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ABSTRACT

2:_214, 825(—A)S¢= ‘u|2:—1) x €R3,

is the critical Sobolev exponent and V € L= (R*) is a nonnegative function which

X34 u

In this paper we study the fractional Schrédinger—Poisson system 2 (=A)*u + V(x)u = ¢|u

where s € (0,1), £> 0 is a small parameter, 2 = 3%
may be zero in some regions of R’, e.g., it is of the critical frequency case. By virtue of a new global compactness lemma, and the
Lusternik-Schnirelmann category theory, we relate the number of bound state solutions with the topology of the zero set where V attains

its minimum for small values of ¢.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0174872

I. INTRODUCTION AND MAIN RESULTS

This paper deals with the following fractional Schodinger—Poisson system with doubly critical growth and critical frequency of the form

2%-3 252
S u+ucu

{EZS(—A)SLH V(x)u = glu . xeR (L)

(=AY = [ul> ", xR,

6

525 denotes the critical Sobolev exponent. Here, the fractional Laplacian operator (-A)® is

Cayut - py. [, OO

where £ > 0 is a parameter, s € (0,1) and 2] =
defined as

dy, we S(RY),

where P.V. stands for the Cauchy principal value, C; is a normalizing constant and S(R?) is the Schwartz space of rapidly decaying func-
tions. In (1.1), the first equation is a nonlinear fractional Schrodinger equation introduced by Laskin' which appeared in fractional quantum
mechanics in the study of particles on stochastic fields modeled by Lévy processes, see Laskin,” in which the potential satisfies a nonlinear
fractional Poisson equation. For this reason, system (1.1) is called a fractional Schrodinger-Poisson system, also known as the fractional
Schrodinger-Maxwell system, as a model describing solitary waves for the nonlinear stationary fractional Schrédinger equation interacting
with the electrostatic field, which arises in many mathematical physics context and which is not only a physically relevant generaliza-
tion of the classical nonlinear Schrodinger (NLS) but also an important model in the study of fractional quantum mechanics. It is worth
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pointing out that the fractional Laplace operator (~A)* becomes the classical Laplace operator —A as s — 17, see Proposition 4.4 of Di
Nezza-Palatucci-Valdinoci.” From a probabilistic point of view, the fractional Laplace operator could be viewed as the infinitesimal gener-
ator of a Lévy process, see, for example, Applebaum’ and Bertoin.” This operator arises in the description of various phenomena in applied
sciences, such as plasma physics (see Kurihura®), flame propagation (see Caffarelli-Roquejoffre-Sire’), financial (see Cont-Tankov®), anoma-
lous diffusion (see Metzler-Klafter”), obstacle problems (see Silvestre'’), conformal geometry, and minimal surfaces (see Chang-Gonzalez'').
For more details on fractional Laplacian operators we refer the readers to Di Nezza-Palatucci-Valdinoci,” Molica Bisci-Radulescu-Servadei'”
and the references therein.
Note that, even if s = 1, (1.1) reduces to the following classical Schodinger-Poisson system with nonlocal critical term
A+ V() u—lulu=f(u)+u'y, xeR’, (12)
—&A¢ = |uf, xeR’, .

which was of interest to a number of authors. Indeed it can be used as a model to describe the interaction between a charge particle interacting
with the electromagnetic field, and also in semiconductor theory, in nonlinear optics and in plasma physics. We refer to Li-Li-Shi'*'* for
more details in the physics aspects. In 2020, Feng'® considered (1.2) with f € C(R,R) being subcritical growth and V € C(R?R) satisfying
the global condition
(V) Voo =liminfV(x) > Vo = inf V(x) > 0.
x| o0 xeR?

This condition was first introduced by Rabinowitz.'® By employing the concentration-compactness principle and the mountain pass
theorem, Feng'® proved the existence of positive ground state solutions under condition (V) and under some appropriate subcritical growth
conditions on the nonlinearity f. Almost at the same time, Feng'” revisited problem (1.2) (with & = 1), when the potential V is neither
coercive nor periodic and asymptotic periodic. Based on the modified concentration-compactness principle and the mountain pass theorem
the existence of ground state solution has been shown.

There are also some papers concerning the Schrédinger—Poisson system with nonlocal critical term, but without the Sobolev critical term
|u|*u. Li-Li-Shi'*** studied the existence of positive solutions to the following Schrédinger—Poisson-type system with nonlocal critical term

{_Au+b“+q¢|“|3“:f(x’u), xeR’, (1.3)

~A$ = |uf, xeR?,

whereby the proofs are using variational methods which do not require any compactness conditions. Moreover, Guo'® obtained two positive
solutions of (1.3) if b = 0, g = —1 and f is a sublinear term of the form AQ(x)|u[’~*u by applying the Nehari manifold and variational methods.
In Ref. 19, Liu investigated the following Schrodinger—Poisson-type system

~Au+ V(x)u-K(x)plulu=f(xu), xeR’, (L4)
—A¢ = K(x)|ul’, xeR’, '
and obtained the existence of positive solutions by using the mountain pass theorem and the concentration-compactness principle. Further-
more, Li-He”’ studied the existence and multiplicity of semiclassical state solutions for (1.4) by using variational methods along with the
Lusternik-Schnirelmann category theory.
From another perspective, systems (1.2)—(1.4) can be rewritten as the following Choquard-type equation

