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ARTICLE INFO ABSTRACT

Communicated by Matteo Novaga In this paper, we study a new class of mixed double phase problems that combine local and

nonlocal operators. We consider two different models. The first model is driven by the fractional

5(5)123 é\/ISC: p-Laplacian together with a local double phase operator, while the second model involves the local

35833 p-Laplacian coupled with a fractional double phase operator. In order to describe the interaction

35760 between local and nonlocal effects within the double phase framework, we introduce an appro-

35M10 priate variational setting based on classical and fractional Musielak-Orlicz Sobolev spaces. Within

35R11 this setting, we establish several existence and multiplicity results for weak solutions by means

X i of variational and topological techniques. In particular, for the problem driven by the fractional
eywords:

p-Laplacian and a local double phase operator, we prove the existence of a nonnegative solution
using the Nehari manifold method in the presence of concave-convex nonlinearities. We also in-
Double phase operator vestigate the associated Brezis-Nirenberg type problem and obtain the existence of infinitely many
Mixed local and nonlocal operators solutions via genus theory. For the problem governed by the local p-Laplacian and a fractional
Multiple solutions double phase operator, we show the existence of at least two nontrivial constant sign solutions
by exploiting the variational structure of the associated energy functional. Furthermore, in the
subcritical case, we prove the existence of a least energy sign-changing solution by combining the
Poincaré-Miranda existence theorem with the quantitative deformation lemma.

Brezis-Nirenberg type problem
Critical growth

Musielak-Orlicz Sobolev spaces

1. Introduction and main results

In this work, we introduce and study two classes of mixed operators combining local and nonlocal effects. The first class consists
of the fractional p-Laplacian coupled with a local double phase operator, while the second class involves the local p-Laplacian coupled
with a fractional double phase operator. The study of operators of mixed order has recently attracted significant attention, as such
operators arise naturally in various contexts. A notable example is their appearance as the superposition of different stochastic pro-
cesses, such as a classical random walk and a Lévy flight, which also play an important role in the analysis of optimal animal foraging
strategies, see, for example, the works by Dipierro-Proietti Lippi—Valdinoci [1], Dipierro-Valdinoci [2], Montefusco-Pellacci-Verzini
[3], and Pellacci—Verzini [4].
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We begin by studying a boundary value problem driven by the fractional p-Laplacian and a local double phase operator in the
presence of concave-convex nonlinearities. More precisely, we consider the problem
(—AYu— L8 )= Mw )|l 2u+ wy(0lul™?u) inQ, u=0 inRYV\Q 1.1)
where Q C RN, N > 2, is a bounded domain with smooth boundary oQ and

AN Ju(x) — u()|P > (u(x) — u(y))
(=D)u= Clr% '/RN\BE(X) P dy,

denotes the fractional p-Laplacian. Here B, (x) := {z € RN : |z — x| < ¢} and C is a normalization constant. Moreover,

Lo )= div(|Vul"2Vu + a(x)|Vu|92Vu)
is the classical double phase operator. We assume the following hypotheses.
(H) () 1<p<g<N,1 <k<p<q<r§p*=NN—_"p,andse(O,l);
(i) w, € Lﬁ(g), w, € L®(Q) with w,, w, > 0 a.e.in Q and 0 < a(-) € C*L(Q) ; if r = p*, then w, € L®(Q).

A function u € W is said to be a weak solution of (1.1) if

/ / [u(x) = u()|P~2(u(x) — u(y))((x) — v(y)) ded
RN JRN Y

Jx =yl

+ [ Q92 aor vl - Vodx =4 [ (w2t w ol v,
Q Q
for all test functions v € W, where the space W is defined in (2.2).
Our first existence result concerning problem (1.1) is the following.

Theorem 1.1. Let hypotheses (H,) be satisfied. Then, there exists A, > 0 such that for every A € (0, A¢), problem (1.1) admits a nontrivial,
nonnegative solution with negative energy.

We also consider a Brezis Nirenberg type problem obtained from (1.1) by assuming w, = % and r = p*. In this case, problem (1.1)
reduces to

(—AYsu = L8 () = Aw; (X)|ul*%u + W24 inQ, u=0 inRN\Q. (1.2)
Theorem 1.2. Let hypotheses (H,) with w, = }1 and r = p* be satisfied. Then, there exists 1, > 0 such that for every A € (0, 4,), problem
(1.2) admits a nontrivial, nonnegative solution with negative energy.

If, in addition, w, = 1, we obtain the following multiplicity result.

Theorem 1.3. Let hypotheses (H,) with w, = %, w; =1, and r = p* be satisfied. Then there exists A > 0 such that for all A € (0, A), problem
(1.2) admits infinitely many nontrivial solutions with negative energy.

Subsequently, motivated by the interplay between local diffusion and nonlocal phase transitions, we turn our attention to a second
problem in which the roles of the local and nonlocal operators are interchanged. In this case, the equation is governed by the local
p-Laplacian and a fractional double phase operator, and it reads

—Aju-— £‘;‘Z(u) =f(x,u) inQ, u=0 inRV\Q, 1.3)

where Q C RV, N > 2, is a bounded domain with smooth boundary 9Q, A P = div(|Vu|?~2Vu) denotes the local p-Laplace operator,
and the nonlocal operator E;fl is defined by

£33 = lim luGe) — a2 wx) —u() | I0) = w2 ) u(y))) a.

=0 IRN\BE(x)< [x — y|N+ps [x — y|N+as

For problem (1.3) we impose the following assumptions:

(H)) () 1<p<qg<N,0<b(-,-) € L®RN x RN) with b(x, y) = b(y, x) for all (x,y) € RN xRN, and 0 < s < 1;
(ii) f: QxR — R is a Carathéodory function and there exists a constant ¢ > 0 such that

Ifenl <c(l+]t7!) foraa.xeQandforallreR,

where r < p*;

,t

(i) tim £
=0 |¢|p2¢
. St
(iv) f(x, 1)
1>+00 |I|q_2t

(v) for a.a.x € Q, the map ¢ — tf(x,t) — gF(x,1) is nondecreasing for > 0 and nonincreasing for ¢ < 0, where

= 0 uniformly for a.a. x € Q;

= oo uniformly for a.a. x € Q;

'
F(x,t) = / f(x,7)dr;
0
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S
[#]9~1

A function u € E is called a weak solution of (1.3) if

(vi) for a.a.x € Q, the map ¢ —

is strictly increasing on (-0, 0) and on (0, c0).

/|Vu|P—ZVu-Vudx+/ |D5(u)|"_2DS(u)DS(U)dv+/b(x,y)|DS(u)|q_2DS(u)DS(v)dv=/f(x,u)udx,
Q 0 10) Q

for all test functions v € E with Q = R?N \ (Q¢ x Q°), where the space E is defined in (2.7). Here and in the sequel, we use the
notation

u(x) — u(y)

Dy(u) = —_—
A P E N

1.4

Our main results related to problem (1.3) are the following ones.
Theorem 1.4. Let hypotheses (H,) be satisfied. Then problem (1.3) has at least two nontrivial constant sign solutions u,, v, € E such that
u,(x)>0 and v,(x)<0 foraa xe€Q.
Theorem 1.5. Let hypotheses (H,) be satisfied. Then problem (1.3) has a least energy sign-changing solution.

Double phase operators originate from the seminal work of Zhikov [5], motivated by the mathematical modeling of strongly
anisotropic materials whose constitutive laws exhibit different growth behaviors in different regions of the domain. The associated
energy functionals typically switch between two distinct polynomial growths, which leads to differential operators of the form

div(|Vu|""2Vu + a(x)| Va9~ Vu).

Such operators naturally fit into the framework of Musielak-Orlicz Sobolev spaces and present substantial analytical difficulties due
to their nonhomogeneous and nonuniformly elliptic structure.

The spectral and variational theory for double phase operators was initiated by Colasuonno-Squassina [6], who investigated the
associated eigenvalue problem and established the existence of variational eigenvalues together with a detailed analysis of their
qualitative properties. Since then, a rapidly growing literature has addressed the existence, multiplicity, and qualitative behavior
of solutions to elliptic problems driven by double phase operators, mainly by means of variational techniques. In this direction, we
refer to the works of Liu-Dai [7,8], who studied ground state solutions and multiple solutions in R", respectively. Problems in-
volving concave convex nonlinearities were investigated by Kim-Kim—Oh-Zeng [9] and by Mishra-Silva-Tripathi [10]. Multiplicity
results for problems with nonlinear boundary conditions were obtained by Amoroso-Crespo-Blanco-Pucci-Winkert [11]. Moreover,
Farkas-Fiscella—Winkert [12] established multiplicity results in the presence of critical growth of order p*. To deal with the lack of
compactness caused by the critical exponent, they performed a refined convergence analysis of the gradients. Further contributions
concerning elliptic problems with critical nonlinearities can be found in Arora-Fiscella-Mukherjee-Winkert [13] and Bahrouni-
Fiscella-Winkert [14]. For problems involving critical growth switching between the Sobolev exponents p* and g¢*, we refer to the
works of Ho-Winkert [15], Ha-Ho [16,17], and Farkas-Fiscella—Ho-Winkert [18]. Kirchhoff type double phase problems were in-
vestigated by Crespo-Blanco—Gasiniski-Winkert [19], who considered equations of the form

M</ (|Vul? +a(x)|Vu|q)dx>EZq(u) =fGou inQ, u=0 onoQ, (1.5)
o ,

where Q C RV, N > 2, is a bounded domain with Lipschitz boundary 0Q, 1 < p< N, 1 < p< g < p* = NN—fp and the Kirchhoff function

is given by M (t) = m| + m,t°~!. By combining variational methods with the Poincaré-Miranda existence theorem and the quantitative
deformation lemma, the authors established the existence of two constant sign solutions together with a least energy sign changing
solution.

All the literature discussed above concerns double phase operators involving the local p- and g-Laplacians. By contrast, the analysis
of double phase operators involving nonlocal terms is relatively recent. In this direction, Cheng-Bai [20] investigated a fractional
double phase problem of the form

M (/ <—|”(x) U i,y 1) = W1 ) dx dy)ﬁ‘l‘;’;(u) = fow InQ u=0 inRV\Q (1.6)
b, ,

|x_y|N+pS |x_y|N+qx

where Q C RY is a bounded smooth domain, 0 <s <1 < p< g < N/s and M(¢) = m; + myt°~. The nonlinearity f exhibits both sin-
gular and Choquard type growth. By employing the Nehari manifold method, Cheng-Bai [20] proved the existence of two distinct
weak solutions to problem (1.6). Subsequently, Zeng-Lu-Radulescu-Winkert [21] studied an inclusion problem involving a fractional
double phase operator with a logarithmic perturbation. By means of the sub- and supersolution method, they established several exis-
tence results. Moreover, the authors also investigated the fractional counterpart of problem (1.5), namely a Kirchhoff-type problem of
the form (1.6). By combining variational techniques with the Poincaré-Miranda existence theorem and the quantitative deformation
lemma, they proved the existence of two constant sign solutions together with one sign changing solution.

We now turn to elliptic problems involving mixed operators, namely operators obtained as a superposition of local and nonlocal
components. Such operators naturally arise in models where classical diffusion interacts with long-range effects. In recent years,
problems combining local and nonlocal features have attracted considerable attention, and a growing body of literature has been

3
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devoted to the study of existence, multiplicity, and qualitative properties of solutions. In particular, several works have investigated
equations of the form

s . _ N
—Apu+(—A);u—f inQ, u=0 inR"Y\Q,

where p,q € (1,00) and s € (0,1). In the case p=q =2, we mention the contributions of Biagi-Dipierro—Valdinoci-Vecchi [22],
where existence results, maximum principles, and regularity properties were established. Problems involving Hardy type po-
tentials were studied by Biagi-Esposito-Montoro—Vecchi [23], while the Brezis Nirenberg problem was addressed in Biagi—
Dipierro-Valdinoci-Vecchi [24]. We also mention the work by Balci [25] about nonlocal and mixed models with Lavrentiev gap.
Singular and critical nonlinearities were considered by Biagi—Vecchi [26] , and by Anthal-Giacomoni-Sreenadh [27] in the presence
of singular and critical Choquard type nonlinearities. Multiplicity results and the existence of sign changing solutions via descending
flow methods were obtained by Su-Valdinoci-Wei-Zhang [28]. Finally, Kirchhoff type problems with critical growth were investi-
gated by Tripathi [29] using the Nehari manifold method. In the case p = ¢, we refer to the work of Garain—Ukhlov [30], where
existence, uniqueness, and symmetry properties were established for singular problems. Critical nonlinearities were studied by da
Silva-Fiscella—Viloria [31], while Bhowmick-Ghosh [32] obtained the existence of sign changing solutions by combining the Nehari
manifold method with Browder degree theory. When p # ¢, Dhanya-Giacomoni-Jana [33] derived existence and multiplicity results
for concave-convex nonlinearities in the presence of sign changing weights. More recently, Malhotra-Pandey-Sreenadh [34] investi-
gated a mixed local and nonlocal problem with variable exponents. In their work, the authors introduced the appropriate functional
framework and proved existence results for singular and superlinear nonlinearities by means of the Nehari manifold technique.

Despite the extensive literature on double phase problems and the rapidly growing work on mixed local-nonlocal operators,
these two research directions have so far evolved largely independently. Existing results on double phase problems mainly concern
operators that are either purely local or purely nonlocal, whereas the theory of mixed operators has been developed almost exclusively
for homogeneous growth structures, typically involving the superposition of a local p-Laplacian and a fractional g-Laplacian. To the
best of our knowledge, problems involving a genuine coupling of local and nonlocal effects within a double phase framework have
not yet been investigated. In particular, the interaction between a fractional p-Laplacian and a local double phase operator, as well
as the converse situation involving a local p-Laplacian coupled with a fractional double phase operator, appears to be completely
unexplored.

Motivated by these gaps, the present paper investigates two new classes of mixed local and nonlocal double phase problems, namely
(1.1) and (1.3). By developing an appropriate variational framework based on classical and fractional Musielak-Orlicz Sobolev spaces,
we establish existence and multiplicity results through Nehari manifold techniques, genus theory, and a combination of variational
and topological methods. Our findings substantially extend both the theory of double phase problems and the theory of mixed local
and nonlocal operators, by capturing the delicate interaction between local and nonlocal effects within a double phase setting. Since
both models involve double phase operators, the analysis naturally requires working in generalized Musielak-Orlicz Sobolev spaces.
In particular, we introduce two function spaces specifically tailored to the mixed double phase structure and establish their main
properties, which play a crucial role in the variational approach developed in this work.

