝑓 (𝑥, 𝑡)| ≤ 𝛿|𝑡|𝑝−1 + 𝐶𝛿|𝑡|

𝑟−1, for a.a. 𝑥 ∈ Ω and for all 𝑡 ∈ ℝ. (4.38)

Combining (4.37) and (4.38) and using the embeddings 𝑊 1,𝑝
0 (Ω) ↪ 𝐿𝑝(Ω) and 𝐸 ↪ 𝐿𝑟(Ω), we obtain 

‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢+)|𝑝 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢+)|𝑞
)

d𝜈 ≤ 𝛿𝑆𝑝
𝑝‖∇𝑢

+
‖

𝑝
𝑝 + 𝐶𝛿𝕊𝑟

𝑟‖𝑢
+
‖

𝑟
𝐸 .

For 0 < 𝛿 < 1
𝑆𝑝
𝑝
, by using Lemma 2.6, we have 

𝐶𝛿𝕊𝑟
𝑟‖𝑢

+
‖

𝑟
𝐸 ≥ (1 − 𝛿𝑆𝑝

𝑝 )
(

‖∇𝑢+‖𝑝𝑝 + ∫𝑄

(

|𝐷𝑠(𝑢+)|𝑝 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑢+)|𝑞
)

d𝜈
)

and 
‖𝑢+‖𝑟𝐸 ≥ 𝑐𝜂(𝑢+) ≥ 𝑐‖𝑢+‖𝑞𝐸 .

Since 𝑞 < 𝑟, there exists 𝐿 > 0 such that ‖𝑢+‖𝐸 ≥ 𝐿. An analogous argument applies to the case 𝑢−. ∎
Proposition 4.10. There exists 𝑣0 ∈  such that 𝐽 (𝑣0) = 𝑘.

Proof.  Let {𝑣𝑛}𝑛∈ℕ ⊂  be a minimizing sequence, that is, 𝐽 (𝑣𝑛) → 𝑘. By Proposition 4.8, the sequence {𝑣𝑛}𝑛∈ℕ is bounded in 𝐸. 
Consequently, {𝑣+𝑛 }𝑛∈ℕ and {𝑣−𝑛 }𝑛∈ℕ are bounded in 𝐸 as well. Thus, up to a subsequence, 

{

𝑣±𝑛 ⇀ 𝑣±0 in 𝐸, 𝑣±0 ≥ 0,
𝑣±𝑛 → 𝑣±0 in 𝐿𝑠(Ω) for 𝑠 ∈ [1, 𝑝∗) and a.e. in Ω (4.39)

From (4.39), (H2) (ii) and the dominated convergence theorem, it follows that

lim
𝑛→∞∫Ω

𝑓 (𝑥, 𝜏𝑣+𝑛 )𝜏𝑣
+
𝑛 d𝑥 = ∫Ω

𝑓 (𝑥, 𝜏𝑣+0 )𝜏𝑣
+
0 d𝑥,

lim
𝑛→∞∫Ω

𝑓 (𝑥,−𝛾𝑣−𝑛 )(−𝛾𝑣
−
𝑛 ) d𝑥 = ∫Ω

𝑓 (𝑥,−𝛾𝑣−0 )(−𝛾𝑣
−
0 ) d𝑥,

lim
𝑛→∞∫Ω

𝐹 (𝑥, 𝜏𝑣+𝑛 ) d𝑥 = ∫Ω
𝐹 (𝑥, 𝜏𝑣+0 ) d𝑥,

lim
𝑛→∞∫Ω

𝐹 (𝑥,−𝛾𝑣−𝑛 ) d𝑥 = ∫Ω
𝐹 (𝑥,−𝛾𝑣−0 ) d𝑥

(4.40)

for every 𝜏, 𝛾 > 0.
We claim that 𝑣+0 ≠ 0 and 𝑣−0 ≠ 0. Assume that 𝑣+0 = 0. Since 𝑣𝑛 ∈ , we have

0 = ⟨𝐽 ′(𝑣𝑛), 𝑣+𝑛 ⟩

= ‖∇𝑣+𝑛 ‖
𝑝
𝑝 + ∫𝑄

(

|𝐷𝑠(𝑣𝑛)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑣𝑛)|𝑞−2
)

𝐷𝑠(𝑣𝑛)𝐷𝑠(𝑣+𝑛 ) d𝜈 − ∫Ω
𝑓 (𝑥, 𝑣+𝑛 )𝑣

+
𝑛 d𝑥
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≥ 𝜂(𝑣+𝑛 ) − ∫Ω
𝑓 (𝑥, 𝑣+𝑛 )𝑣

+
𝑛 d𝑥.