—EAu+V(x)u=e“(Io+F(u)) f (u) + h(u), xeRY, (1.5)

which was introduced as an approximation to the Hartree-Fock theory of one component plasma, where I, stands for the Riesz potential. Such
a class of equations was already proposed by Pekar in 1954 in Ref. 21 to study the quantum theory of a polaron at rest. Later, by using symmetry
decreasing rearrangement inequalities, Lieb>” investigated the existence and uniqueness for a class of nonlinear Choquard equation. Recently,
Cassani-Zhang”® showed the existence and concentration behavior of ground state solutions for Eq. (1.5). Under appropriate conditions on «
and f, Alves-Yang’* presented a new concentration behavior of solutions for (1.5) through variational methods. By means of a new nonlocal
penalization technique, Moroz-Van Schaftingen®” proved that (1.5) admits a family of solutions concentrating to the local minimum of V.

Note that in the aforementioned Schrédinger—Poisson systems in (1.2)-(1.4), the second equation has a nonlocal critical growth in the
sense of the Hardy-Littlewood-Sobolev inequality. On the other hand, the following classical Schrodinger—Poisson system

{—Au+V(x)u+K(x)¢u—f(x,u), xeR’, (1.6)

~A$ = K(x)i, xeR’,

with the Poisson equation being square growth, has been studied extensively by many authors over the past decades. As a model describ-
ing the interaction of a charge particle with an electromagnetic field, it arises in many mathematical physics context, see, for example,
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Benci-Fortunato.”® The existence and multiplicity of solutions for the Schrédinger-Poisson system (1.6) under variant assumptions on V,K
and f has been widely investigated by numerous authors, which have been developed many effective methods to study equations or systems
with nonlocal terms. We refer the readers to works of Ambrosetti,”” Ambrosetti—-Ruiz,”® Azzollini-d’Avenia—Vaira,”” Cerami-Vaira,”’ Ruiz,’’
Wang-Chen-Liao,’> Zhang-Ma-Xie** and the references cited therein.

For the case s € (0,1), only few recent papers considered the fractional Schrédinger-Poisson system like (1.1). It is a fundamental equa-
tion in fractional quantum mechanics in the study of particles on stochastic fields modeled by Lévy processes, see Caffarelli-Silvestre’* and
Laskin."” Zhang-do O-Squassina® considered, by using a perturbation approach, the existence and the asymptotical behaviors of positive
solutions to the fractional Schrodinger—Poisson system

{ (-A)u+ V(x)u+K(x)pu = f(x,u), xeR’,

(~8)'¢ = K(x)id, xR (1.7)

with V(x) =0, a parameter K(x) =1 > 0, and a general subcritical or critical nonlinearity f. Teng™ studied the existence of ground state
solutions of (1.7) with K(x) = 1 and f(x,u) = p|ul"" u + |u|* u,q € (2,2), by using the Pohozaev-Nehari manifold, the monotonic trick
and the global compactness lemma. For further results on the existence and multiplicity of semiclassical bound states of (1.7), we refer to
Liu-Zhang,”” Murcia-Siciliano™ and Yang-Yu-Zhao,” see also the papers of Ambrosio,"’ Chen-Li-Peng,*’ Ghimenti-Van Schaftingen,’
Guo-Li,* Zhang-Zhang** and the references therein.

Recently, Qu-He" studied the following fractional Schrodinger-Poisson system with doubly critical growth

{JW-AYM+V00u=Mu*3u+hﬂf2u+fwm xeR’, (1.8)

(A ¢ = [u ", xR,

and showed the existence and multiplicity of concentrating solutions by using the Nehari manifold and the Lusternik-Schnirelmann cate-
gory theory. In 2021, He'® obtained a mountain pass solution to (1.8) (if € = 1) with the help of the concentration-compactness principle.
Feng-Yeng"’ considered a class of fractional Schrédinger-Poisson type systems with doubly critical terms

{“ﬂfu+vww—¢wx*u—K@wﬁ*%, xeR’, (1.9)

(~A)' = ul* ", xeR,

wheres € (2,1),V ¢ L= (R*), K € L™(R®) and inf, ;s K(x) = Ko > 0. By applying the concentration-compactness principle and variational
methods, the authors derived the existence of one ground state solution to the system (1.9). We remark that the novelty of (1.8) and (1.9) is
the fact that the second equation has nonlocal critical growth and is driven by the nonlocal operator (—A)*, which makes the study of problem
(1.8) and (1.9) more interesting and challenging. As we already observed, the previous results on the existence and multiplicity of solutions
for systems (1.8) and (1.9) were mainly focused on the existence of ground state solutions under the condition (V). A natural question arisen
spontaneously is that, whether or not it admits multiple high energy solutions for (1.9) with critical frequency, thatis, V(-) >0, V # 0 on R3,
and doubly critical growth. This is still an open problem and the purpose of this paper is to fill this gap. To be more precise, we would like to
establish the existence and multiplicity of bound state solutions to (1.1) when V is of critical frequency case.
Throughout this paper, we suppose that V satisfies the following assumptions:

(Vi) V eLx(R*)and V(-)>0o0nR%
(V2) theset M = {x e R® : V(x) =0} is nonempty and bounded.