In problem (1.1), we deal with concave-convex nonlinearities in the presence of positive weights. The existence of solutions
is established by means of the Nehari manifold approach. We also investigate the case in which the weight satisfies w, = i and
the exponent is critical, namely r = p*, which corresponds to the Brezis-Nirenberg type problem. Inspired by the works of Farkas—
Fiscella-Winkert [12], da Silva-Fiscella-Viloria [31] and Dhanya-Giacomoni-Jana [33], we address this setting by combining the
Nehari manifold method with genus theory. In this way, we obtain both existence and multiplicity results for the associated problem.

For problem (1.3), we deal with a subcritical nonlinearity that does not satisfy the Ambrosetti-Rabinowitz condition. We prove
the existence of three distinct solutions, namely one positive solution, one negative solution, and one solution that changes sign.
The existence of the constant sign solutions is obtained through a variational critical point argument of mountain pass type, while
the sign-changing solution is constructed by working on a suitable constraint set and applying the Poincaré-Miranda existence theo-
rem. The variational strategy and the corresponding existence results for this problem are inspired by the works of Crespo-Blanco-
Gasiriski-Winkert [19] and Zeng-Lu-Rédulescu-Winkert [21].

The paper is organized as follows. In Section 2, we introduce the Sobolev spaces that provide the functional framework for our
analysis. In addition, we collect several preliminary lemmas and technical results that will be used throughout the paper. Section 3
is devoted to the study of the fractional p-Laplacian combined with a double phase operator, where existence and multiplicity results
are obtained by means of the Nehari manifold technique and topological arguments, see Theorems 1.1-1.3. Finally, in Section 4, we
investigate the local p-Laplacian coupled with a fractional double phase operator, and prove the existence of constant sign solutions
as well as a least energy solution that changes sign by using variational tools such as the Poincaré-Miranda existence theorem and
the Deformation Lemma, see Theorems 1.4 and 1.5.

2. Functional setting and preliminaries

In order to develop the variational framework associated with the problems under consideration, it is necessary to precisely
describe the function spaces in which weak solutions are sought. This section is devoted to recalling the main properties of classical
and fractional Sobolev spaces, together with their generalized counterparts in the sense of Musielak. Furthermore, we introduce two
function spaces specifically designed to treat problems of the form (1.1) and (1.3). We investigate their fundamental properties, which
are essential for the variational methods employed in the subsequent analysis.

4
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Throughout the paper, ¢ > 0 denotes a generic constant, whose value may change from line to line. For a € (1, ), we denote by
a = a—fl the conjugate exponent of a. For x € RY and r > 0, we write

B.(x) := {yeRN: |y — x| <r}

for the open ball of radius r centered at x. When the center is the origin, we simply write B, := B,(0). Unless otherwise stated, Q C RV
denotes a bounded domain with smooth boundary, and |Q| stands for the Lebesgue measure of Q. Moreover, for t € R, we define
* = max{+t,0}, the positive and negative parts of 7. Clearly, t =+ — .

1/r
For r € [1, ), we denote by L"(Q) the usual Lebesgue spaces endowed with the norm ||ul|, = ( /Q Ju|” dx) . Let M (Q) be the space

of all measurable functions u: Q — R. Given a measurable function w: Q — (0, o) and 1 < r < o0, we define the weighted Lebesgue
space L"(Q, w) by

L'(Qw) := {MGM(Q): /w(x)lu(x)l’dx<oo},
Q

which is equipped with the norm

nmmu=</wumquQ’
Q

We denote by W (Q) and I/I/O”(Q) the usual Sobolev spaces endowed with the norms
lully = Null, + IVull, and  lully.o = IVull,.

For 1 < r < N, the Sobolev embedding WOI"(Q) o LY(Q) for ¢ € [1,r*] holds, where r* = % More precisely, there exists a constant
S, > 0 such that

llull, < SNIVull, for all u € W, " ().
In order to treat the critical Sobolev term, we introduce the best Sobolev constant defined by

IVull?
P (2.1)

S, = inf >
uew 2@\ (o) llull
for 1 < p < N. It is well known that S, is strictly positive and finite. Next, let s € (0, 1) and r € [1, o). Then, the fractional Sobolev
space W' (RN) is defined as

wer®Y) = {ue U®Y): Wl <o,

equipped with the norm

Ml = (Nl + 1l )

where

- Ju(x) —u()|”
[ul, = / /RN e dxdy

is the Gagliardo seminorm. For a comprehensive treatment of fractional Sobolev spaces and their properties, we refer to Di Nezza—
Palatucci-Valdinoci [35].
Define,

il
G(x, y,1) = / g(x,y,7)rdr,
0

where g: QX QX [0, 00) — [0, ) is a given function. Recall that, G: Qx QxR — [0, o) is called a generalized N-function (denoted
by ¢ € N(Q x Q)) if it satisfies the following conditions:

(i) For a.a.x,y € Q, the map G(x, y,-) : R — [0, o) is continuous, even, increasing, and convex.
(ii) For every t > 0, the map G(-,-,1) : Q X Q — [0, c0) is measurable.
(iii) G(x,y,1) =0 if and only if r = 0 for a.a. (x,y) € QX Q.
Q(x,t »o _ 0 and lim G(x,t V1)

t—oo

@iv) lin(} = oo for a.a. (x,y) € Q x Q.
-

We say that a generalized N-function G satisfies the weak A,-condition if there exist 6, > 0 and a nonnegative function k € L'(Q)
such that

O(x, y,21) < 8,G(x, y,1) + k(x)
for a.a.(x,y) e Qx Q and for all t > 0. If k = 0, then G is said to satisfy the A,-condition.

5
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We say that G € N(Q x Q) is locally integrable if, for any 7 > 0 and for every compact set K C Q,

G(x,y,1)dxdy < oo and / C(x,x,1)dx < o0.
KxK K

Similarly, one defines a generalized N-function H: Q X R — [0, o) (denoted by H € N(Q)).
Let H € N(Q). The Musielak-Orlicz Lebesgue space L™ (Q) is defined by

LH(Q)={u€M(Q)I /H(x,‘rlul)dx<ooforsome‘r>0}.
Q

Equipped with the Luxemburg norm

||“||H=inf{r>01 /H<x U)dx<l}
fe) T

the space L™ (Q) becomes a Banach space, see Musielak [36].
The following result can be found in Youssfi~Ahmida [37, Remark B.1, Theorem B.3 and Theorem 2.2].

Theorem 2.1. Let H € N(Q).

(i) If M satisfies the A,-condition, then L™ (Q) is a separable and reflexive Banach space.
(ii) If M is locally integrable then C°(Q) is dense in L(Q).

For further background on Musielak-Orlicz Lebesgue spaces, we refer to Fukagai-Ito-Narukawa [38].
For a given H € N(Q), we define the Musielak-Orlicz Sobolev space W7 (Q) by
wHQ) :={ue LHQ): |Vu| € LH(Q)}.
It is equipped with the norm
llly 20 == Nullzg + 1Vl

The subspace WOI’H(Q) is defined as the closure of C?(Q) with respect to || - ||, ;,- Since the operator in problem (1.1) involves the
local double phase operator, we define the generalized N-function H : Q X [0, c0) — [0, o0) defined by

H(x,t) =17 + a(x)t?

under hypothesis (H,)(i). It is well known that W*(Q) and WOI‘H(Q) are separable, reflexive Banach spaces, see Colasuonno—
Squassina [6, Proposition 2.14].
The following result can be found in Liu-Dai [7, Proposition 2.1]

Lemma 2.2. Letu € L™(Q), define the modular

() = / H(x, |u]) dx,
Q
and let ¢ > 0. Then the following assertions hold:

(i) for u # 0, one has |lully = c if and only if py(u/c) = 1;
@) |lully <1 (resp.=1,> 1) if and only if p;;(u) < 1 (resp.=1,> 1);
(i) if [lully, < 1. then lull?, < py ) < llull?;
(@) if llully, > 1, then |lull}, < p3 () < llull];
) llully; — 0if and only if py(u) — O.

Since problem (1.1) also involves the fractional Laplacian together with a double phase operator, we introduce the function space
@', (2.2)
where the Luxemburg type norm is defined by

flull 2 ::inf{r>0: g(g) < 1},

and the corresponding modular is given by

~ Ju(x) = u)|? , \
Ew) /RN /RN T dxdy+/RN (|vM| + a(x)| V| )dx

For simplicity, in the sequel we denote || - ||z by || - [l;-
The proof of the following lemma follows along the same lines as in Liu-Dai [7, Proposition 2.1].

Lemma 2.3. Let u € W and ¢ > 0. Then the following assertions hold:

(i) for u +# 0 one has ||ul| ;¢ = c if and only if E(u/c) = 1;
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@) |lullye <1 (resp.=1,> 1) if and only if éu) < 1 (resp.=1,> 1);
(i) if llull e < 1, then IIMII’ZE <éw < IIMII‘;;
@iv) if llull gz > 1, then IIMIIZ <éw < Ilull‘zi;
) lull e = 0if and only if &(u) — 0.
Here and in the sequel, every function u € WOI’H(Q) is identified with its zero extension to R". Moreover, we extend the coefficient
a: Q- [0, ) by setting
a(x) :=0 forxe RV \Q,
and we continue to denote this extension by a. Accordingly, the generalized N-function M : Q x [0, 00) — [0, o) is extended to RN x
[0, o) by defining
H(x,1), if (x,1) € Q% [0, ),
Hx.1) = (x,1) ! (x,1) [0, c0)
0, if (x,1) € (RN \ Q) x [0, c0).
With this convention, both @ and M are understood as functions defined on the whole space RY.

We now establish the following result.

Proposition 2.4. Let Q ¢ RN be a bounded domain. Then the norms || - ||, and || - || 1. are equivalent on C®(Q). In particular,

M-l

w=Cr@ = {ue W ®RY): ulg e W, @.u=0inRY\Q}. 2.3)
Moreover, W is a reflexive Banach space, and the embedding W < L"(Q) is continuous for any r € [1, p*] and compact for any r € [1, p*).

Proof. Letu € C°(Q). By Liu-Dai [8, Lemma 2.7], the embedding wWLHRNY o WP(RN)is continuous. Furthermore, from Di Nezza—
Palatucci-Valdinoci [35, Proposition 2.2], W »(RY) embeds continuously into W*?(R™). Hence, there exist constants ¢, c, > 0 such
that

[l , < e (Ilull, + 1Vall,) < e (llullyg + 1Vully ). (2.4)

Set 7, = [ul, , and 7, = ||Vul|;,. Using the definition of the modular &, we compute

_ P p q
£ L / / ux) — u@y) 1 dxdy +/ ‘—Vu + a(x)‘—vu dx
3(r; + 1) RN Jry | 3(z 4+ 1) | |x — y|N+sp rN \|3(7] + 1) 3(1; + 1)
p P q
< i ! + L %2 + i ) < l < 1’
3P \7+1, 3P\ +1,) \1 +1, P

which implies

llull & < 3(z) + 73) = 3([ul,,, + [ Vully).
Combining this with (2.4), we obtain

Nl ze < c(llullz + 1 Vully). (2.5)

Since C(Q) C WOI’H(Q), the Poincaré inequality gives
lullz; < cllVully,

see Crespo-Blanco-Gasiriski-Harjulehto-Winkert [39, Proposition 2.18]. Moreover, by definition of the norms, || Vu(l;; < [|ul|;¢. There-
fore,

llallyg + 1 Vullyy < cllull e (2.6)

From (2.5) and (2.6), the equivalence of the norms || - ||;¢ and || - ||; 3y on C(Q) follows. Since Q is bounded and the norms are
equivalent on C®(Q), the characterization of W in (2.3) follows. Because WIH([RN) is separable and reflexive and W is a closed
subspace, W is also reflexive.

Finally, the embedding Wol'H(Q) < L"(Q) is continuous for r € [1, p*] and compact for r € [1, p*), see Liu-Dai [7]. Consequently,
the same embedding properties hold for W. O

Since W & LY(Q) for every 7 € [1, p*], there exists a constant C, > 0 such that
lull, < Cyllully, forallue w.

For any generalized N-function §: Q@ X Q X R — [0, 0), we define the function g, : Q x [0, ) — [0, o) such that

It
&(x,1) = g(x,x,1) and Qx(x,t)=/ &x(x,T)rdr.
0

For a given generalized N-function G and s € (0, 1), the fractional Musielak-Orlicz Sobolev space is defined by

WS’Q(Q)={ueL9x(Q): //g<x,y,rlu(x)_u(y)|> dxdy <ooforsomer>0}‘
QJQ

[x =yl [x = yI¥

7
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The space W*9(Q) is equipped with the norm

llullyscq) = ||'4||L0x(g) + [uls g

where

[u]Sggzinf{T>0: //g<x,y, |“(x)_“(y)|> dxdy 51}.
e alo tlx =yl Jlx=y¥

Recall that if G is a generalized N-function satisfying the A,-condition, then W*%(Q) is a separable and reflexive Banach space, see
Azroul-Benkirane-Shimi-Srati [40].

Since problem (1.3) involves the fractional double phase structure, we introduce the generalized N-function G: Q X Q X [0, c0) —
[0, ) by

C(x,y,0) =t + b(x, )14,

under hypothesis (H,)(i). It is straightforward to verify that the generalized N-function G(x,y,r) = t? + b(x, y)t? satisfies the A,-
condition and is locally integrable. Because problem (1.3) involves the nonlocal operator under Dirichlet boundary conditions, we
define the associated fractional Sobolev type space

X(Q) = {u: RN S R: ulg e Lgx(Q),/ g<x,y, T'”(x)_“(y”) dxdy
o

< oo for some 7 > 0},
Ix = yl* lx — y|V
where Q = R?N \ (Q¢ x Q°). The space X(Q) is equipped with the norm

llull ey = Nl vy + Ll

where

. . |u(x) —u(y)| | dxdy
[M]X—mf{‘r>0. /QQ(x,y, T >|x—y|NS1}'

We define the subspace

W@ ={ue X(©Q: u=0aein RV \Q},
which is a normed space with norm
IIMIIWOw(m = llull 6y () + lulx-
If u € W;9(Q), then
/g<x’y’ |u<x)—u(y)|> i [ g<x’y5 |u(x>—u<y>|> dxdy
0 lx=yI* JIx=yIV  Jrnv Jrr tlx=ylIs Jlx—y¥

since the integrand vanishes whenever both points lie outside Q. Consequently,

WOS,Q(Q) _ {u eWsSR"): u=0 ae.in RN \Q}

which is a well-known space studied by Azroul-Benkirane-Shimi-Srati [41].
Next, we state the generalized Poincaré’s inequality, see Azroul-Benkirane-Shimi-Srati.