Passing the limit as 𝑛 → ∞ in the above estimate and using (4.40), we get lim𝑛→∞ 𝜂(𝑣+𝑛 ) = 0 which is, by Lemma 2.6 (v), equivalent 
to ‖𝑣+𝑛 ‖𝐸 → 0. But this is a contradiction as, by Proposition 4.9, we have ‖𝑣+𝑛 ‖𝐸 ≥ 𝐿 > 0. Hence, 𝑣+0 ≠ 0. By employing a similar 
argument, one can show that 𝑣−0 ≠ 0.

Since 𝑣±0 ≠ 0, by Proposition 4.6, there exists a unique pair (𝜏𝑣0 , 𝛾𝑣0 ) satisfying 𝜏𝑣0𝑣+0 − 𝛾𝑣0𝑣
−
0 ∈ . By weak lower semicontinuity 

of norms and by (4.40), we obtain

⟨𝐽 ′(𝑣0),±𝑣
±
0 ⟩ = ‖∇𝑣±0 ‖

𝑝
𝑝 + ∫𝑄

(

|𝐷𝑠(𝑣0)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑣0)|𝑞−2
)

𝐷𝑠(𝑣0)𝐷𝑠(𝑣
±
0 ) d𝜈 − ∫Ω

𝑓 (𝑥, 𝑣0)𝑣
±
0 d𝑥

≤ lim inf
𝑛→∞

(

‖∇𝑣±𝑛 ‖
𝑝
𝑝 + ∫𝑄

(

|𝐷𝑠(𝑣𝑛)|𝑝−2 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝑣𝑛)|𝑞−2
)

𝐷𝑠(𝑣𝑛)𝐷𝑠(𝑣±𝑛 ) d𝜈
)

− lim
𝑛→∞∫Ω

𝑓 (𝑥, 𝑣𝑛)𝑣±𝑛 d𝑥

= lim inf
𝑛→∞

⟨𝐽 ′(𝑣𝑛),±𝑣±𝑛 ⟩ = 0,

as 𝑣𝑛 ∈ . Taking Proposition 4.7 into account yields 𝜏𝑣0 , 𝛾𝑣0 ∈ (0, 1]. From (H2) (v), for a.a. 𝑥 ∈ Ω, it follows that
1
𝑞
𝑓 (𝑥, 𝜏𝑣0𝑣

+
0 )𝜏𝑣0𝑣

+
0 − 𝐹 (𝑥, 𝜏𝑣0𝑣

+
0 ) ≤

1
𝑞
𝑓 (𝑥, 𝑣+0 )𝑣

+
0 − 𝐹 (𝑥, 𝑣+0 ),

1
𝑞
𝑓 (𝑥,−𝛾𝑣0𝑣

−
0 )(−𝛾𝑣0𝑣

−
0 ) − 𝐹 (𝑥,−𝛾𝑣0𝑣

−
0 ) ≤

1
𝑞
𝑓 (𝑥,−𝑣−0 )(−𝑣

−
0 ) − 𝐹 (𝑥,−𝑣−0 ).

(4.41)

Then, from 𝜏𝑣0𝑣+0 − 𝛾𝑣0𝑣
−
0 ∈ , 0 < 𝜏𝑣0 , 𝛾𝑣0 ≤ 1, (4.40), (4.41) and 𝑣𝑛 ∈ , we have

𝑘 ≤ 𝐽 (𝜏𝑣0𝑣
+
0 − 𝛾𝑣0𝑣

−
0 ) −

1
𝑞
⟨𝐽 ′(𝜏𝑣0𝑣

+
0 − 𝛾𝑣0𝑣

−
0 ), 𝜏𝑣0𝑣

+
0 − 𝛾𝑣0𝑣

−
0 ⟩

=
(

1
𝑝
− 1

𝑞

)

‖∇(𝜏𝑣0𝑣
+
0 − 𝛾𝑣0𝑣

−
0 )‖

𝑝
𝑝 − ∫𝑄

(

1
𝑝
|𝐷𝑠(𝜏𝑣0𝑣

+
0 − 𝛾𝑣0𝑣

−
0 )|

𝑝 +
𝑏(𝑥, 𝑦)