Based on the assumptions on V(+) above, it is easy to verify that the following equation can be seen as the limit equation of (1.1):

Y€:G1:LL ¥20Z AINF L0

(=AY u— $uf* Pu=|uf* P, xeR (L.10)
& (=A)'¢ = [uf* 7, xeR’. '
In the sequel, for each ¢ > 0, we define the energy functionals associated to (1.1) and (1.10) by J, and J ., respectively,
& s 0 1 2 e 251 1 2%
Je(w) = 5 [ICay e [ vl g [l e [ d
and
SZS - 8—23 21 e 1 S e
=% [l a- o g ae L [ o
Jeoe(0) = 5 L NC0  d gr s f bl 3 Ll
where ¢, is given in (2.1). Furthermore, we introduce the Nehari manifold associated to J, ], .., respectively, as
Ne={ueD?(R)\{0} : J{(w)u=0}, N ={ueD*(RIN{0} : Jie(u)u=0}.
J. Math. Phys. 65, 071502 (2024); doi: 10.1063/5.0174872 65, 071502-3
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For every € > 0, we define the infimum
me = inf Je(u) and mg” = inf Jooo(u).
ueN, UEN ¢ o0

If Y is a closed set of a topological space X, we denote by catx(Y) the Lusternik-Schnirelmann category of Y in X, namely the least
number of closed and contractible sets in X which cover Y. For any fixed 4 > 0, denote M, = {x € R’ : dist(x, M) < u}. Now, our main result
can be formulated as follows.

Theorem 1.1. Lets € (%, 1) and suppose that the conditions (V1), (V) are satisfied. Then, the following properties hold:

(i) me=m and me is not achieved, for each & > 0.
(ii) For any fixed y > 0, there exist &, > 0 such that for any & € (0,¢,), system (1.1) possesses at least caty, (M) bound states in D**(R>).

The Proof of Theorem 1.1 is of variational character. From a technical perspective, the characteristics of the double non-localities from
nonlocal critical convolution term ¢,,|u|* ~u and the Sobolev critical term |u* ~u in system (1.1) make it more complicated to deal with the
convergence of (PS)-sequences, due to the lack of compactness for the embedding D**(R*) — ¥ (R?). Moreover, it is difficult to check the
(PS).-condition since the nodal solutions of (1.1) no longer has the double energy properties, as we know the energy doubling characteristic
plays a key role in proving the main results, see, for example, Chen-Li-Peng,*’ Qu-He** and Zhang-Zhang.** In order to overcome these
difficulties, we shall employ some ideas from Qu-He"® and establish a new global compactness lemma in the fractional case and some estimates
become more subtle and delicate to be established. We shall construct two barycenter functions and use the Lusternik-Schnirelmann category
theory to obtain the desired results. As far as we know, the multiplicity of high energy solutions for system (1.1) has not been studied in the
literature.

The paper is organized as follows: In Sec. [T we give some preliminary results while in Sec. I1I, we introduce the corresponding limit
problem and prove some useful lemmas. In Sec. IV, we present a new global compactness lemma which describes the behavior of (PS)-
sequences and we regain the compactness if the functional energy lies in a suitable interval. In Sec. V, we first define two barycenter functions
and give some necessary estimates. Then, we give the Proof of Theorem 1.1 by means of the Lusternik-Schnirelmann category theory.

Il. NOTATIONS AND PRELIMINARY RESULTS

To begin with, we present some notations which will be used throughout this paper. First, we denote by C,C; > 0, i = 1,2,. . ., different
positive constants whose values may vary from line to line and are not essential to the proofs of our results. We denote by Lf = L?(R?) for

p € (1, 00] the Lebesgue spaces with the standard norm |[u/p = ( fys|uf’ dx)ﬁ
We recall that the fractional Sobolev space D**(R?) is defined as

DR = {u el (®): [ (-a)iuf dx< oo},
]R3
equipped with the norm

(I f|( A):uff dx = [ lu(x) F(Zys)l dxdy,

see Di Nezza—Palatucci-Valdinoci® and Molica Bisci-Radulescu-Servadei.'> The Sobolev embedding D**(R?) — x (R?) is continuous and
the best constant S is given by

f]Ra |(—A)§u|2 dx
DN ([ up dx)%

see Servadei-Valdinoci.”” By the Lax-Milgram theorem, we know that for each u € D**(R?), there exists a unique solution ¢ = ¢, € D**(R?)

S=

such that (~A)’¢, = [u/* ~" in a weak sense. The function ¢ . can been expressed explicitly as

du(x) = Ks |3 s dy, ¥ xeR, (2.1)

where K, = 72 27T (3 -25)(I(s)) ", see He* for example. The function ¢, has the following characteristics, see Qu-He'” for the proof.

Lemma 2.1. Let u € D%*(R®), then the following hold:
() =15 "¢, forallt>0.
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(ii) Foranyu € D**(R?), we have .| < N [lu Z}_l

[t x5 ( [ Ju
R R

(iii) If up —~uin DS’Z(R3) and u, — u a.e. in R>, then Gu, =~ Pu in Ds’z(Rz’) and ¢u, — Pu,—u — ¢pu — 0in DS’Z(Rs).
(v) If un = uin D¥*(R?) and u, — u a.e. in R?, then

[ bl

u,
in (D%*(R*))*, where (D**(R?))* denotes the dual space of D**(R?).

and

*
27 -1

2(27-1)
. .