Theorem 2.5. Let Q be a bounded domain of RY with smooth boundary and 0 < s < 1. Then there exists a positive constant ¢ such that

llull oy < cluls gy for allu € W9

As a consequence, the seminorm [-]; ; g~ defines a norm on WOS’Q(Q), which is equivalent to the norm || - lw s

From now on, we assume that Q is a smooth bounded domain in RV,

Taking into account the interplay between the local p-Laplacian and the fractional double phase operator in problem (1.3), we
introduce the space

E := W, '@ n W), (2.7)
which is a Banach space endowed with the norm,

llullp = ||u||W01.p(Q) + ||u||W0s.s(Q) =IVull, + lul; grr- (2.8)

This choice is natural, since in general there is no continuous embedding between WOl ?(Q) and WOS'Q(Q). Hence neither space alone
captures the full structure of the operator in (1.3). The intersection space E therefore provides the appropriate functional framework
for the variational analysis of the problem.

By definition, there is a continuous embedding E WO] P(Q). Since WO1 ?(Q) is continuously embedded in L"(Q) for 1 < r < p* and
compactly embedded for 1 < r < p*, we deduce that

E < L'(Q) continuously for 1 <r <p*, E < L'(Q) compactly for 1 <r < p*. (2.9
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Hence, for every r € [1, p*], there exists a constant S, > 0 such that
lull, < S, llull; forallue E.
Define the modular functional
n(u) 1= / [Vul? dx + / | D, ()P dv + / b(x, )| Dy ()| dv,
Q (0] (o]
where we used the notation introduced in (1.4).
The proof of the following lemma is analogous to that of Liu-Dai [7, Proposition 2.1] and is therefore omitted.
Lemma 2.6. Letu € E and ¢ > 0. Then the following assertions hold:
(i) for u # 0 one has ||ul|p = c if and only if n(u/c) = 1;
@) |lullg <1 (resp.=1,> 1) if and only if n(u) < 1 (resp.=1,> 1);
(i) if llullg < 1, then |lull%, < n(w) < |lull®;

(i) if lullg > 1, then ||ullf, < n(w) < |lully;
) |lullg — 0if and only if n(u) — O.

Remark 2.7. Define the Luxemburg-type norm associated with the modular functional » by

llull, = inf {r >0: r,(ﬁ) < 1}.
T
Then | - ||, is a norm on E, and it is equivalent to the norm (2.8). Moreover, the norm-modular relations stated in Lemma 2.6 hold

with respect to the Luxemburg norm || - ||,.. Since equivalent norms generate the same topology on E, we may use || - ||z and | - ||,
interchangeably in the sequel.

Next, we recall several notions that will be used in the variational analysis. We begin with the definition of the genus and the
related topological preliminaries, see Rabinowitz [42].

Definition 2.8. Let X be a Banach space and A ¢ X \ {0}. The set A is said to be symmetric with respect to the origin if u € A implies
—u € A. The genus y(A) of A is defined as the least positive integer n such that there exists an odd mapping ¢ € C(A,R" \ {0}). If no
such n exists, then y(A) = co.

Define
X = {U C X\ {0}: U is closed in X and symmetric with respect to the origin}.

Proposition 2.9. Let A, B € X. Then the following assertions hold:
(i) If there exists an odd continuous mapping from A to B, then y(A) < y(B).
(ii) If there exists an odd homeomorphism from A to B, then y(A) = y(B).
(iii) If y(B) < oo, then y(A\ B) > y(A) — y(B).
(iv) The n-dimensional sphere S" has genus n + 1 by the Borsuk-Ulam theorem.
(v) If Ais compact, then y(A) < oo and there exists § > 0 such that

Ns(A) :={xe X: dist(x,A) <6} €X and y(Ns(A)) =y(A).
Definition 2.10. Let X be a Banach space and I : X — R a C!-functional.

(i) A sequence {u,},cy C X is called a Cerami sequence at level ¢ ((C).-sequence for short), if
Iu,) —c and (1 + |lu, DI @), - 0.

We say that I satisfies the Cerami condition at level ¢ ((C),-condition for short) if every (C).-sequence has a convergent
subsequence. Moreover, I satisfies the Cerami condition ((C)-condition for short) if it satisfies the (C),.-condition for every
ceR.

(ii) A sequence {u,},cn C X is called a Palais-Smale sequence at level ¢ ((PS).-sequence for short) if it satisfies

Iw,) »c and [’ — 0.

We say that I satisfies the Palais-Smale condition at level ¢ ((PS),-condition for short) if every (PS).-sequence admits a con-
vergent subsequence. Moreover, the functional I satisfies the Palais-Smale condition ((PS)-condition for short) if it satisfies the
(PS).-condition for every ¢ € R.

We recall the following versions of the mountain pass theorem, see Ambrosetti-Rabinowitz [43] and Cerami [44,45].

Theorem 2.11. Let X be a Banach space and let I : X — R be a C'-functional satisfying 1(0) = 0. Suppose that there exist constants
p,a > 0 such that

(i) I(u) > a whenever ||u|| = p;
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(ii) there exists v € X with ||v|| > p such that 1(v) < 0.
Then I admits a (C),-sequence at the level
c= ;rég [max, I(y(), (2.10)
where T = {y € C([0,1], X) : y(0) =0, y(1) = v}.

Theorem 2.12. Let X be a Banach space and let I : X — R be a C'-functional such that I(0) = 0 and I satisfies the (C),-condition with ¢
as in (2.10). Suppose that there exist p,a > 0 such that

(i) I(u) > a whenever ||u|| = p;
(ii) there exists v € X with ||v|| > p such that I(v) < 0.
Then
:=inf max I(y(1)) >
¢ = inf max @) >a
is a critical value of I with T as in Theorem 2.11.

Next, we recall the quantitative deformation lemma and the Poincaré-Miranda existence theorem, which will be employed to
obtain a least energy sign-changing solution for the problem (1.3), see Willem [46, Lemma 2.7] and Dinca—-Mawhin [47, Corollary
2.2.15], respectively.

Lemma 2.13. Let X be a Banach space, p € C'(X;R), ## M C X, c €R, ,8, > O such that for allu € ¢~'([c — 2¢,¢ +2e]) N Mys,s there
holds ||¢’' W)||, > 8¢/5, where M, = {y € X : d(y, M) = inf,cps llu— y|l < r} for any r > 0. Then there exists I1 € C([0, 1] x X; X) such that

@ N@uw) =u ift=0o0rifud ¢~ ([c - 26,¢ +2]) N Mg ;
(i) @(I(1,u)) <c—eforallu € ¢~ ((=c0,c +€])N M;
(iii) II(t,-) is a homeomorphism of X for all t € [0, 1];
(iv) |ITI(t,u) — u|| < 8 forallu € X and t € [0, 1];
(v) @UI(-,u)) is decreasing for all u € X;
(VD) @1, w) < ¢ for all u € p~' ((—e0,c]) N My, and t € [0, 1].

Theorem 2.14. Let P = [—a,a;] X -+ X [—ay,ay]witha; > Ofori=1,..., N andletd : P — RN be continuous. If for eachi € {1,..., N}
one has

di(t)<0 whente€ Pandt; = —a,, d;(t)>0 whente Pandt; = a,.
Then d has at least one zero point in P.
We also recall the following known estimates, see Crespo-Blanco [48, Lemma 1.1].
Lemma 2.15. Letr > 1, for any &,n € RV
(2= 1nl"2n) - =m = Cle=nl. ifr=2,
(el + 0 (1€ 2 = 1nl™n) - € =m 2 Cle =nl* if1<r<2

where

c - min{2>7",271} ifr>2,
N | ifl<r<2.

The constant C, is not necessarily optimal.
3. p-fractional Laplacian with double phase

In this section, we study problem (1.1) and prove Theorems 1.1-1.3. Throughout this section, we assume that (H,) holds. The
associated energy functional I, : W — R corresponding to (1.1) is defined by

|u(x) —u)|? [Vul? [Vul? wy(x) wy(x) .
LW = /RN/RN 5 dxdy+/g< > + a(x)—— p )d —,1/Q< . |u|k+—r |u|)dx.

To prove Theorem 1.1, we apply the Nehari manifold approach. First, we define

Au0) = / / 400 = )2 0) = D) = o) o
RN JRN

=yl Ve

3.1)
B/(a(x),u,v) = / a(x)|Vu|f_2Vu - Vodx.
Q

10
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Next, we fix the constants

r—p =p (p=k)
(r=p)\r* 1 "k( p=K >W
Ay 1= s 3.2
* ((r—k)) <”w1”,’k55> (r=BOllwyllo Sy o
p—k
7 .. -p 1 =K (3.3)

.

@ =0 Skl | -~ k)s2
Pr-k 4

P

—k K
= (-3 E-2) |

The Nehari manifold associated with I, is defined by
Ny i={ue W\ {0}: (I'w),u) =0}

which is equivalent to
N, = {u W\ (0} : [, + [IVull? + [ Vullt, = A/(w1<x>|u|" - w2<x>|u|’>dx}.
Q

For each u € W, we introduce the fibering map ¢, : [0, ) — R defined by 6,(r) := I,(fu). A direct computation gives
P 1P 14 ke "o,
o, =—[ulf + —|Vul? + a(x)—|Vul? | dx — 4 w () —|u]® + wy(x)—|u|" | dx,
p P Ja\p q Q k r
ol = zp-'[u]§p+/ ("= Vul? + a9 | Vul?) dx — /1/ (w, O ul* + £~ w, () |ul") dx,
’ Q Q

o) (1) = (p = VPl + I Vull?) + (g = D2 | Vull? , — 4 / <(k — D w (olul* + (r = 1>r"2w2<x>lu|’> dx.
’ : Q

By the definition of the fibering map, it follows that ru € N, if and only if ¢/ (1) = 0.
Lemma 3.1. The functional I, is coercive and bounded from below on the Nehari manifold N .

Proof. Let u € N,. Then, by applying Lemma 2.3 and Holder’s inequality, we have

1 1 1 1 1 1
Lw= (; - ;)([u]f,,, + IVall?) + (5 - ;)nwug,a -3z -+) /Q w,(0)lul* dx

1 1 1 1 k
N (5 . ;)au)_ Mg =3 eyl Nl

L1y . » q (1 1) kyponk
> [RN— —_ _——— r .
> <q r>mln(|lu|| Mully) = A( 2 =~ )l o Colully,

Since 1 < k < p < g, it follows that I,(u) — oo as ||ully, — . Therefore, the functional I, is coercive and bounded from below on the
Nehari manifold N;. O

We now decompose the Nehari manifold N, into three disjoint subsets according to the sign of the second derivative of the
associated fibering map o,. Specifically, we define

N :={ueN;:0/(1)>0}, N;:={ueN,;:0/(1)<0}, N}:={ueN,:o/(1)=0}.
Clearly, we have the decomposition
= - 0
N,=N7UN]UN;].
We also define the corresponding infimum levels of the energy functional on these subsets by
m, = inf I,(u) and m* = inf I,(u).
4 UEN, 2w 4 ueNT 2w
We now establish the following structural property of the Nehari manifold. The first result is standard and can be proved as in
the paper by Drabek-Pohozaev [49].
Lemma 3.2. If u is a minimizer of I, on N, and u & N?, then u is a critical point of I ,.
Lemma 3.3. Let A € (0, A,), where A, is defined in (3.2). Then the set Ni? is empty.

Proof. Assume by contradiction that N;) # . Then there exists u € N;’. By the definition of N;’, we have

[Wl?, + IVull2 + | Vulld, = 4 / (@, Ol + w,(x)lul") dx, (3.5)
Q

11
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(p = D(Aulf , + IVullD) + (g = DIVul? , = l/gl((k = Dw;)ul* + (r = Dwy(x)|ul") dx. (3.6)
Subtracting suitable multiples of Eq. (3.5) from Eq. (3.6), we obtain
- k)[u]fﬂD +(p— k)||VM||Z +(q— k)||VM||Z,a = 1/(" = k)w, (x)|u|" dx, (3.7)
Q
(r = Pul?, + = PIIVull? + (= )| Vulld, = 4 / (r = yw; (0)|ul* dx. (3.8)
Q

Now, define the auxiliary functional

r—p r—p r—q
LA(M) = m[u]f:’p + m”Vqu + Elqu”Zﬂ - /",/Q wl(x)lulk dx.

Using (3.8), we see that L;(u) =0forallu e Ng. On the other hand, by (3.7) and the Sobolev embedding, we estimate
0> (p = DIVl = = k) |ws | o ST Vall,

which implies

p—k =p
IVull, = <—> .
PTG = Bllw, |l S

Substituting this lower bound into the expression of L,(u), and using Holder’s inequality together with the Sobolev embedding once
again, we obtain

r—p i
L > —Z|Vull? - A w d
) 2 " Vull? /Q L) ulF dx
r—p » " ‘
S — IVully — Allw; “ﬁSr IVl
-k
r-r p—k ~p
2 11Vl N ) - Alwll =S|
lr—k Ar = B)l|w; || ST L

Therefore, for every A € (0, 4,), where 4, is defined in (3.2), the term in brackets is positive. This implies that L,(u) > 0, which
contradicts the fact that L,(u) =0 for all u € N;’. Hence, N;’ =f@forall A€ (0,4,). O

Lemma 3.4. Let 4 € (0, A,), where A, is defined in (3.2). For each u € W \ {0}, there exists a unique number t,, = t,,(u, A) > 0 such that
o,/ (1,,) = 0. Furthermore, there exist constants t| and, satisfyingt, <1, <t, suchthatt,u € N} andt,u € N} . In addition, the first derivative

of the fibering map satisfies
o/(<0 forallt€[0,t)) and o()>0 forallte (t,1).

Proof. Define the auxiliary function y, : (0, ) —» R by
Y0 = zﬂ—k[u]gp + zl’—knwng + tq—knwuga — Ak / 1w, (x)|u|" dx.
’ ’ Q

From the structure of the Nehari manifold, ru € N, if and only if y,(r) = 4 [, w;(x)|u|* dx. Moreover, if tu € N, then ¢//(1) = t**1y/ ().
Claim: There exists a unique ¢,, > 0 such that y/(z,,) = 0.
To verify this, we compute

yh() = 7k ((p =Bl + (p = OIVull? + (g = P Vulld , = 4P (r = k) /Q w) () ul” dx> =Ry (1),
where we define

(@) 2= (p = OWl? , + (p = OIIVull? - g,(0),

8u(0) 1= —(q = K [Vull?, + 4 — K) /Q wy(lul” dx.