𝑞
|𝐷𝑠(𝜏𝑣0𝑣

+
0 − 𝛾𝑣0𝑣

−
0 )|

𝑞
)

d𝜈

− ∫Ω
𝐹 (𝑥, 𝜏𝑣0𝑣

+
0 ) d𝑥 − ∫Ω

𝐹 (𝑥,−𝛾𝑣0𝑣
−
0 ) d𝑥 − 1

𝑞 ∫𝑄

(

|𝐷𝑠(𝜏𝑣0𝑣
+
0 − 𝛾𝑣0𝑣

−
0 )|

𝑝 + 𝑏(𝑥, 𝑦)|𝐷𝑠(𝜏𝑣0𝑣
+
0 − 𝛾𝑣0𝑣

−
0 )|

𝑞
)

d𝜈

+ 1
𝑞 ∫Ω

𝑓 (𝑥, 𝜏𝑣0𝑣
+
0 )𝜏𝑣0𝑣

+
0 d𝑥 + 1

𝑞 ∫Ω
𝑓 (𝑥,−𝛾𝑣0𝑣

−
0 )(−𝛾𝑣0𝑣

−
0 ) d𝑥

≤
(

1
𝑝
− 1

𝑞

)(

‖∇𝑣+0 − ∇𝑣−0 ‖
𝑝
𝑝 + ∫𝑄

|𝐷𝑠(𝑣+0 − 𝑣−0 )|
𝑝 d𝜈

)

+ ∫Ω
1
𝑞
𝑓 (𝑥, 𝑣+0 )𝑣

+
0 d𝑥 − ∫Ω

𝐹 (𝑥, 𝑣+0 ) d𝑥

+ ∫Ω
1
𝑞
𝑓 (𝑥,−𝑣−0 )(−𝑣

−
0 ) d𝑥 − ∫Ω

𝐹 (𝑥,−𝑣−0 ) d𝑥

≤ lim inf
𝑛→∞

(

𝐽 (𝑣+𝑛 − 𝑣−𝑛 ) −
1
𝑞
⟨𝐽 ′(𝑣+𝑛 − 𝑣−𝑛 ), 𝑣

+
𝑛 − 𝑣−𝑛 ⟩

)

= 𝑘.

Thus, we conclude that 𝜏𝑣0 = 𝛾𝑣0 = 1 and 𝐽 (𝑣0) = 𝑘. ∎
Proof of Theorem 1.5.  We prove that the function 𝑣0, obtained in Proposition 4.10, is a least energy sign-changing solution of 
problem (1.3).

Suppose by contradiction that 𝐽 ′(𝑣0) ≠ 0. Then there exists 𝛽 > 0 and 𝛿1 > 0 such that 
‖𝐽 ′(𝑣)‖∗ ≥ 𝛽 for all 𝑣 ∈ 𝐸 with ‖𝑣 − 𝑣0‖𝐸 < 3𝛿1.

Recall that 𝑣±0 ≠ 0. Then, for any 𝑣 ∈ 𝐸, using (2.9), we obtain 

‖𝑣0 − 𝑣‖𝐸 ≥ 𝕊−1
𝑝 ‖𝑣0 − 𝑣‖𝑝 ≥

{

𝕊−1
𝑝 ‖𝑣−0 ‖𝑝, if 𝑣− = 0,

𝕊−1
𝑝 ‖𝑣+0 ‖𝑝, if 𝑣+ = 0.

Choose 𝛿2 > 0 such that 𝛿2 < min{𝕊−1
𝑝 ‖𝑣−0 ‖𝑝,𝕊

−1
𝑝 ‖𝑣+0 ‖𝑝}. Then, every 𝑣 ∈ 𝐸 satisfying ‖𝑣0 − 𝑣‖𝐸 < 𝛿2 must fulfill 𝑣± ≠ 0.

Let 𝛿0 = min{𝛿1, 𝛿2∕2} and note that the map (𝜏, 𝛾) → 𝜏𝑣+0 − 𝛾𝑣−0  from [0,∞)2 into 𝐸 is continuous. Thus, we find 𝓁 ∈ (0, 1) such 
that for all 𝜏, 𝛾 ≥ 0 with 𝓁 > max{|𝜏 − 1|, |𝛾 − 1|} it holds ‖𝜏𝑣+0 − 𝛾𝑣−0 − 𝑣0‖𝐸 < 𝛿0.