2% 2y -1
Cax) gl <57 ul

e [ b~ e [ o,

and 2%_3 3 23
Sty = Guy—ulthn — u|™ 7 (tn — u) — ulul* "u—0

Un

Lemma2.2. If V € Lx (R?), then the functional
G(u) = f3 V(x)u’ dx
R
is weakly continuous in D**(R?).

Proof. The proofis analogous to that of Lemma 2.13 in Willem,*® we sketch it here for convenience. First, the functional G is well defined
by Hélder’s inequality. Let u, — u be weakly in D**(IR*). By virtue of the continuity of the Sobolev embedding D**(R?) — ¥ (R?), we see
that u, — u weakly in L% (R?). Thus, 12 — u? weakly in Lv= (R?). Notice that V ¢ Lx (R*) = (Lﬁ (R*))*. Consequently,

/3 V(x)u® dx — f3 V(x)u’dx  asn— oo,

R R

which completes the proof. O
At the end of this paragraph, we introduce the following version of the Hardy-Littlewood-Sobolev inequality, see Lieb-Loss."’

Proposition 2.3. Assume that t,r>1 and 0 < « <N with 1/t + a/N +1/r =2, f € L'(RY) and h € L'(R), then there exists a sharp
constant C(t, N, a, 1) independent of f,h satisfying

JL LB axay s cemwnlsnl. 02)

ol

2N—-a

h(x) = A(8® + |x—xo[)” 2

2N
Ift:r: m,then

)

(s -
C(i’,N,OC,T) = C(N,(x) =2 m

NIR (NI

In this case there is equality in (2.2) if and only if f = Ch and

for some A € C, 8 e R\{0} and xo € R".

l1l. LIMIT PROBLEM

From the assumptions (V1) and (V3), the limit equation of (1.1) takes the form as

e (~A) u—¢lu A3y - \uzj*zu, xeR’, 3.1)
& (-A) ¢ = \uzj*l, xe R, '
Recall that for each € > 0, we have the Nehari manifolds
Ne={ueD?*(R\{0} : Ji(w)u=0}, N ={ueD?(RI\{0} : Jlo(u)u=0},
J. Math. Phys. 65, 071502 (2024); doi: 10.1063/5.0174872 65, 071502-5
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and for each ¢ > 0, we define the infimums
me = inf Je(u) and m = inf Joeo(u).
uenN, UEN g 00

Now, we study the correspondence between the ground state solutions of (3.1) with e = 1, i.e,,

(=A)'u - ¢lu 23y = \uzj*zu, xeR’, (.2)
(-A)'¢ = \uzj*l, xR, .
and the ground state solutions to the following equation
(=A)'u= |u|2;_zu, xeR’. (3.3)
The following observation is useful in the energy estimation of the corresponding functionals.
Lemma 3.1.
1 e grouna state solutions of provlem (3.2) and problem (3.3) are one-to-one correspondences.
(i) The ground lutions of problem (3.2) and problem (3.3) spond,
(ii) Assume that u, ¢ are positive solutions of (3.2), then we have
u(x) = ¢(x) = Usy, (x) := kUsy, (x)  for some xo € R* and & > 0,
where the function
3-2s
ds6 2
Usiy () = 55—
8 (8% + [x—xof) T
solves (3.3) with the numbers
(33/(2s)r(3) = (\/5—1 =
ds=| —=p——7= , k= .
\API3)2) 2
Moreover, Us, satisfies
2r 3
[ Us x, ZDS,Z = |Usx, 2} = 8=,
Proof.
(i) Assume that w(x) is a solution of problem (3.3), then
w2 (%) = Dy, w1 (),
where Dy, is given by
1 25 -1 dx
P s M1 |1 ade bl dx |w12* (3.4)
2 fR3 |U_)1 N dx

solving problem (3.2). For any solutions wy; (x) and w12 (x) of problem (3.3), if Dy, w11 (x) = Duw,, wi2(x) holds, then we infer to

lez

’LU11(X) = wlz(x).

wyy

Since both w11 (x) and w12 (x) are solutions of problem (3.3), we have Dy, /Dw,, = 1 and hence w11 (x) = wiz2(x). On the other hand,
assume that w; (x) is a solution of problem (3.2), then

wi(x) = Tw,w2(x)
solves problem (3.3), where T, > 0 fulfills

szfz _ fRa (sz‘uu 271 dx + fRz |w2
w, le |w2 2? dx

% dx

Dy, T
From the observations above, we infer that w; (x) — wa(x) — w; (x).

J. Math. Phys. 65, 071502 (2024); doi: 10.1063/5.0174872 65, 071502-6
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(i) Now, we introduce the following equation

s, 1203 3
{(—A) u=¢lul*"u, xeR’, (3.5)

(-A)'¢ = |u|2;_1, xeR’.
Assume that u, ¢ are positive solutions for (3.5), then
(-8 (u=9) = (p- w7, xR’
Multiplying both sides of this equation by (u — ¢) and integrating by part gives

L8 =g dxs [ =)l dx =0,

Hence we can conclude that u = ¢ = Uy, and so, (3.3) is equivalent to (3.5). Thus, the function Uy, satisfies

2*71dx 2F E
‘ = f3 [Us | dx = S%, (3.6)
R

J18) Usf dx= [ gu,, |Uss,

taking the form

5%
Usxy (%) = ————— =
(6% + |x—x0|") 2

Now, testing (3.4) by w1 (x) = Uy, (x), by a direct calculation, we obtain
3-2s

Dy, = (\/5_ 1) " =K (3.7)

2

Therefore, the ground state solution of (3.2) has the form
w2 (x) 1= Upy, (%) 1= kUs (%) for some xo € R>and & > 0.