Observe that for small t > 0, we have g, (1) < 0, while g,(f) > o as t - . Therefore, g, crosses zero exactly once, and hence there
exists a unique Ty, such that g,(T;) = 0. Consequently, there exists a unique ¢,, > T, such that g,(7,,)) = (p — k)[u]’;,,, +(p— k)||Vu||5, and
thus y/(z,,) = 0. Moreover, y/(#) > 0 for ¢ € (0,7,,) and y/ () < 0 for € (t,,, ). To estimate z,,, we use y,(,,) = 0 and Holder’s inequality
to obtain

(= OIVull2 < 47— k) / Wy ()lul” dx < AP0 = )l STV ull
Q

This implies

1I-

! 0=k \7
m 2 ||Vu||p<AS:<r—k>||wz||m> =l 39

12
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From (3.9), we obtain

—k _
Tult) 2 1,t0) 2 1 IVull = 4ty |, || oo STVl

p—k r=

—k r=p p—k r
S 271 (p—A A ) L TN 4 (R ik —
: u”"(xlS[(r—k)llwzﬂoo) 1Vl el Tsrr=oments

e

e

= k =
= p— =rr—p
> 1vullé(5) (—) —
A Sr(r = llw; llo r—k
If A < A,, then
0< A/Q Wl dx < A llwy |z SHIVully < (1.
Hence, the equation y,(1) = 4 f, w(x)|u|* dx admits exactly two distinct solutions. Therefore, there exist t,,t, with t; <1,, <1, such

that y,(t,) = v,(t;) = 4 /Q w; (x)|u|* dx, that is, t,u, t,u € N,. Moreover, since y,(t) is increasing on (0, 1,,) and decreasing on (z,,, ), we
have y)(7;) > 0 and y)(t,) < 0. Hence rju € N} and hue N;. O

Lemma 3.5. The quantity m} = inf I, (u) is strictly negative, that is, m? < 0.
ueN
A
Proof. Letu € N;’. Then ¢/(1) = 0 and ¢/ (1) > 0. From ¢//(1) > 0 we get
r—p r—q
m([u]fyp + ||Vu||£) + mllvullgva < A/Q wl(x)|u|k dx. (3.10)

Using 0'; (1) = 0 together with (3.10), we compute
11 11 11 B
nw= (4=, e v+ (2= D)z, -a(2-1) oot on
1 1 r-p 1 1 r—gq
(2~ 1= Y, ivupy+ (2= 2= 2 Yy,
r=pf1 1 r-q(1 1
= <; - E)([u]fyp + IIVullﬁ) + - <E - E)IIVMIIZ# <0

since k < p < g. It follows that m} = inf I;()<0. O
ueN
i

IN

Lemma 3.6. Let 4 € (0, 4,), where A, is defined in (3.2), and let u € N . Then there exist ¢ > 0 and a differentiable function g : B,(0) —
(—o0, ) such that g(0) = 1 and g(z)(u — z) € N, for all z € B,(0). Moreover,
pB,(1,u,z) + qB,(a(x),u, z) + pA,(u,z) — 4 fQ(kw| () ul*2 + rw, (x)|u|""Huz dx

(3.11)
(P = Ol , + IVullp) + (g = ONIVullg g = 20 = k) Jo w()|ul” dx

(g'(0),z) =

where A, and B, are defined in (3.1).
Proof. Fix u € N, and define G,: W xR - R by
G,(z,1) := (Iﬁ(t(u —2)),t(u - 2)),

that is,

G (z,0) = 1" (u =z, + ||Vu = Vz|2) + 19| Vu = Vz||? , ~ /1/ () [u = z]* + w, () |u — z]") dx.
k ’ Q

Since u € N,, it holds U/,l(“)’ uy =G,0,1)=0.
Next, we compute the partial derivative of G, with respect to ¢ at (0, 1). We have

aiGu(O’ D =(p—k)([ul? , + IVull?) + (g = OIVull} , — A - k)/ w)(x)|u|" dx # 0,
! ; ’ Q

where the inequality follows from Lemma 3.3.
Therefore, the assumptions of the Implicit Function Theorem are satisfied at (z, ) = (0, 1). Hence there exist ¢ > 0 and a C'-function
g B,(0) —» R such that g(0) = 1 and g(z)(u — z) € N, for all z € B,(0). Since both « and g(z)(u — z) belong to N, we obtain
[wl?, + Va2 + | Vull¢, ~ A / (w ()lul* + w0l dx = 0 (3.12)
Q

and

gl (2)[u— Z]gp + g (2)||Vu — Vz||£ + g9(2)||Vu — VZ”Z,, - /lgk(z)/ wy(x)|u— z[Fdx — Ag’(z)/ wy(X)|u—z|"dx = 0. (3.13)
’ ’ Q Q

13
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Moreover, the following limits hold as z - 0 in W:

g @IVu—= vzl = IVull)
lim

= p(g'(0), 2) || Vull? ~ p/ [VulP2Vu - Vzdx,
Q

z=0 4

£V = V2], = IVal
i e (0 DIVu, ~ | aboIVulr Ve Vzd,
Z— i Q

g @u-z, -,
lim - :

= p(g'(0), )[ul} , = pA,(u, 2),

z—0 z

k 1k _ [ylk
lim/wl(x)w dx=k(g’(0),z)/wl(x)|u|kdx—k/wl(x)lulk_zuzdx,
20 /o z Q Q

r — ro_ r
lim/wz(x)M dx=r(g'(0),z)/w2(x)|u|’dx—r/wz(x)lulr_zuzdx.
z—0 Ie) Q fe)

Substituting these limits into the difference of (3.13) and (3.12) and simplifying yields (3.11). This completes the proof. [
Lemma 3.7. Let A € (0, 4,), where A, is defined in (3.2). Then there exists a minimizing sequence {u, },en C N, such that
I(u,) =m;+o0,(1) and [I(u,)=o0,71).

Proof. From Lemma 3.1, the functional I, is coercive and bounded from below on N,. Hence, by Ekeland’s variational principle,
there exists a sequence {u,},cy C N, such that

I,(u,) <m, + % and I,(u,) <I,(v)+ %llv —u,lly, forallve N,. (3.14)
Since m} < 0 by Lemma 3.5, it follows that for large n
I < Lo+ Lo
A(u,,)_ml+; _mi+; <0,

so u, # 0. Using Holder’s inequality, Lemma 2.3 and the embedding estimate ||u,||, < C,|lu,|ly, we obtain

1 1 1 1 1 1
0> I;(u,) = (; - ;)([m,f:,,, + 112, 17) + (5 - ;) 1V, = 4(3 = 1) [ oot ax

11 11 .
z(q r>§(un) Mg = 5 ol = e

1

q

> ( -
Hence,

1
(r—k)q k ak
< r
Il < (Ak(r_q) il = cF)
where a = p if ||lu,|l, > 1 and a = g otherwise. Thus, {u,},cy is bounded in W.

To prove I ;(un) — 0 as n — oo, we use Lemma 3.6. For each u,, there exists ¢, > 0 and a C'-map g, : B, (0) - (0,00) such that
g,(2)(u, —z) €EN,.

Fix n large enough so that u, # 0, and let x € (0, ¢,). For a given u € W, we define

. 1 1
) min(l -l ) = (5 = 5 )l =, CE I

N =

r

Ku
[leell

From (3.14), we get

Ve ! and 7, 1= g,(vo)u, —v,).
1
IA('IK) - Ij(un) > _; ”’1;{ - un”W‘
Using Taylor’s expansion at u,,
1
(L)1 = )+ 0, (Il =l ) 2 =~ g = iyl

Substituting 5, —u, = —v, + (g,(v,) — D, — v,.), we deduce

1 (g.(v) - D 1
<I/’1(u”), W> < n—K||'1,< —u,lly + TU;("") — L), — V) + ;0,1(”71,( = uyllw)-
Letting « — 0 for fixed n, we deduce
’ u < ’
I w,), —— ) < =1+ lg, Oy 1), (3.15)
[leellyy n

for some ¢ > 0.

14
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It remains to show that ||g/,(0)|l;; is bounded. From Lemma 3.6 and Hélder’s inequality, we have
Clizlly
(= 01,15, + 1V, 1) + (g = NV, ll§.0 = A = k) fog wy ()l " dx”

where C is a positive constant. Suppose ||g/,(0)|ly is not bounded. Then, along a subsequence, the denominator goes to 0. However,
since u, € N,, it follows that L,(u,) = 0,(1) and

(£/(0),2) <

0= BIIVu, 2 < (0= k), 12, + Vi, 12) + (g = RlIVa 12, < 2,0 = Rl o SNV, I + 0, (1),

q.a —

which leads to

(p—K) -
”Vu,,”p > <m> +0,,(1).

'w‘-

Thus, for n sufficiently large, we have ||Vu, ||, > ¢ > 0. Then we get

—k

r-r k k Kfr—»p p—k - k| —
L(u,) 2 mIIVunIIZ = Mlwll_ SEVull, > 11Vl m(m) = Al S 1=0,

which is a contradiction to L,(u,) = 0,(1). Hence, ||g/(0)||; is bounded, and from (3.15) we conclude that I i(un) =o,(1). O
Lemma 3.8. Let 1> 0 and {u,},ey C W be a bounded (PS),-sequence for some ¢ € R. Then, up to a subsequence, we have
Vu,(x) » Vu(x) ae inQasn— oco.

Proof. The proof follows from Farkas—Fiscella-Winkert [12, Lemma 3.1] and da Silva-Fiscella-Viloria [31, Lemma 2.2]. For the sake
of brevity, we omit the details. [

Lemma 3.9. Suppose that {u,},en C N, is a (PS).-sequence for the functional I, at the level c, and that u, — u weakly in W. Then u is a
critical point of I,. Moreover, the energy of the weak limit satisfies

»
1,(u) > —CArk,

where ¢ is defined in (3.4).

Proof. Since {u,},cy is a (PS).-sequence for I,, we have

(I/’l(un), u,) = [un]f;’p + ||Vu,,||£ + ”V“n”Z,a - A/(wl(x)|un|’< + 1wy ()|, |7 dx = 0, (1),
Q

1 1 1 A A
) = L1+ 201+ 19,15, = 2 [l as=2 [l ax= e+ o,
Using Lemma 2.3 and the Sobolev embedding theorem, we estimate

1
€ +C2”un”W 2 Iﬁ(un) - ;(11(1'4")3“")
11 11 11 .
= < )[unlf,,,+ (; - ;)nwnnz ¥ <5 - ;)nwnug,d (3 - ;)/ﬂwl<x)|un| dx
> ( 1
q

1
)5%)—1(% =~ otz e, I
1 ) » . 1

2 (2= ) mintl i, e, ) = 4(
for some ¢, ¢, > 0. Hence,

= Yllwill £, CElla Iy
1 1) . » p (1 1) .
> (- , —dey(7 - ,
c3_<q r)mm{uunn el } = des (7 =+ )l

1
k r
for some c3, ¢4 > 0. Since k < p < g < r, the last inequality implies that {u,},cy is bounded in W.
From this and the reflexivity of W, there exists u € W such that u, — u weakly in W, up to a subsequence not relabeled. Therefore,
we have the compactness properties

= <=

Nl l= N I= N

u, = u, strongly in L3(Q) for § € [1, p*),
u, = u, a.e.in Q,
. ’ (3.16)
|u, 1% 2u, = |u|®~2u, weakly in L% (Q) for 6 € (1, p*]
|Vu, |52 Vu, is bounded in ¢ (Q) for 5 € {p,q}.
By Lemma 2.3 of Chen-Mosconi-Squassina [50] and (3.16), we have
nlinolo A,(u,,v) = Ay, v), forallve w, nli_>n°10 B,(1,u,,v) = B,(1,u,v), forallve w. 3.17)

15
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Let
K :={xeQ: a(x) =0}. (3.18)

Since a(-) is Lipschitz continuous, the set Q \ K is an open subset of R". Moreover, {|Vu,|92Vu, }nen is bounded in LY (Q \ K, a(x)).
Using (3.16), Lemma 3.8 and Proposition A.8 of Autuori-Pucci [51], we obtain

lim B, (a(x),u,,u) = lim / a(x)quﬂlq’ZVu,1 - Vudx = B(a(x), u, u).
n—oo0 n—oo Q\K
Moreover, from (3.16), we deduce

/ w1 (0)|u, ¥ 2u,vdx — / w()|ul*uvdx, forallve W,
Q Q (3.19)

/ wy (%), |"u,vdx — / wy(X)|u|"2uvdx, forallve W.
Q Q

Combining (3.17) and (3.19) gives

(I (uy), vy = (I (w), v)
= (A,u,,v) = Ay, v)) + (B,(1,u,,0) = B,(1,u,v)) + (B, (a(x), u,, v) — By(a(x), u, v))

- ,1/ w1 ()|, 2, — |u]*2u)v dx — /1/ wy () (|, |2, — |u] 2wyvdx = 0,(1).
Q Q

Since 1 /’1(”") — 0 in W, it follows that (I ;(u), v) =0 for all v € W. Hence, u is a critical point of I,.
Finally, since u is a critical point of /,, we may write

1 1 1 1
1w > (1—) - ;)nwu'; ~i(5-+) /9 w, () lul* dx.

Using Holder’s inequality, the Sobolev embedding theorem, and Young’s inequality, we obtain the estimate

A/wl(x)|u|kdx
Q
—k

k
p(1 1 1\ N e (P11 1\/1 1\N\7 "
<[ Z( == - _ = o =
_<k(p >(k r) > ||Vu||pl k\p r (k r) leorllr/-10Sy

fs

— p l_l l_l -1\ 7 .
A= <k<P r>(k r> > ||W1||r/,_kSr

Thus, we deduce

1 > L 1 Al p" cA p"
= - = -k — —F)p—
w2 ( k r ) ¢ ’

which completes the proof. [

Lemma 3.10. Suppose that {u,},cn C N, is a (PS),.-sequence for the functional I, at the level c. Then {u,},cy has a convergent subsequence
in W provided that

N
»

11 Sy L
—w<e<e == - = | 5 — A, (3.20)
TP Ayl 7

where ¢ is defined in (3.4).

Proof. Since {u,},cy is a (PS).-sequence, Lemma 3.9 implies that {u,},cy is bounded in W. By reflexivity, there exists u € W such
that, up to a subsequence, u, — u weakly in W. By Lemma 3.9, the weak limit u is a critical point of I,. Moreover, since u, — u
strongly in L%(Q) for every 6 € [1, p*), we have

/ wl(x)lu,,|k dx — / wl(x)|u|k dx.
Q Q
Applying the Brezis-Lieb lemma, we obtain the decompositions
1 1 1 A
;[un - u]f,p + ;lqun — Vu||§ + t—I||Vu,1 — V””Z,a — ;Ilu,, — ullf,w2 +1;(u)=c+o,(1), (3.21)
[, = ul? , + IV, = Vall? + [V, = Vulld,, = A, = ull,, = 0,(1). (3.22)

16
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Define,

K= ,}EEO([M" - u]{;’p +||Vu, — V““Z +|IVu, — V””Z,a) >0.
From (3.22), it follows that

nli{?o Allu, — ullivw2 =K.
If x =0, then

Tim (1w, — ul?, + |V, = Vall? + [[Va, = VallZ,) =0

and Lemma 2.3 yields u,, — u strongly in W, completing the proof.
If r < p*, then u, — u strongly in L"(Q) for all r € [1, p*). Hence,

. o =
’}ngolllu,, ullr’w2 Kk =0.