Let 𝐿 = (1 − 𝓁, 1 + 𝓁) × (1 − 𝓁, 1 + 𝓁). By Proposition 4.6, for every 𝜏, 𝛾 ≥ 0 with (𝜏, 𝛾) ≠ (1, 1), we obtain 
𝐽 (𝜏𝑣+0 − 𝛾𝑣−0 ) < 𝐽 (𝑣+0 − 𝑣−0 ) = 𝑘. (4.42)

Thus, we have 
𝑚 = max

(𝜏,𝛾)∈𝜕𝐿
𝐽 (𝜏𝑣+0 − 𝛾𝑣−0 ) < 𝐽 (𝑣+0 − 𝑣−0 ) = 𝑘.

Now we are able to apply the quantitative deformation lemma, stated in Lemma 2.13, with 

𝑀 = 𝐵(𝑣0, 𝛿0), 𝑐 = 𝑘, 𝜀 = min
{

𝑘 − 𝑚
4

,
𝛽𝛿0
8

}

,
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where 𝛿0 is defined as above. Note that 𝑀2𝛿0 = 𝐵(𝑣0, 3𝛿0). From the construction of 𝜀, it follows that for every pair (𝜏, 𝛾) ∈ 𝜕𝐿 we 
have 

𝐽 (𝜏𝑣+0 − 𝛾𝑣−0 ) < 𝑚 = 𝑚 + 𝑘 − 𝑘 ≤ 𝑘 −
(𝑘 − 𝑚)

2
≤ 𝑘 − 2𝜀. (4.43)

Further, let Θ∶ [0,∞) × [0,∞) → 𝐸 and Ψ∶ [0,∞) × [0,∞) → ℝ2 be defined by
Θ(𝜏, 𝛾) = Π(1, 𝜏𝑣+0 − 𝛾𝑣−0 ),

Ψ(𝜏, 𝛾) = (Ψ1,Ψ2) =
(

⟨𝐽 ′(Θ(𝜏, 𝛾)),Θ+(𝜏, 𝛾)⟩, ⟨𝐽 ′(Θ(𝜏, 𝛾)),−Θ−(𝜏, 𝛾)⟩
)

,

where Π is the map as in Lemma 2.13. The continuity of the maps Θ and Ψ follows from the continuity of Π and the differentiability of 
𝐽 , respectively. Then (4.43) together with Lemma 2.13 (i) gives Θ(𝜏, 𝛾) = 𝜏𝑣+0 − 𝛾𝑣−0  for all (𝜏, 𝛾) ∈ 𝜕𝐿. From Step II of Proposition 4.6, 
for 𝜁 ∈ [1 − 𝓁, 1 + 𝓁] we deduce that 

Ψ1(1 − 𝓁, 𝜁 ) > 0 > Ψ1(1 + 𝓁, 𝜁 ), Ψ2(𝜁, 1 − 𝓁) > 0 > Ψ2(𝜁, 1 + 𝓁).

From the Poincaré-Miranda existence theorem stated in Theorem 2.14, it follows that there exists a pair (𝜏0, 𝛾0) ∈ 𝐿 with Ψ(𝜏0, 𝛾0) = 0, 
which means 

⟨𝐽 ′(Θ+(𝜏0, 𝛾0)),Θ+(𝜏0, 𝛾0)⟩ = 0 = ⟨𝐽 ′(−Θ−(𝜏0, 𝛾0)),−Θ−(𝜏0, 𝛾0)⟩. (4.44)

In view of our choice of 𝓁, Lemma 2.13 (iv) yields 
‖Θ(𝜏0, 𝛾0) − 𝑣0‖𝐸 < 2𝛿0 ≤ 𝛿2.

Using the above inequality and the definition of 𝛿2, we get Θ±(𝜏0, 𝛾0) ≠ 0 which together with (4.44) gives Θ(𝜏0, 𝛾0) ∈ . By our choice 
of 𝓁, (4.42), and Lemma 2.13 (ii), we get 𝐽 (Θ(𝜏0, 𝛾0)) ≤ 𝑘 − 𝜀. This is a contradiction since 𝑘 is the infimum of 𝐽 over . Hence, 𝑣0 is 
a least energy sign-changing solution of problem (1.3). ∎
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