The assertions follows.

Remark 3.2. From (3.6) and (3.7), by a simple computation, we have that

3-2s

~ \/g—l =3
[Tanl? = ( s

2

and Uy, (x) = e Us., (x) is the unique ground state solution of Eq. (3.1).
Lemma 3.3. The infimum m¢” is achieved by Uy, (x) = e Us., (x) with

3
2,

\/§—1)323" 12+ (1-/5)(3-29)]

so: £,00 U* = 3
e = Jeoo (Usx,) 8( 2 6(3 +2s)

Proof. By Lemma 3.1 and Remark 3.2, we see that

U (x) =€ 2 Uy (%) (3.8)

J. Math. Phys. 65, 071502 (2024); doi: 10.1063/5.0174872 65, 071502-7
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is the positive ground solution of Eq. (3.1). Moreover, by (3.6)-(3.8), a direct computation shows that

3 3 3
€ s~ 3 21 £ 772
]E,W(Ug,xo) :5/3|(_A)2U6,x0| dx_z *_1)/3¢[7EJ0|U8,XO|S dx_i*‘[l@'Ue,xO'S dx

e .
-5 \[I(A)lkalﬁf ]‘w@Jw%f*I *A;wmﬁsm)
S

2 2@ 2!
I L LR

2 2025 - 1) 2]

S @ 2@ A\ s

=t |l -5~ = Sas

2 2027 -1) 2

283(\/5‘1)“2 12+ (1-V5)(3-29)]

2 6(3 +2s)
[m}
Lemma 3.4. Suppose that the conditions (V1) and (V) are satisfied. Then me = mg° and m is not attained.
Proof. Let u € D%*(R?), we define the function
W(t) = (J(tu), tu)
- &&S/} [(~A) 2 uf? dx + tzfj V(x)u® dx - e‘“tmf‘“ﬂ ulul* ™ dx
R R R
= at® — bt — ¥,
where
a= /3 (szs|(—A)§u|2 + V(x)uz) dx, b= s_zsf3 ¢>u|u|2:_1 dx and c= /3 |u|2: dx
R R R
It is easy to check that there exist unique #(u) > 0,s(u) > 0 such that t(u)u € N¢, s(u)u € N¢° and
Je(t(u)u) = max Jo(tu), Jeoo(s(u)u) = maxJeoo (t11).
>0 >0
Moreover, for each u € N, we derive that
mg” < Jeoo (s(u)u)
&
< S lstwul+ 3 [ vl ds
4%wwﬂ”f¢ubl s
2027 ! 27
= Je(s(u)u)
<Je(u),
consequently, one has
mg. < M. (3.9)

Let w be a positive solution of (1.10) centered at the origin and take a sequence {x,}nen ¢ R? such that |x,| — oo as n — oo. Set wy(x)
e w(x - x,) and t, = t(w,). Clearly, w,—0 in D**(R*) and by Lemma 2.2, we have

f V(x)w; dx — 0.
]R3
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At this point, we have

225 2 e D)
t,€ t, t,
Joltron) = 2=l + Sou(1) - S [ g
(3.10)
Since w, € N&° and tyw, € N, we have
Eluwnl® = [ puunf " dxs [l dx, (3.1)
R R
and
Etilunl” + 6 [ Vel dr=e 0D [ g w7 dxs [ dx (3.12)

From (3.11) and (3.12) it follows

D A [ 85 [,

which implies that t, — 1 as n — co. By (3.10), we arrive that lim,—, o Je(w,) = m:". Hence, we deduce to m. < m¢”, and then m¢ = m.° by
(3.9).

Next, we show that m, cannot be achieved. Assuming the conclusion is not true, then there exists ug € A such that J;(uo) = me = mg”.
Therefore, by s(uo)uo € N ¢, we infer to

/RJ V(x)ws dx = 0,(1),

Mg < Jeoo (s(u0 ) o)
2s

< IsCuyal + 3 [ VEols(uo)uof d

1
- 2(23*7—])_/]1@3 ¢5(uo)uo|5(u0)u0| dx— —
= Je(s(uo) o) < Je(uo) = m®.

% dx

Inevitably, we conclude that
f3 V(x)|s(uo)uol* dx =0, s(uo) =1 imply wup =0 onR*\M.
R

Therefore, ug € N7 with Je(uo) = mg”. Then, by Lemma 3.3, uo(x) = e U(;,xo (x) >0 forall x € R? and for some 8 > 0, xo € R>, which
contradicts uo = 0 on R® \M. O

Corollary 3.5. Let ¢ > 0 and {un }nen be a (PS)c-sequence of ], restricted on Ne. Then {un}nen is a (PS)c-sequence of J, in DS’Z(]R3). Ifu
is a critical point of ], restricted on N, then u must be a critical point of J, in D**(R?).