It remains to consider the case r = p*. Using (2.1), we obtain

" - . 2t
k= lim Allu, = ull’, < AlwslleS, * lm Vi, = Vull)” < AllwyllS, * k7
This yields
N
P

Sp

N-p
Alwslle)

Now (3.21) gives

<K.

N
|1 1 1 A ; 11 11 Sy
= 130 = Jim | 2,2+ 209, 5+ 219y = vy, = Ay = | > (B LYes (2o L) —
(llwl) 7

Hence,

S’ S e
oo () = (1 1) % et
(Alwslle) » (Allwylle) *

contradicting (3.20). Therefore, x = 0, and hence u,, — u strongly in W. O

N N
P

Proof of Theorem 1.1. Let 4, > 0 be chosen so that, for every 4 € (0, 4,,.), the inequality

N

S ? p

(l - é)ﬁ — CArk > 0.
q P —

(Allws 1) »

holds. Define 4, = min{4,, 4, }. For all 1 € (0, 4y), by Lemma 3.7, there exists a minimizing sequence {u,},cn C N,. Moreover, {u,},cn
is a (PS),,, -sequence for I, at the level m;. By Lemma 3.10, there exists u; € W such that, up to a subsequence,

u, — u,; strongly in W.

Consequently, for these values of 4, the function u satisfies (I /’1 (uy),v) =0forall v € W, thatis, u, is a critical point of 7,. In particular,

1.1 poy(L_1 kx> —a(L -1 k
B> (2= D) iwuig-a(2-2) [wett oz =i - 1) [wht o

Therefore, since I,(u;) = m,, it follows that

X m4<1 1)*1
dx>——=(—- - - >0,
/le(x)luil x> PV

implying u, # 0. Hence, u; € N, and I,(u;) = m,.
Next, we prove that u; € N}. Suppose, by contradiction, that u, € N; . Then, by Lemma 3.4, there exist numbers 7, <, = 1 such
that #,u; € N} and 1,u; € N;. Since the map 7 = I,(1u,) is increasing on [#,1,), we obtain

my < I;(tyuy) < I(tuy) < I(uy) =my, forallte(r,]),
which is a contradiction. Hence, u; € N, and therefore m; = I,(u;) = m}. If u; > 0, then u, itself is a nonnegative weak solution
of (1.1) and minimizes I, on N;r. Otherwise, assume that u; changes sign. By Lemma 3.4, there exists a unique #; > 0 such that
71|lu;| € N. Moreover,

Yyt (D) <7, (D) = /1/QW1(X)|“/1|kdx = Yy (1) < 7, (1)

17
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Since u; € N;’, we have y/ 4(1) > 0, which implies 7; > 1. Consequently,

¥
m; <oy, (1) <0, () <0,

()= ml’
Therefore equality holds throughout, and we obtain

+
Ii(t1 luy]) = o1, (t) = m?,

with 1, |u;| € N;. Hence, 1, |u;| is a nonnegative weak solution of (1.1) lying in N}. O

In the second part of this section, we prove Theorems 1.2 and 1.3. Recall that w, = i and r = p* while still (H,) (i) and (ii) are
assumed. The energy functional ¥, : W — R associated with problem (1.2) is defined by

— » P q ;
S, ) = / / luo) = u)I? dxuly+/<M +a(x)M>dx—A/ w‘(x)| [* dx -/i|u|" dx.
v Jan |x— y[Ntse Q p q Q Qp*

As in Section 3, we define the Nehari manifold by

N, = {ue W\ {0} : (S(w),u)=0}.
For each u € W\ {0}, we define the fibering map ¢,(¢) := ,(tu). Furthermore, we decompose the set 9, into three disjoint subsets,
namely 7 and 922 in the same way as in Section 3. We also define the quantities m, and m} analogously.

Note that §, is coercive and bounded from below on %, by Lemma 3.1. Moreover, arguing as in Lemma 3.3, one has 923 =0
for A e (O,L), where Z* is defined in (3.3). Proceeding as in Lemma 3.4, one can show that for A € (O,Z*) and every u € W \ {0},
there exist unique 7,, > 0 and numbers #,7, with #; <1,, <1, such that ¢'(r,,) = 0, r,u € N}, and t,u € N;. Repeating the argument of
Lemma 3.5, we deduce m; <0.

Next, proceeding as in Lemmas 3.6, 3.7 and 3.10, we obtain the following auxiliary results.

Lemma 3.11. Let i e (O,Z*), where Z* is defined in (3.3), and let u € N ;. Then there exist ¢ > 0 and a differentiable function ® : B,(0) —
(—o0, ) such that (0) = 1 and G(z)(u — z) € N,;. Moreover,

pB,(1,u,2) + qB,(a(x),u, 2) + pA,(u, 2) — [o(Aktw; ()|ul*=2 + p*[ul”" 2)uz dx

@0).2) = ‘
(@10 2) 0= Rl + IVal) + (g - OIVall, — " — k) Jolul? dx

Lemma 3.12. For A € (O,E*), where 7»* is defined in (3.3), there exists a minimizing sequence {u,},en C N, such that
S,w,)=m,;+o0,(1) and S;(u,,) =o0,(1).

Lemma 3.13. Suppose that {u,},cn C N, is a (PS),-sequence of S at the level c. Then {u,},cn has a convergent subsequence in W provided
that

1 1 X o
—oo<c<coi=<———*> S, —éark,
q P

where ¢ is defined in (3.4).
Proof of Theorem 1.2. Let 4,, > 0 be chosen so that, for all 1 € (0, 4,,), the inequality

<l——*>s” V=24
q P

is satisfied. We define 4; = min{4,, 4, }. For all 4 € (0, 4,), by Lemma 3.12, there exists a minimizing sequence {1, },cn C N, which is
also a Palais-Smale sequence for I, at the level m ;. Applying Lemma 3.13, we find a function u;, € W such that, up to a subsequence,

u, — u,; strongly in W.
Proceeding exactly as in the proof of Theorem 1.1 yields the conclusion. O

Next, we additionally assume that w, = 1. Consider 1 > 0 such that

Pk
. S Pr-p -1
PR <1—i*><%—1> : (3.23)
1Q| i q p q
Lemma 3.14. Let A € (0, 1). Then , satisfies the (PS),.-condition at level ¢ for every ¢ < 0.

Proof. Let {u,},cn be a (PS),-sequence for §,. Proceeding as in Lemma 3.9, we see that {u, },cy is bounded in W. Since W is reflexive,
there exists u € W and a subsequence, not relabeled, such that u, — u weakly in W. Consequently, up to a subsequence,

u, = u, strongly in L%(Q) for § € [1, p*),

u, = u, a.e.in Q,

|, =2, — |u|®=2u, weakly in LY (Q) for § € (1, p*], (3.24)
Vu,(x) - Vu(x) a.e.in Q,

llty = ull o = 1., where I > 0.

18
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Let K :={x € Q: a(x) =0} as in (3.18). Since a(-) is Lipschitz, Q \ K is open. From (3.24), we get

. -2
lim /Q|Vun|p Vi, - Vudx = || Vull5.

n—co
Further, {|Vu,|92Vu,},y is bounded in L7 (@Q \ K, a(x)). Using (3.24) and Proposition A.8 of Autuori-Pucci [51], we arrive at
n]LTo B,(a(x),u,,u) = nll)rgo L\K a(x)qunl"_ZVun -Vudx = ||Vu||Z,a.
In addition, by (3.24) and Lemma 2.3 of Chen-Mosconi-Squassina [50],
lim A, (1) = Ay u) = [ul?, (3.25)
Therefore, using (3.24), (3.25), and the Brezis-Lieb Lemma, we compute
0,(1) = (S;(un), u, —u)
= B,(L,u,,u, —u) + By(a(x),u,,u, —u) + A,(u,,u, —u) — 4 /Q|u,,|k’2un(un —u)dx — /Q|un|”*’2uﬂ(u,, —u)dx
= IV 12 = 5l + IV, 19, = 1Vl + L2, 12, = (012, = a2 + [l + 0,(1)
= IV, = Vulls + |V, = Valle,, + (1, = ul?, = llu, = ull’. + 0,(1).
Hence,
lim (lqun — Vull? + (| Va, — Vulld, +[u, - u]ﬁp) = lim [lu, — ull’, = 17" (3.26)

If / = 0, then Lemma 2.3 yields u,, — u strongly in W, and we are done. Suppose, for contradiction, that / > 0. From (3.26) and (2.1),
we obtain
SylP < |IVu, - Vullﬁ <,

and therefore
1

12877, (3.27)
Next, observe that
o 1 » ) 11 AN o
C+0(1)—J,1(u)——(«5,1(u)u)> === JAIVu 1)+ w15 ) = A~ = = Ml + | = = — gl
P q k q q p ’

Letting n — oo and using (3.24), the Brezis-Lieb Lemma, Holder’s inequality, Young’s inequality and (3.27), we deduce
11 11 B
e [ +I|uI|” )= 4 (— - —)Ilull
a p ) k oq) 7k
11 1 1 Pk
- - _>(,p +lull?) = <— - —>|sz| 7 lullf,
q p* k q
__k 2
1 1 1 1 rr=k 1 1 pr-k
)(1” + llull?)) = (— - —*)uuu" |sz|<— - —*> <A(— - —))
q p p k q
__k_ o
o =
<l__>sp N |Q|<__L> p <A<l_l>>p '
q p* p* k q

For every 4 € (0, 1) with 1 satisfying (3.23), the right-hand side is strictly positive, hence ¢ > 0, contradicting the assumption ¢ < 0.
Hence, / = 0, and thus u, — u strongly in W. This completes the proof. [

|-

v

Since the energy functional J, involves the critical Sobolev exponent, it is not bounded from below on W. To address this,
following the approach of Farkas—Fiscella-Winkert [12] and Garcia Azorero—Peral Alonso [52], we introduce the auxiliary function
g, [0,00) - R defined by

1 Ak 1 ApFpr
=-1_Z R P
gg(t)—qt 2 Ci! p*cp*t .

Since k < g < p*, we have g,(r) < 0 for ¢ > 0 sufficiently small and g,(f) > —o as t - co. Moreover, because 1 < k < p < g < p*, there
exists 4; > 0 such that g, attains its positive maximum for every 1 € (0, 1,). Let ay(4) and a,(4) be the two positive zeros of g, such
that 0 < ay < ;.

We now show that ¢y(4) - 0 as 4 — 0. Since g,(ay) = 0 and g;(ao) > 0, we have, for 4 € (0, 1)),

-a"u) -ck A+ —c" af’ A), (3.28)
al™' (1) > ACfak™ ‘(/1)+c" =1y, (3.29)
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From (3.28) it follows that «((4) is bounded. Suppose, for contradiction, that ay(4) — a # 0 as 4 — 0. Passing to the limit in (3.28)

and (3.29) yields
lot" = iC”:a"* and %' > Cp:a”*_],
q p* P d

which is impossible because g < p*. Therefore, a,(4) — 0 as 4 — 0. Hence, there exists 1, such that a,(4) < 1 for every 4 € (0, 1,), and
consequently ay(4) < min{a,(4), 1}.
Next, for A € (0,min{;, 1,}), we fix a C*®-function 6 : [0, o) — [0, 1] such that

o) = {1 if 1 € [0, a(A)]
0 if7 € [min{a;(4), 1}, o).

We then define the truncated energy functional &, : W — R by

) — u)I? IVl VTN A
=1 [ O ey [ (B a0 Y- 2 it s Ll odtul)

It is immediate that

L

$,w) =S, for any ||ully € [0, ay(A)]

and that §, is coercive and bounded from below.
Finally, choose A > 0 such that

A <min{Z, 1, 1y, A3},

where 1 is defined in (3.23), 1, 1, are as above and 1 = q%.
k

Lemma 3.15. Let A€ (0,A). If § ) <0, then |lully, < ag(4) and 5] 1(2) = S,(2) for every z in a sufficiently small neighborhood of u.
Moreover, §, satisfies the (PS),-condition at level ¢ for every ¢ < 0.

Proof. Fix 1 € (0, A) and suppose that § ,(w) < 0. We consider two cases.
Case 1: |Jully > 1
In this case, 6(||u|ly,) = 0. Hence

s 1 1 A 1
i) = S, +1Vull) + IVulf, - /Q|u|’°dx > Clully, = —C"uuu" =t o, (llully),

where o,(1) 1= éﬂ’ - %C{ft" for all 7 € [1, o). The function ¢, is minimized at

1
ACEq\ 7 F
t, = s
p

P
k —k
1 /1qu r < p
1) =— 1-=)<0,
o,(1,) q< . k)

since k < p. Moreover, o,(t) > 0 if and only if >

and

1
Ckq\ Pk
)" afa< Ay = k , we deduce that min,; ) 0;(t) > 0, which further implies
&) > 0 for |lu|ly, > 1, contradicting S ,(u) < 0. Therefore, ||ully, > 1is 1rnp0551ble.
Case 2: |Jully, < 1
We estimate

& 1
S},(")Zt_lllu”q _E cllullyy, ——C” IIMIIP Ollully) =2 &;llully ).

where §,(t) := ét" - %C]’fr" - [%C;’* " 0(t). Since 0 < 6 < 1, we have

2,()> g,()>0 forall 1 € [ay(4), min{a,(A), 1}]. (3.30)

Thus, if min{a;(4),1} = 1, then ﬁﬂ(u) < 0 together with (3.30) implies |ju|ly, < ag(A).
If min{a,(4), 1} = a;(4), then a; (1) < 1. For a(4) < |lully, < 1, we estimate as in Case 1 by dropping the critical term (it is truncated,
hence nonnegative in the energy with a minus sign removed when 6 = 0) and obtain
A~k k
- ¢k

§,0 2 &, (lully), wherefm(z)=}1tq :

which yields again a contradiction for A < /;, exactly as in Case 1. If instead ay(4) < [u[ly, < @,(4), then (3.30) implies 131 2@ >0,
contradicting §,(u) < 0. Hence in all cases, |Jully < a(A). Since &, is continuous, there exists a sufficiently small neighborhood
B C Bg(ay) of u such that §,(z) <0 for all z € B and S,(z) = §,(z) follows from above. Furthermore, for ¢ < 0, we have §, = S,.
Thanks to Lemma 3.14, § , satisfies (PS) -condition. This completes the proof. [
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Lemma 3.16. Let 4 € (0,min{1,, A, }). Then, for every m € N, there exists 5 = 6(4,m) > 0 such that y ($°) > m, where
§P={uew: §,w< -8

Proof. Fix 1 € (0,min{1,,4,}) and m € N. Let W,, C W be an m-dimensional subspace. Since W,, is finite dimensional, all norms are
equivalent. In particular, there exists a constant C(m) > 0 such that

llull® > C@m)|ullk,, forallue W, (3.31)
Let u € W, with ||u|ly, < &y < 1. Using the definition of $, the truncation property, and (3.31), we obtain

= 1 A

§,) < ;Ilullﬁ, - EC(m)Ilull’;V. (3.32)

Choose r, > 0 such that

1
ACmp \ 7
. ) . (3.33)

ro < min| ay(4), <

Next, define S, = {u € W, ! |lully, = ry}. Since W, is m-dimensional, S, is homeomorphic to the (m — 1)-dimensional sphere. More-
over, from (3.32) and (3.33), we obtain

S,w) <0, forallues,.

Therefore, by continuity of & , and compactness of S there exists 6 = 5(A, m) > 0 such that § ;) < =6 for every u € S,,- Hence,
S, C §;5 \ {0} and by Proposition 2.9, we get

r(87°) 2 v(S,) = m.
O

Proof of Theorem 1.3. Define
P.={ueW:$,u=cSu=0} (3.34)
For each m € N, set

¢, = inf sup S, (u),
€y ueA

where
2, ={ACW\{0}: Ais closed, symmetric, and y(A) > m}.

By Lemma 3.16, for every m € N, there exists §,, > 0 such that

—~Om

&
) zm 3

S = uew: §,w) < -5,).

Hence, §;6m €3, Since §, is bounded from below, it follows that

—0<c, < sup F,(u) < -6, <0.

6
& m
uE\S/1

Thus each ¢, is finite and negative.

Let P, be as defined in (3.34). We claim that P, is compact. To this end, let {u,},ey C P, be a bounded sequence. Then
$,(w,) = ¢, and & (u,) = 0. By Lemma 3.15, §, satisfies the (PS), condition, i.e., there exist u € W such that {u,},cy converges
to u strongly in W, up to a subsequence if necessary. This implies § ,w) =c¢, and fs’i(u) =0, hence u € P, . Thus, {u,},ey admits a
convergent subsequence in P, consequently P, is compact. Moreover, by Proposition 2.9, we have y(P,,) < co.

Since 2., € %, we have ¢,, <c¢,,. If all ¢,, are distinct, then we obtain an infinite sequence of distinct critical values c,, <0,
hence infinitely many distinct critical points of &, with negative energy.

Suppose instead that for some m € N and some j > 1,

=..=c

m+j*

Then, by Lemma 3.6 of da Silva-Fiscella-Viloria [31], we have r(P,)zJj+1 Following the classical argument presented by Rabi-
nowitz [42, Remark 7.3], it follows that P, contains infinitely many distinct elements. Hence &, possesses infinitely many distinct
critical points with negative energy.

Finally, by Lemma 3.15, on negative levels the truncated functional §, coincides locally with the original functional . Therefore,
S, also has infinitely many distinct critical points with negative energy. This completes the proof. [
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4. Local p-Laplacian with fractional double phase

In this section, we study problem (1.3) and prove Theorems 1.4 and 1.5. We show that problem (1.3) admits at least two nontrivial
constant sign solutions by employing the Mountain Pass Theorem, and we obtain a least energy sign-changing solution by means of
the Poincaré-Miranda existence theorem and the quantitative deformation lemma. Throughout this section we suppose that (H,)
holds.

The energy functional J : E — R associated with (1.3) is

J(u):l/|Vu|pdx+l/|Ds(u)|pdv+l/b(x,y)lDS(u)lqdv—/F(x,u)dx
P Ja P Jo q.Jo Q

where F(x,t) = fot f(x,7)dz, and D,(u) as well as dv are defined in (1.4). By Lemma 3.10 of de Albuquerque-de Assis—Carvalho-Salort
[53] we have J € C!(E, R), and its derivative is given by

(J' (), vy = /Q |VulP~2Vu - Vodx + /Q | D, ()"~ D (u) D, (v) dv + /Q b(x, )| D, ()| "2 D, (u) D (v) dv — /Q F G, uyvdx
for u,v € E. We also note that if u € E satisfies u™ # 0 # u~, then
Jw) > T+ J(—u"), (J'@,uty> T @hHuy, (J'w,-u")> T (—u"),—u").
Remark 4.1. The following properties are immediate consequences of (H,):
(i) By (H,)(ii) and (iii), for every ¢ > 0 there exists ¢, > 0 such that
F(x,1) < €|t]” +¢,|t|", fora.e.x € Qand forall 7 € R.
(i) By (H,)(ii) and (iv), for every M > 0, there exists c¢,, > 0 such that
F(x,1) > %lth —cy, forae.xeQandforallreR.

(iii) From (H,)(ii) and (iv), we infer that ¢ < r. Moreover,
F(x,1)

1
t—+00 |t|L]

(iv) From (H,)(iii) it follows that f(x,0) = 0 for a.a. x € Q.

= oo uniformly for a.a.x € Q.

To obtain constant sign solutions of problem (1.3), we introduce the truncated functionals J, : E — R defined by
J.(w) = 1 / |Vu|? dx + l/ |Dy(w)|? dv + 1 / b(x, »)|Dyw)|? dv — / F(x,+u%)dx.
- P Ja P Jo q9Jo Q
Next, we define the operator A : E — E* corresponding to the principal part of the energy functional by
(A), vy = / |VulP~2Vu - Vodx + / |Dy(w)|P2Dy(u)Dy(v) dv + / b(x, )| Dy()|772 Dy(u) Dy(v) dv,
Q o o

where (-, -) denotes the duality pairing between F and E*.
The following lemma establishes the key compactness property of the operator .4, which will be crucial in proving the existence
of constant sign solutions.

Lemma 4.2. The operator A satisfies the (S, )-property. More precisely, if {u,},cn C E is such that u, — u weakly in E and
limsup (A(u,,),u, —u) <0,

n—oo

then u,, — u strongly in E.
Proof. Let {u,},en C E satisfy u, — u in E and

lim sup (A(u,,), u, — u) < 0. (4.1

Since the space E is continuously embedded into both WO1 ?(Q) and WO‘“Q(Q), the weak convergence in E implies

w, = u in W,"(Q), (4.2)

u, =~ u in W9Q. (4.3)
Moreover, the weak convergence in E yields

nlinolo(A(u), u, —u) =0. 4.9
Combining (4.4), (4.1) and Lemma 2.15, we obtain

nlin;o(A(u,,) — A(u),u, —u) =0.
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Using the definition of A, we have

(A,) — AW),u, —u) = / (1Vu,|P~2Vu, — [VulP>Vu) - V(u, — u)dx +/ (1Dgu, "2 Dyu, — | Dgul”>Dyu) D(u, — u) dv
Q Q

+/ b(x,y)(|Dgu, | > Dyu,, — | Dyu|™> Dyu) D, (u,, — ) dv.
o

By the standard monotonicity inequalities for the p-Laplace operator and the fractional p- and g-Laplace operators, each term in
the above expression is nonnegative, see Lemma 2.15. Therefore, since their sum converges to zero, each term must converge to zero
separately. In particular,

lim / (IVu, 1PV, — | VulP2Vu) - V(u, —uw)dx = 0, (4.5)
n—oo Q
and

lim </ (ID5(,) 1P~ Dy(u,) — | Dy)[P~2 Dy(u)) Dy (u,, — u) dv
n—oo Q

(4.6)
+/ b(x, y)(|DS(un)|q_2D5(u,,) - |Ds(u)|"_2 Ds(u)) Dy(u, —u) dv> =0.
(4]

From (4.2), (4.5) and Lemma 2.15 by Colasuonno-Pucci-Varga [54], it follows that u, — u strongly in WOI ?(Q). Similarly, using (4.3),

(4.6) and Theorem 3.14 of de Albuquerque-de Assis—Carvalho-Salort [53], we deduce u, — u strongly in WO‘“Q(Q). Combining these
two strong convergences yields u, — u strongly in E. This completes the proof. [

Lemma 4.3. The functionals J, satisfy the (C)-condition.

Proof. We prove the result for J, . The proof for J_ is analogous.
Let {u,},en € E be a sequence such that, for some ¢; > 0,

[ @] <ecq, I+ ||un||E)Ji(un) -0 inE™
Thus,

<c¢ 4.7)

l/ |Vu"|pdx+l/ |Ds(u,,)|pdv+l/b(x,y)le(un)lqdv—/F(x,u:)dx
pPJo P Jo q9Jo Q

and, forallv € E,

/qunlp_ZVun-Vvdx+/ |Dx(u,,)|”_2DS(u,,)DS(U)dv+/b(x,y)|DS(u,,)|‘1_2Ds(u,,)Ds(u)dv—/f(x,u:)vdx
Q o) o) Q

(4.8)
o,(Dlvll g

T A+ lu,llg)”
Taking v = —u;; as a test function in (4.8), we obtain

/ |Vu, |P dx +/ | Dy(u;)|P dv +/ b(x, )| Dy(u,)|? dv| < 0,(1).

Q (6] Q

Therefore, using Lemma 2.6, we have ||u, || — 0, and consequently

w —0 inE. (4.9)

Next, taking v = u,, as a test function in (4.8) and subtracting it from (4.7) after multiplying with ¢, we obtain

(i - 1) / |Vu, |7 dx + (3 - 1)/ |D,(u,)|” dv+/(u;f(x,u;)-qF(x,u;))dx <é (4.10)
P Q p 0o Q

for some ¢, > 0.
We claim that {u}},cy is bounded in E. Suppose by contradiction that

llufllg = oo. (4.11)

"
Define y, = o then || ¥ullg = 1, which implies the boundedness of {y,},cy in E. By reflexivity of E, there exists y € E such that

[
y > 0 and up to a subsequence, we have

Yun Y inE,
y,(x) = y(x) foraa.xeQ, (4.12)
Y=y in L"(Q) for r € [1, p*).

We show that y = 0. Suppose that Q* = {x € Q: y*(x) > 0} has positive measure. Then
lim uf(x) = lim y,)|luf ||l — o0 inQ*.
n—oo n—oo
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By Remark 4.1 (iii), one gets
F(x,uf (x))

in Q*.
e luf (|9

Fatou’s lemma yields

F(x,ut(x
liminf/ wdx=oo
Q+

n—oco +

N 1%

Using (H,) (ii) and (iv) gives
F(x,s) > —c, fora.a.x € Qand for all s € R,

for some ¢, > 0. From (4.13) and (4.14), we obtain

F(x,uf(x))

Nonlinear Analysis 272 (2026) 114169

(4.13)

(4.14)

F(x,uf (x) ¢

Ql.

F(x,ut(x)) F(x,uf(x))
a il

= —— dx+
/m lly 1%

Thus, from (4.11) and (4.13), we have

. F(x,uf(x))
lim / T dx = 00
= Jo o luylly

—————dxz/
/n\m e 119, ot

+

- |
llay I lla I

(4.15)

By using (4.7) and Lemma 2.6, for sufficiently large n, we have, for some c; > 0,

F(x,uf(x)) Vy, (x)|”
/ ik dr<ey+ Yy, 1
o llurlly p

<o+ n(y,)
p

—c+1
=c3+ -,
p

which is a contradiction to (4.15). Hence, y =0 a.e.in Q.
Let 0 <t, < 1 be such that
J (tut) = ({rsl[asxl J(tuh).

For any fixed 4 > 1 there exists n, > 0 such that 0 < ﬁ <
n LE

To () > J+( A +) = J,(Ay,).

—Uu
Nl "
for all n > n. By (4.12), we have

v, —~ 0 in L"(Q) forre [1,p%)

which implies
/ F(x,Ay,)dx = 0.
Q

By using norm-modular relation and (4.16), we get, for some ¢, > 0,

. _/ 17, (%) = y,MIP
o llup " P Jo lluplly " lx = y [N+

— q
dxdy + 1/b(x,y)lyn(X) Yl dxdy
9Jo

=y

<1 for all n > n,. Hence

(4.16)

1 1 1
J Ay, = —/ IV(ly,,)I"dx+—/ IDS(/lyn)Ipdv+—/b(x,y)IDs(/lyn)quv—/F(x,ﬂyn)dx
PJo P Jo q.Jo Q

\%

AP

—n(y,) — / F(x, Ay,)dx
q Q

)'1’

R

for all n > n,. Because 4 > 1 is arbitrarily chosen, we see that

\%

J @) > +o00 asn — co.
Taking (4.7) into account gives
J =0 and J,(u)<c¢s forallneN,
for some c¢5 > 0. From (4.17) and (4.18) there exists n, € N such that

t, €(0,1) forall n>n,.

24
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Therefore, we have

d
0= ()

. :tﬁ‘l/|V(u:)|pdx+tﬁ_l/Q|DS(u:)|”dv+t3_1/Qb(x,y)lDS(u;)lqdv—/Qf(x,t,,u;)u:dx
= (J (t,uh),uly, foralln> n,.

By (4.10), it follows

qJ+(t,,u:l'):%/ |V(tnu+)|”dx+p/ | D, (tnu+)|pdv+/b(x,y)|DS(tnu:)|"dv— /F(xt Y dx
Q o

<g - l) / IV(t,uD)]? dx + <— - l> / | Dy(t,u)P dv + /(t ub f(x,t,ut) — qF (x,1,ul)) dx
p Q p 0o
< <3 - 1) / V()| dx + <2 - 1>/ |Ds(un)|”dv+/(u:f(x,u:)—qF(x,u:))dx

p Q p 0 Q

<o,

which is a contradiction to (4.17). Hence, (4.11) cannot be true. Therefore, {u: }nen is bounded in E. Further from (4.9), we conclude
that {u,},cy is bounded in E as well. By reflexivity of E, there exists u € E such that up to a subsequence, we have

u, = u in E,
u,(x) > u(x) fora.a.xeQ,

u, > u in L"(Q) for r € [1, p*).

Taking v = u, — u as a test function in (4.8), we obtain

|/Q |V, |P~2Vu,, - V(u, —u)dx + /Q | D(u,)|”2D(u,) D, (u, — ) dv

(4.19)
+/ b(x, »)| Dy(w,)|72 Dy (u,) Dy (u, — u)dv — / FO )@, —u) dx| < o,(Dlu, —ullg.
Q Q
On the other hand, from (H,) (ii) and Holder’s inequality, we get
/ f(x, u:)(un —u)dx < c/(un —u)dx + c/ |u;:'|r_l(un —uw)dx <cllu, —ull; + c||u:||:_1 llu, —ull, = 0. (4.20)
Q Q Q

By passing to the limsup as n — oo in (4.19) and using (4.20), we have

lim sup</ |V, |P2Vu, - V(u, —u)dx + / | D(u,)|"~2 Dy (u,) D, (u, — u)dv + / b(x, )| Dy ()| 972 Dy(u,) D (1, — 1) dv) <0,
n—co Q o o

that is,

lim sup(.A(u,),u, —u) <O0.
n—oo

By Lemma 4.2, we have u, — u in E. This completes the proof. O
Lemma 4.4. There exist positive real numbers § and p such that
Jwy=p>0 and J (wy=p>0 forall 0<|ullg<3s.