Proof. If {uy }nen is a (PS)-sequence of J, restricted on N, then we have

21 gy
Un|™

xon) = 2 [ (FIC0) mf Vo) e 5 5 [ g

2!
o fR | d,
0= /3 (525|(—A)§un|2 + V(x)|u,,\2) dx - 8_23/3 Pu,
R R

and

Zf‘ldx—f i dx
R

Consequently, we obtain

1 1

c+o4(1) = (7_f)fnz{3 [825|(_A)§un|2+V(x)|un|2]dx

1 1
" (Z 202 - 1))[1@ b

25 -1

Y€:G1:LL ¥20Z AINF L0
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Thus, {#y }nen is bounded in D**(R?). By virtue of u, € A; and by Lemma 2.1, we derive that

2s ] 2
€ A}|(—A)Zun| dx
< sZS/R3 |(=A)2u,[* dx + le V() |un|* dx

-2 2%
= Sijcpuwun\s 1dx+ng|un
2,

* s 201 2 s 2
<e¥sH (/ [(~A)2u,? dx) +Si7(f [(~A)2u,l? dx) ,
]R3 R3

2*

s

%

% dx < e 2 w20 1 |,
:

%

which implies that

*
2¥ -2

* : ¥z .
g (.[R3|(_A)5un|2dx) + S (‘[R3|(_A)2“n|2dx) T

Hence

3
J R e
On the other hand, by the Lagrangian multiplier rule, we have for A, € R such that
0n(1) = J(un) = e (un),
with Fe(u) = J/(u)u. Since {u }nen is bounded in D**(R?), we get
0n(1) = J{ (tn ) thn = AnFt (thn Ytk = =M Fe(th) thn.

In view of 27 > 2, and by (3.13), we infer that

F () ttn :ze”fgl(fA)?unfd“zf V(x)ul dx
R’ R®
72(25*71){25f bu |ttn 2:71M72:/ |ttn
R3 ]R3
= -2 [ 1)l dxs 2-20) [ Vel dx
R’ R’
+(2- 2:’)5_25/‘3 Pu, |t
R
<(2-2) [ 1(-0) unf dx
R

3-2s
2s

V5 - 1)78%83—25
2

2jdx

2% -1
s dx

<0.

gpfxw

pubs.aip.org/aip/jmp

(3.13)

(3.14)

Asaresult, 1, — 0asn — co. Moreover, using the boundedness of {u, }» erv, we deduce that {Fi (1) }nen is bounded. So, J; (us) — Oasn — oo

and then {u, }nen is a (PS).-sequence of J, in D**(RR?).
Now, if u is a critical point of ], restricted on A, then there exists A € R so as to J{(u) = AF.(u), and

0= Fe(u) = Ji(u)u = AF{(u)u.

By the same calculation as in (3.14), we can obtain that

3-2s

\/5—1) x P

< 0.

Fl(u)u< [2—2;]( 5

Hence, A = 0 and so, J;(u) = 0.
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IV. A GLOBAL COMPACTNESS LEMMA

In this section, we intend to establish a global compactness lemma, which is useful in the analyzing the decomposition of the (PS)-
sequences, and proving its compactness.

Lemma 4.1. Let the conditions (V1), (V) be satisfied and let, for each € > 0, {ttn }nen C DS’Z(]R3) be a (PS)-sequence of ], at the level ¢ > 0.

Then, replacing u, with a subsequence if necessary, there exist a number k € N, sequences of points x5, . .., x5 € R> and radiir}, ...,k such that
the following hold:

i) uz = unAuo in DS’Z(R3 );
() ul=(u" - uj’l)rnf,xn“”j inD*(R*), j=12,....k
(i) Junl® > S |

() Je(un) > Je(u®) + 25 Jeoo (),

Asn — oo,lwhere u° is a solution of Eq. (1.1) and w1 <j <k, are the nontrivial solutions of Eq. (1.10). Moreover, in case k = 0 the above
holds without u’.

Proof. Let {u}nen be a (PS)c-sequence for J,. Then, {u, }nen is bounded in D>*(R?). Thus, we may extract a subsequence of {uy }uens
still denote by itself, such that u,—.u° in D>*(R?) as n — oo and u, — u” a.e. in R*. Moreover, J.(4°) = 0. Indeed, for each ¢ € C5°(R?), we
have

Fmo = [ (-0)u(-8)igdrs [ V(hupds
7872$f3 ¢“n|un 2:73un(pdx7 /3 |u”
R R

By Lemma 2.1, it follows that ¢y, ~ ¢, in D**(R?) and then ¢, ~¢ 0 in L¥ (R*). Thus,

RN

In view of u, — u a.e. in R? and using Holder’s inequality, we infer to

L

2} 2¥(2f -2) 2 2X(2f -2)
25 -1 2F -1 210 27-1
sc(|¢un2; ™ I [, )sc

2%-2
s “upg dx.

2:_3u0(p—>0 asn — oo, (4.1)

o
™ 2, — 10300 F dx
.

*

ZS
By Proposition 5.4.7 in Willem,” one has ¢y, (|un|* 1, — [u®[* u4)—0in L¥ - (R*) and then

I 9
x>

252 0. 1%
<72 in L% (R?), we have

*7
fw |un25 2u,,(pdxa fR} |u0

Therefore, combining (4.2) with the weak convergence of ty—u’ in D% (]R3), we derive to

27-3 0125-3 0
Uy —|u " u )pdx > 0 asn — oo.

This together with (4.1) implies

2~‘*_3un(,0dx - /3 ¢uo|u0\2;_3u<pdx asn — oo, (4.2)
R

Up

.
Since |uy 42 |u®

Up—

252 0
*u @dx.