Proof. We demonstrate the claim for the functional J, as the same reasoning applies to J,. By Remark 4.1, for every & > 0 there
exists a constant ¢, > 0 such that

F(x,1) < €l|t|” +¢,|t|", fora.a.x € Qand forall r € R. (4.21)

Let ||ul|p < 1. Using (4.21), the Sobolev embedding (2.9) and Lemma 2.6, we estimate

JWw) > - /|Vu|pdx+ /|D WP dv+ - /b(x WDy (u)|qdv—s/|u|pdx—c /|u|’dx
1 1
;IIVMII§+5</QIDs(u)Ipdv+/Qb(x,y)|Ds(u)|qu>—SSZIIVullg—C*SCIIMII'E
||Vu||”(l—£S”)+l | D (w)|P dv + b(x, | D,@)|?dv | — ¢, S| ull”

P\ p p a\ Jo s 0 s VNP C Ul g

{(——e 7). }n(u)—c*Sfllull’E

q r r

>m1n{(——£S> }||u||E—c*§,||u||E.

\%

v

IV
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Now choose ¢ > 0 small such that ;1) —&S) > 0, and take 6 > 0 sufficiently small so that

p :=min{<i —eSlf),é}é"—c*S,&’ >0,

which is possible since g < r by Remark 4.1. It follows that J(u) > # > 0 for all 0 < ||u||; < 6 and for some § > 0. O
Lemma 4.5. Ifu >0 a.e.in Q, then J, (fu) - —co as t — +co.

Proof. We prove the statement for J, . The case of J_ follows analogously. By Remark 4.1, for every M > 0 there exists a constant
¢y > 0 such that

F(x,1) > Mltl" —cy, foraa.xeQandforallreR. (4.22)
q

Letu € E with u > 0 a.e.in Q. For ¢ > 1, using (4.22) and Lemma 2.6, we obtain

P q
/qul”dx+t—/ |Ds(u)|”dv+t—/b(x,y)le(u)lqdv—M/|tu|qu+cM|Q|
Q P Jo q Jo q Jo

J (tw) <

q
[/ |Vu|”dx+/ |Ds(u)|”dv+/b(x,y)lDS(u)lqdv] —M—’/|u|qu+cM|Q|
Q (0] (0] q Q

[n(u)—ﬂ/ |u|qu] +eplQl
q Jo
M
[max{||u||”,||u||‘g}——/ lul? dx
q Jo

Choosing M > 0 sufficiently large so that

<

ST =S

<

ST =S

< + ey 19

SH S

max{ . lull%,} — M/ ] dx < 0,
q Jo
we conclude that J (fu) > - ast - c0. O

Proof of Theorem 1.4. By Lemmas 4.4 and 4.5, the functionals J, satisfy the geometric assumptions of the mountain pass theorem
stated in Theorem 2.11. Hence, by Theorem 2.11, for each functional J, there exists a (C)-sequence at the level

¢, = inf max J. 1) >0,
£ yereol] +(r(®)

where
I':={yeC(0,1],E): y(0)=0,J,.(y(1)) <0}

Furthermore, by Lemma 4.3, each functional J, satisfies the (C)-condition. Therefore, by Theorem 2.12, there exist critical points
u,,v, € E of J, and J_ at the corresponding levels c, and c_, respectively. Precisely,

Ji(u*) =0, J,w)=c, >0, J (v,)=0, J_(v,)=c_>0.
Since ¢, > 0, the critical points u, and v, are nontrivial solutions of J, and J_, respectively. As (J} (u,),v) = 0 for all v € E, testing
with v = —u_ gives

(Jiw,), —u) = - / |Vu, [P~ Vu, - Vi dx - / |Dy(u,)|P~2Dy(u,) Dy(u ) dv
Q o

- / b(x, y)|Ds(u*)|”_2DS(u*)DS(u;)dv + / f(x, (u:))u*_ dx =0.
o Q

Since u}u_ =0 a.e.in Q, we have f(x, (u}))u, = 0 a.e.in Q. Hence the last integral vanishes. Using the standard identities for positive
and negative parts and the monotonicity inequalities, the remaining terms give #(—u;) < 0. Then by Lemma 2.6, we deduce that
u; =0 a.e.in Q. Hence, u, > 0 a.e.in Q. Similarly, by testing the equation for J' (v,) = 0 with v = v}, we obtain v, <0 a.e.in Q. This
completes the proof. [

In the second part, we are interested in the existence of a least energy sign-changing solution of problem (1.3), which proves
Theorem 1.5. For this purpose, we introduce the set

Si={u€E:ut#0,(J'(w,ut)y=(J' w),-u") =0},

which will serve as a natural constraint for sign-changing solutions. Before carrying out the variational analysis on S, we derive
several estimates that will be used later. For convenience, we set

RY ={xeRV:ux) >0} and RY ={xeR": ux) <0}.
Let 7,y > 0. We compute
[, 10 =Dt = b euty av
RN JRN
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= / / D, (ru*)|P dv + / / |—yum(x) = rut WP =y (x) = 7 () (=t () — e —
RY JRY RN JRN [x — y|s?

+ / / Jeut (x) + yu ()72 et (x) + pu () (eu () — 2 —
RN JRN

|x — y|*P

= / / |D,(zu*)|P dv + / / () + ()P (et () — 2+ / / (2 () + yu ()P (e () — L
rY JrY rY JrY lx =y Jey SR |x — y|*P

> / / D, (e )P dv + / / (et )y — 4 / / (ru ey —
rY JRY RY JRN lx =y " Jry SR [x — yl|sp
=/ / |DS(Tu+)|”dv,
RN JRN

where we have used the basic estimate (a + b)?~'a > a” with a, b > 0 in the last inequality. Also, we have

D (zut —yu")Dy(zu*) < Df(ﬂfr —yu”).

Following similar steps, one can get the following estimates:

/ / |Dy(zut = yu)|P72D,(zu* — yu")Dy(zut) dv > / / |Dy(zut)|P dv,
RN JRN RN JRN
1D = 2Dyt = Dy dv> [,
RN JRN RN JRN
|Dy(zrut — }/u_)l”_ZDS(‘m+ —yu )D(zut)dv < | D (rut — yu )P dv,
RN JRN RN JRN

/ / |D,(zut — yu™)|P2Dy(zut — yuT)Dy(—yu")dv < / / | D (rut — yu)|P dv.
RN JRN RN JRN

Analogous estimates hold when p is replaced by q.
Next, we prove several propositions that will be used in the proof of Theorem 1.5.

(4.23)

Proposition 4.6. Let u € E with u* # 0. Then there exists a unique pair of positive numbers (z,,y,) such that t,u* — y,u~ € S. In addition,
ifue S, then

J(aut = pum) < J@Wt —u") = J(u),

for all a, p > 0 and equality holds if and only if (a, ) = (1, 1). Moreover, for every u € S, the following properties hold:

@ ift>1and 0 <y <, then (J'(zu™ —yu™), rut) < 0;
(i) if r < 1and 0 <t <y, then (J'(zu™ — yu™),zu*) > 0;
(i) ify >1and 0 < v <y, then (J'(zu™ —yu™),—yu~) < 0;
(iv) if y <1and 0 <y <z, then (J'(zu™ — yu™),—yu~) > 0.

Proof. We will establish this proposition in four steps.
Step I: Existence of the pair (z,,7,)-
For u € E with u* # 0, we have |u(x)| > 0 for a.a. x € Q. For s € (0, 1), by hypothesis (H,) (vi), we have

f(x, su)su < f(x,u)u
[sulg = |ul?

fora.a.x € Q,

which implies
f(x, su)su < s9f(x,u)u for a.a.x € Q. (4.24)

For every y > 0 and 7 > 0 sufficiently small, using (4.23) and (4.24), we obtain
(J'(cut —yu),tuty = /Q IV(zu™ — yu)|P2V (zut — yu)V(zut) dx + /Q |Dy(zu™ — yu ) P2 Dy(ru’ — yu™)D(zrut) dv
+ /Q b(x, )| Dy(zu* = yu )| 92D (zut — yuT)Dy(zut) dv — /g fOxe, tut —yu")rut dx
> ||V(Tu+)||g + /Q (IDg(zut)IP + b(x, y)| Dy (zu)|?) dv —/Qf(x, uM)rut dx
> T”||Vu+||; - T"/Qf(x, u)ut dx > 0.
For every 7 > 0 and y > 0 sufficiently small, using (4.23) and (4.24), we obtain
(e = )= 2 [ =y + /Q (1D, + b DD, =) by = [ 7y
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> I =7 e x> 0
Q
Thus, there exists a positive number a > 0 such that
(J(aut —yu),aut) >0 and (J'(zut —au™),—au") >0 (4.25)
for all 7,y > 0. Further, choose a number g > max{1,a}. For y € [0, ], using (4.23) and (H,) (iv), we get

1At — =, But
LR o [0t = 290 = ¥ utyax + [ 1D, = 2D = oDy 0
pa b1 Ja B Jo

+ 4 / b(x, I Dy(But — yu) 72D (But — yu”)Dy(Put) dv — L / S, put — yum)put dx
B Jo B Ja

VOl | 1 /ID(ﬂ * )P v+ - /b( ) Dy(pu* — yu)|? dv — /f( putpu* d
S — —_— s u —yu % —_— X,y s u —yu V—— X, pu u X
pa p Jo 5 Jo ! p Jo
- - S G, put ) ()
5V+"+/DS+— P bx, )| Dyt —uT)9) dv— [ 2 2 L dx <0
V@I, Q(l " —u)| (¢, P D™ —u™)| ) v 0 (Guty x

for g > 0 large enough. Following similar steps for = € [0, #] and for f large enough, one can get

(J'(zut = pu™), —pu~) <.

pa

Hence, for 7,y € [0, #] and p large enough, we have

(J'(But —yu™),puty <0 and (J'(zu" - pu”),—pu") < 0. (4.26)

Define the map T, : [0, 0)> — R? by
T,z y) 1= ((J'ut = yu ), zu), (I (zut = yu7), —yu™)).

From (4.25), (4.26) and Theorem 2.14, we can find a pair (z,.7,) € [a, f] X [«, #] such that [, (z,.7,) = (0,0). Thus, we get the existence
of a pair (r,,7,) such that r,u* —yu € S.
Step II: Sign of (J'(zu™ — yu™), zu*) and (J'(zut — yu™), —yu~).

Let u € S. Then by definition of .5,

0= (@) = IVl + [ (1D, 4 501D, 1) D@Dty av = [ foxutut ax “.27)
(4] Q
and
0= ('@, =) =191+ [ (1D, 4 b 1D, @1 ) D@D -y = | fex=uyu) . 4.28)
(9] Q

We prove the four sign properties by contradiction.
CaseIL.1: Let > 1 and 0 < y < 7. Assume that (J'(zu* — yu™),zu™) > 0. Then

0 < (J' (zut —yu™), tu™)

= ||V(Tu+)||z + / | D, (zut — yu‘)l"_zDS(‘ru+ —yu")Dy(zut)dv
(9]

+/ b(x, y)| Dy(zut — yu_)lq_2 Dy(zut — yu)Dy(rut)dv — / f(x, rut)rut dx
0 Q
and
0< 77 <||Vu+||g + / (IDs@)P~2 + b(x, y)IDS(u)l"_z)Ds(u)DS(uJ“)dv) - / f(x, tut)rut dx. (4.29)
o Q

Divide (4.29) by 74 and use (4.27), we deduce
+ +
/ <f(x,ru ) fxu )>(u+)‘1dx50,
Q

(zut)i=t (!
which is a contradiction because of (H,) (vi). Thus,
(J'(zut —yu™), 7ut) < 0.

Case I1.2: For 7 < 1 and 0 < 7 < y, assume that (J'(zu* — yu™),7u™) < 0. Repeating a similar argument to that in Case IL.1, we again
obtain a contradiction. Therefore, (J'(zu* — yu™), zut) > 0.
Case I1.3: For y > 1 and 0 < t < y, assume (J'(zu™ — yu™), —yu~) > 0. Then

0 < (J'(zut —yu™),—yu™)
= IVGOI+ [ (1D, = )P+ bx D e = ) Dyt = D=y )y = [ fx = i) d
] Q
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and
0<yd <||Vu_||§ +/ (le(u)|”—2 + b(x, y)|DS(u)|‘1‘2)DS(u)DS(—u_) dv) - / f(x,—yu")(—yu")dx. (4.30)
o Q

Divide (4.30) by y and use (4.28), we deduce

/ <f(x7—u ) S, —yu )>(u7)qu <o.
o\ (@)l (yu=)a-!
Again this contradicts (H,) (vi), since y > 1. Thus, (J'(zu™ — yu™), —yu~) < 0.
Case I1.4: If y < 1 and 0 < y < 7, the same argument as in Case II.3 gives the opposite sign, and we omit the repeated details.
Step III: The pair (z,,7,) is unique.

We prove uniqueness in two cases.
Caselll.l:ue S

We claim that (z,,7,) = (1, 1) is the unique pair such that r,u™ — y,u~ € S. Assume that there exists another pair (r,y) # (1, 1) such
that zu* —yu~ € S. If 0 < ¢ <y, then Case I.2 and Case I1.3 from Step II give 1 < 7 <y < 1. On the other hand, if 0 < y < z, then
Case II.1 and Case 1.4 from Step Il imply 1 <y < 7 < 1. In both situations we conclude = = y = 1. Therefore, if u € S the only pair
producing an element of S is (1, 1).
CaseIlL.2: u ¢ S

Assume there exist two pairs (z},y;) and (z,, y,) such that

w =t —yu €S and w, =nut -pu €S.

Then we obtain

wy = 2‘L'1u+ - y—zylu_ =2 —w - 7_2w] E€S. (4.31)
7 71 7 71
Since w, € S, Case IIL.1 implies that (1, 1) is the unique pair such that 1 - wl+ -1l-wy €S. Thus, from (4.31), we get
n_n_,
7] 7

which leads to 7; = 7, and y; = y,.
Step IV: Unique maximum point
Define T, : [0, o) X [0, ) — R by

T,(z,y)=J(@ut —yu).