J(u")g = lim J/(un)p =0  forallg e C3°(RY).
This implies that J{(4”) = 0 and u is a critical point of J, by the density of C§°(R?) in D>*(R?). Set

On (%) = un(x) — 1’ (x).

Y€:G1:LL ¥20Z AINF L0
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Applying the Brezis-Lieb Lemma™ and Lemma 2.1 (iv), we can easily deduce that
27 2r 2
oall® = o l* = " [* + 00(1), fwallzs = fuale = lul: +0a (1), 43)

Je(up) = Je(un) = Je(u®) + 04 (1),

and

Ji(on) = J{(un) = JE(u") + 0n(1).
By vp—.0 in D**(R?) and Lemma 2.2, one has
[ov@lP dx=ou(1) and [ V(x)uigdr=ou(1)lgl
R R
for each ¢ € D**(R?). Consequently, we arrive that

Jeoo (Un) = Je(vn) + 0a(1) = Je(tn) — Je(u) + 0, (1)

’ 1 roo1 (44)
Je 00 (Un) = ]s(vn) + O"(l) = O"(l)'
If vy, — 0 in D**(R?), then we are done. If up + 0 in D**(R?), then there exists 7 > 0 satisfying
Je(v,) > 11> 0. (4.5)

We claim that there exist two sequences {7, }nen C R* and {In}nen C R? verifying
By = (Up)r—@#0  inD*(RY),
3-2s
where (V3)ry, = Tn’ Un(rax + yu). Indeed, by (4.4) we get

Lol = [ gulvn " de+0,(1)

251 1
< dx+ f% |V,
.

21 1 1 107
‘ dx+(£—f)/ﬂ§3|vn| dx + 0,(1).

and

1
Un

1y _ a1 1 1
Jeoo (Un) = € (2 2(2:_1))/]1%3(/51),,

Combining (4.5), Lemma 2.1(ii) and the boundedness of {u, } » e, we obtain that

0<d <,

2% -1

» <Dy,
;

for some dy, D1 > 0. Now, we introduce the Lévy concentration function

Q,(r) = sup[ |11,£|Zj dx.
B, (z)

xeR?

6
In view of Q,(0) = 0 and Q,(o0) > d;**, then there exist sequences {7 }nen © R* and {yu}nen € R’ s0 as to

sup un % dy = f un 2 dx=b,
B, (2) By, (yn)

zeR?

where

o 5
0<b<min{df““,(2CSD ) }
3,51

Recalling that h,, = (vi),n,yn, without any loss of generality, we may assume that f,—. in D**(R*) and h, — h a.e. in R?. A simple calculation
yields

Y€:G1:LL ¥20Z AINF L0

sup ()] dx = f ()] dx = / lun|* dx = b. (4.6)
23 Y Bi(2) By (0) B, (yu)
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By virtue of the invariance of the D**(R?)-norms under translation and dilation, we have

12 2 127 2! 25 -1 125 -1
b = halls Fonl = Il [ P dx = [ gulonl®

which lead to
]S,oo (hn) = ]s,oo(vyll) = ]s,oo(un) _]s,oo(uo) + On(l),

and by (4.4), we get
]f_{,oo (hn) = ];,oo (Urll) = On(l)'

pubs.aip.org/aip/jmp

(4.7)

If h = 0, then h, — 0in L} _(R?). Suppose that y € C5° (R?) such that supp v c B, (3°) for some y° € R and |[Vy/(x)| < C for all x € R, and

we obtain

[yl = f 6|V/(X)hn(|§)_—y|1§£2}:)hn(y)| dxdy
:f (i) = I (D)W @) =V D) g, g,
R® |x_y|3+25

[ O YOPRERO)

|x 7)/‘3-%—25

By Hoélder’s inequality, we have

[ YOPRORO) o,

‘x _ y|3+25

3425 342s
| |

-y lx—y

We claim that

i () —yOIPRG) 4 o i v ~vOIPRD) 4, 4,2 0,1,

‘3+25 y |3+25

-y -y

To this aim, we derive out

[ O YO 4,

‘x _ y|3+2$

[y (x) = y(»)[h (x)
- dxd
fsl o) fB o) e — % g

v (x) — v () ha(x)
2 dxd
i /l;u(y") ‘/B:i()’o) Y

|x 7y|3+2:

2 [Vy(y +7(x =) Plx -y
< fs o™ ) dx[ v

B (y()) ‘x _ y|3+2$

1
sof m@dx [
Bi(") () B0 x—y*? 7
2

<C f hz(x)dxfzidr+ Cf hz(x)dxfoor—dr
S by o 1= 5o -
<G [ | H(x)dx—=0

Bl(J’O)

as n — oo, by virtue of h, — 0in L} _(R?), where 7 = 7(y) € (0,1). By a similar argument, we can prove

asn — oo.