We claim that the unique pair (z,,y,) obtained in Step III is the unique maximum of 7}, in [0, o) X [0, ). We will prove that T, has a
maximum which cannot be achieved at the boundary of [0, o) X [0, o).
For r >y > 1, we have

T,(r,y) _ J@u" —yu)

74 T4

1 _ 1 _ 1 _
vt = ol + S [ g = porave L [ sepipyet - popa- [
pT pt? Jo qt* Jo

Q 4
1 [ Fout) 0 / F(x, —yu7 )@ )? y4
pn(u) /Q—(Tu*')q ™) dx Q—|—3’M_|q - dx

By Remark 4.1 and the above estimate, it follows that

F(x,tu™ —yu~
(x,Tu yu)dx

IN

lim T T,
|z.)l—> uwr) =

implying that 7, admits a maximum. Further, assume that (0, y,) is a maximum point of 7, with y, > 0. For z < 1, we compute
oT,(z,y,) _ oJ(zu" —yu)
a7 h a7
= IVEHIL + / |D,(zut — yu ) P2 Dy(zut — yu”)Dy(u™) dv
o]

+ / b(x, )| Dy(tu* — y,u")|97 2D (zu* — y,u")D,(uh) dv — / feorut —yu)ut dx

> P l||V(u+)||ﬂ+/ (=P Dy + 27 Dy h)]9) dv—/f(x 't =y )ut dx

> ot (vt - [ LBy a).

For = > 0 sufficiently small, the above estimate together with (H,) (iii) yields
since T, is increasing for = € (0, ¢) with £ > 0 small.

A completely analogous argument shows that a point of the form (z,,0) cannot be the maximum point of 7,,. Hence, the global
maximum (z, y) lies in (0, L) % (0, L) for some L > 0. From Step I and Step III, we conclude that (z,, y,) is the only point of maximum. O

% > 0. Thus, (0,y,) cannot be a maximum point
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Proposition 4.7. Let u € E with u* # 0 such that (J'(u),u*) <0 and (J'(w),—u") <0. Then 0 < 7,7, < 1, where 7, and y, are obtained
in Proposition 4.6. In addition, if (J'(u),u*) > 0 and (J'(w),—u~) > 0, then 7,7, > 1.

Proof. From Proposition 4.6, for each u € E with u* # 0, there exists a unique pair (z,, y,) such that r,u* — y,u~ € S. Assume 0 < y, <
7, with 7, > 1. Then we have

0= (J'(z'uu+ —Yu), Tuu+)
= IV aIE + /Q IDy (5" = 1) P2 D, (ra* = 1) D, (i) d
+ /Q b(x, )| D, (z,ut = y,u)92D(r ut — yu”)Dy(z,u)dv — /Q ferutyr,ut dx
and
0< rg<||w+||g + /Q (IDs@)]P~2 + b(x, y)lDS(u)lq_2)Ds(u)DS(uJ')dv) - /Q Fx, rut)rut dx. (4.32)
From the assumption (J'(u),u") < 0, we have
IVt |12+ /Q (1D )]P~2 + b(x, )| D)) Dy(w) Dy(u™) dv — /Q fx,uhutdx <0. (4.33)

Dividing (4.32) by 7/ and using (4.33) gives

/ <f(x, wit) [ u+>>(u+)q dx <0.
Q

(guty=t  (uhy!

But from (H,) (vi), we have that the left-hand side of the above estimate is strictly positive. Hence, we get a contradiction and deduce
7, <1

Now assume 0 < 7, <y, with y, > 1. Then, using (J'(u),—u~) <0 and 0 = (J'(r,ut — y,u™),7,u”) and following as in (4.32) and
(4.33), we can deduce

/ (f(x, —u) S ) )(M-)q-l dx <0,
a\ @)t (!

which is again a contradiction because of (H,) (vi). Thus, for 0 < 7, < y,, we get y, < 1. Combining both parts, we conclude 0 < 7,7, <
1. The second statement, corresponding to the case (J'(u),u™) > 0 and (J'(u), —u~) > 0, follows by the same argument with reversed
inequalities. This completes the proof. O

Proposition 4.8. The quantity k := infg J (u) is strictly positive. Moreover, J is coercive on S.
ue
Proof. From Lemma 4.4, we have
Jw) > p>0, (4.34)

with 0 < |lul|p < 6 < 1, where 6 is defined in Lemma 4.4. For u € S, choose 7,y > 0 such that ||zu™ — yu™ || = 6, < 6. Such a choice is
always possible by scaling. Using Proposition 4.6 and (4.34), we obtain

Jw) > J(rut —yu") > > 0.

Hence, it follows that k£ > 0.
Let us now show that J is coercive on S. We need to show that for every sequence {u,},cn C S, J(u,) — oo whenever ||u, ||z — .

Let {u,},en C S be a sequence with lim,_, . |lu, || g = co. Without loss of generality, we may assume that ||u, || > 1. Define v, = W,
nllE
then we have ||v, || = 1. Since the space E is reflexive, up to a subsequence, we have
v,—~v InkE,
v, > v in L5(Q) for s € [1, p*),
a.e.in Q,
v, > U ; (4.35)
vE—=0v* inkE,
v — vt in L°(Q) for s € [1, p*),
vf — vt ae.in Q,
for some v € E. We first suppose that v # 0. From Lemma 2.6, we have
b(x,
T(u,) = 11—)||Vun||£ +/ (1—1)|Ds(un)|p + ¥|Ds(un)|q> dv - / Fx,u,)dx < 11)||u”||‘;5 - / F(x,u,)dx. (4.36)
(o] Q Q
Dividing (4.36) by ||u,||%., passing to the limit as n — oo, and using Remark 4.1, we deduce

J(u,)
m 7 = -
=0 lu, |I%

B
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which is a contradiction as we have J(u,) > k > 0. Thus, v = 0 implying v~ = v* = 0. As {u,},eny C S, by applying Proposition 4.6,
Lemma 2.6 and (4.35), for every pair (7}, 7,) € (0, ) X (0, ) with 0 < 7; < 7,, we have

Jw,) = J(r v} —o0;)

1 - 1 - b(x,y) - _
;||V(‘r1 vk — nu)lp +/ (;le(‘rlv: —-nu)IP + T|Ds(rl vt — )9 )dv— [ F(x,ryot — 1)) dx
0 Q

\%

L min(e?, #n(v,) - / Fx,1y01) dx — / F(x,—rv7) dx
q Q Q

v

1 min(r‘l", r;’) - / F(x,7v))dx — / F(x,—1yv,)dx
q Q Q
1 min(z}, T;]).

q

Hence, for any given M > 0, we can choose 7, large enough such that for all n > m = m(r|), we have J(u,) > M. Thus, J is coercive
onS. O
Proposition 4.9. For every u € S, there exists a constant L > 0, independent of u, such that ||u*||z > L.

Proof. Let u € S with ||u*||; < 1. By definition of S, we have (J'(u),u*) = 0, that is,

0=[IVut|l? + / (1D)]P~2 + b(x, )| D)) Dy(w) Dy(u™) dv — / Fewut dx
0 Q

(4.37)
> 1Vt + [ (1D, + b D ) av = [ foxtut
Q Q
From (H,) (ii) and (iii), for a given é > 0, there exists a positive constant C; > 0 such that
|f(x, )] <6117 + C5)11"™!, fora.a.x € Qand for all € R. (4.38)

Combining (4.37) and (4.38) and using the embeddings WO] P(Q) o LP(Q) and E & L"(Q), we obtain
IVu* |12 + / (ID,GH)I? + bx, »)ID,H)|7) dv < 8SPIIVat |2 + Co STl |
o

1

For0 <6 < , by using Lemma 2.6, we have
P

CsSrllutll = —55,’,’)<||VM+||; +/Q(le(M+)|p+b(X,y)|DS(u+)|")dV>
and

lu |l = en@®) = cllu® 1%,
Since ¢ < r, there exists L > 0 such that |lu*||; > L. An analogous argument applies to the case u~. [
Proposition 4.10. There exists v, € S such that J(v,) = k.

Proof. Let {v,},cy C S be a minimizing sequence, that is, J(v,) — k. By Proposition 4.8, the sequence {v,},cy is bounded in E.
Consequently, {v}}, oy and {v, },cn are bounded in E as well. Thus, up to a subsequence,

o +
vE = Uy %n E, v 20, . (4.39)
vt > u(f in L5(Q) for s € [1, p*) and a.e. in Q
From (4.39), (H,) (ii) and the dominated convergence theorem, it follows that
lim / f&x,rohrof dx = / f(x, rvg)rvg dx,
n—oo Q Q
lim / Flo—ro ) —pu) dx = / o= —pu) dx,
@ @ (4.40)

lim F(x,ruI)dx:/F(x,ruOJr)dx,
Q Q

n—co

lim/F(x,—yu;)dx=/F(x,—yva)dx
n—oo Q Q

for every 7,y > 0.
We claim that vg # 0 and vy # 0. Assume that Uo+ = 0. Since v, € S, we have

0=(J'(v,),v})
Vet IE + / (1D, @I + bx. 91Dy 0)192) Dy(0,)Dy () dv — / fx 0w dx
] Q
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> n(vy) = / fx ooy dx.
Q
Passing the limit as n — oo in the above estimate and using (4.40), we get lim,_, , #(v}") = 0 which is, by Lemma 2.6 (v), equivalent
to ||} ||y — 0. But this is a contradiction as, by Proposition 4.9, we have |v}|z > L > 0. Hence, ”(J)r # 0. By employing a similar
argument, one can show that vy # 0.

Since vg # 0, by Proposition 4.6, there exists a unique pair (r,

v Vo) SAListying 7, v — v, vy € S. By weak lower semicontinuity
of norms and by (4.40), we obtain

(I (W), 208 = ||Vu§||g+/ (|DS(U0)|‘”_2+b(x,y)|DS(U0)|"_2)DS(UO)DS(L%)dv—/f(x, Vo)V dx
o Q

< ligi;lf <||Vv:f||§ +/Q (|DS(Un)|P*2 +b(xaY)|DS(U,1)|"’2)Ds(Un)Ds(Uf)dV) - r}irgo/szf(x, v,)UE dx
= ]i’miogf(J’(vn), +uv¥) =0,
as v, € S. Taking Proposition 4.7 into account yields Tygs Yoo € (0, 1]. From (H,) (v), for a.a. x € Q, it follows that
f(x, Ty Ug )Ty Uy — F(x, 75 U3) < = f(x Uy = F(x,0%),
1 (4.41)
Ef(x, Yoo Vo =Yy Vg) — Fx, =7y, 05) < Ef(x, —vy )(=vy) — F(x,—vp).
Then, from onvg Vo Vy €550 <77, <1, (4.40), (4.41) and v, € S, we have

+ - + —
vy UO - }/UO UO ) TUO UO - yuo UO )

1 - 1 _ b(x,y) _
= <1_) - ;>||V(Tvoug ~ Yot —/ <;|DS(TUOU;; =Tyl + =2 1D, (T UF = 7ol ) dv
(4]

_ 1 _ _
—/F(.X Tuo O)d.X— / F(x, _YUOU())dx_ 5/ <|DS(TU0U(-;— —}’UOUO)lp+b(X,y)|DS(TUOU8— —J/UOUO)lq)dV
Q Qo

1
ke < J (5,08 = 1y,05) — 5(1’(1

/ S0, 08 ) 08 e+ /Q S 06—, 051, 0 dx

< (i - 5) <||Vug - Vua”ﬁ + /Q|D5(Ua' - Ua)lpdv> + A tllf(x, v;)v; dx — /g F(x, v;)dx
+ ,/9 éf(x,—va)(—ua)dx - /9 F(x,—va)dx
< li’{gglf <J(U: -v,) - é(l’(u: —uv), vt = u;)) =
Thus, we conclude that Ty = Yoy = land J(vy) =k. O

Proof of Theorem 1.5. We prove that the function v, obtained in Proposition 4.10, is a least energy sign-changing solution of
problem (1.3).

Suppose by contradiction that J'(v,) # 0. Then there exists # > 0 and §; > 0 such that
I, = p forall ve E with |lv—vllg < 38.

Recall that vg # 0. Then, for any v € E, using (2.9), we obtain

S|l ifv™=0
-1 5 5
lloo = vllg 2 S, IIUo—UllpZ{ pooo

—1),,+ ot —
St if ot =0.

Choose &, > 0 such that 6, < min{s;l ||u(;||p,§;1 lvf ). Then, every v € E satisfying |lvy — vl < 6, must fulfill v* # 0.

Let 6, = min{6;,65,/2} and note that the map (z,y) - T”(J)r - v, from [0, )2 into E is continuous. Thus, we find # € (0, 1) such
that for all 7,y > 0 with # > max{|r — 1|, |y — 1|} it holds ”TU:). =0y = vollg < 8-
Let L=(1-¢,1+¢)%x (1 -7¢,1+ ¢). By Proposition 4.6, for every z,y > 0 with (z,7) # (1, 1), we obtain

J(rvg —yvy) < J(U(J)r -v) =k (4.42)
Thus, we have

m= max Jru —yuo)<J@Wr-v))=k
o, ( rvy) < J(vg —vy)

Now we are able to apply the quantitative deformation lemma, stated in Lemma 2.13, with

—m B
M = B(vy,8,), c=k, 2:min{¥,%},
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where §, is defined as above. Note that M5, = B(vy,35). From the construction of ¢, it follows that for every pair (z,y) € dL we
have

(";2’”) < k-2 (4.43)

J(rv(;’—yva)<m=m+k—k5k—
Further, let ® : [0, c0) X [0,0) — E and ¥ : [0, o) X [0, o) — R? be defined by

O(z,y) = (1, zvy — yvy)s

Y(z,y) = (1, ¥2) = ((J(O(z, 7)), 0*(7,7)),(J ©O(z,7)), =0~ (7, 7))

where I1 is the map as in Lemma 2.13. The continuity of the maps ® and ¥ follows from the continuity of IT and the differentiability of
J, respectively. Then (4.43) together with Lemma 2.13 (i) gives O(z,y) = rvar -y for all (z,y) € 0L. From Step II of Proposition 4.6,
for ¢ € [1 — 7,1+ ¢] we deduce that

W A=£,0>0>%(1+2.0), W 1-0)>0>%( 1+2).

From the Poincaré-Miranda existence theorem stated in Theorem 2.14, it follows that there exists a pair (7, y,) € L with ¥(zy, 7) =0,
which means

(J'(©* (79, 70)), ©" (79, 79)) = 0 = (I (=07 (5, 7)), —O~ (79, %0))- (4.44)
In view of our choice of #, Lemma 2.13 (iv) yields
[1©(7g, 70) — voll g < 28y < 6,.

Using the above inequality and the definition of §,, we get ®*(z, y,) # 0 which together with (4.44) gives O(z, y,) € S. By our choice
of ¢, (4.42), and Lemma 2.13 (ii), we get J(O(z, 7)) < k — £. This is a contradiction since k is the infimum of J over S. Hence, v, is
a least energy sign-changing solution of problem (1.3). O
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