[ WOYORED) 4y,

‘x _ y|3+25

By (4.8)-(4.12), we have

Hll/hn”Z _ Mé (hn(x) - hn()’))(l[/z(x)hn(x) B lllz(y)hn(y)) dxdy+ On(l).

|x _ y|3+25

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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Therefore, combining the results above and Proposition 2.3, we have
€Sy < € lwhal®
_ 2 _2
[ =IO ) = PO gy 1
R

‘x _ y|3+23

= szsz} ¢hn\hn|2:’11//2dx+ 0x(1)

3+2s

. . A
(L) T e
2 :
*_ 65=3 _6
= 525(:3)5“]«1” ”;S* l(f% |hn| ;S—zi 3+62s
s R‘
32

SSZSC3,S|hn\§_1(f bl dx) : (f I*
s R’ Bi(")

s (=] * % 1 o
<e¥CsDyb ¢ ([3|1//h,, % dx) +on(1) < Esz S|l wha 3+ + 0a(1),
& :

< 525(:3,5 H hn

3425

e dx) © o1

z dx)T +on(1)

2*

which shows that h, — 0 in ngc(R3)’ a contradiction to (4.6). Thus, i # 0. By (4.4) and the weakly sequentially continuity of ]e',oo, we deduce
Jioo(h) = 0and so {hy}nen, {75 nen and {y4},ex are the required sequences.
By iterating this procedure, we have the sequences vl = ui_l —u j > 2, and the re-scaled functions ul = (U,i)r ]y,quj in Ds’z(]RS),

where 1/ is a nontrivial solution to (1.10). Furthermore, by (4.3), (4.4), and (4.7), we arrive at

Jd? = Joil = | P = 7P + 0u (1) = -+ = [un? —Ji: | |* + 04 (1),
and
Jeioo (U1) = Jeoo (1) = Jooo (14 1) = Jeoo (") + 04(1)
== Jo(un) = Je(u’) *i Jesoo (14).
Since

_ NG 25y 2 2 j2r-1 3. (22
0= T (W) = il P = [ g " ax— [ 1 ax

2 - P s )
we conclude iy
Wis (G st
and the iteration must stop at some index k > 0. O

Corollary 4.2. If {un}nen is a nonnegative (PS).-sequence for J, with c € (mg,2me), then, for each € > 0, {u, }nen is relatively compact in
D¥*(R?).

Proof. Tt follows by Lemma 4.1, that there exist a number k € N, a solution #° of (1.1) and solutions u', . . ., uk of (1.10), fulfilling

k ) k )
Jual2 = S W2 and Je(un) = Je(6°) + 3 Jowo (1) = ¢+ 04(1),
j=0

j=1

as n — oo. By Lemma 3.4, if 4° is a nontrivial solution of (1.1), then J, S(uo) > m,. Noticing that, for each nontrivial solution w of (1.10),
whether u/ is positive or negative, then we have

3
% =M.

\/5—1)3255 s[12+ (1-5)(3-29)]

Jaee (1) :83( 2 6(3 + 2s)
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If u/ is a sign-changing solution of (1.10), we can easily deduce that
]s,oo(uj) > 2me,
see Zhang-Zhang.** Since
Me < ¢ < 2Me,
we must have k = 0, which implies that u, — «° in D**(R?). ]

V. PROOF OF THEOREM 1.1

In this section, we focus our attention in showing the multiplicity of high energy semiclassical states by means of the the
Lusternik-Schnirelmann category theory. We begin with some preparations. For small y > 0, we may take p = p(u) > 0 such that M,, c B,(0).

Set
) {x if|x| < p,
x(x) =< px .
= if |x| > p.
Ix]

We define f: Ve - R*andy: N: - R* by

1 s 2
Bu) = pETa [oxGIE0) uf dx,

2

and

OF S [ ) - Bl (-8 uf d
S

st ( @ ) 3
It is not difficulty to see that, for any fixed Us, € D**(R?), there exists a unique t; in (0, +00) such that

325 ~
D, (x) :=t5,€ 2 Usr(x) € N

We define the set
T =T(p,61,8:) == {(x,0) e R* xR : |x] < p/2,8 << &} (5.1)

A direct calculation shows that, for any fixed z € R3, we have
le V(x)Uj,(x)dx > 0 asd — 0.

Thus, for each ¢ > 0 and any fixed z € R?, we derive that lim;s_, ts, = 1. So, for each ¢ > 0, there exist 1 = §1(¢) and &, = 82 (¢) with §; < 8,
and 81,8, — 0 as € — 0, satisfying the inequality
sup {J:(Ds) : (2,0) € A}

<£3((\/§—1)Zs 5[12+(1_\/§)(3_25)]Si+h(s)), (5.2)
2 6(3 +2s)

where h(e) > 0ase — 0.

Lemma 5.1. There holds lims_q y(®s) = 0 uniformly for |z] < &.

Y€:G1:LL ¥20Z AINF L0
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Proof. Let & > 0be such that 0 < 2& < p. By t5, = 1 + 05(1), we have

1 PSS
7(Ps2) = (T G = B3 [(=8) T’ dx+ 05(1)
1

(L) g2 %) = B(@5) [ (-A): T dx
(5) 7 s /W\B:(z)'X() B(@s2)|(=4)* Us|

1 U
+ x) = B(Ds) | (—A)2 Us,| dx + 05(1
(45)~ %f&@\x() B(@s2)|(=4) Us:l* dx + 05(1)
2

= 11 + IZ + 05(1).
By Lemma 4.1 of He-Zhao-Zou,”* we derive

b= (x +2) = B(Ps0) [ (~A) Usol* dx

1
(@) %S% /D@\BE(O)

<Cp [, I(-8)iTsof dx >0
R*\B;(0)

asd — 0.
For I, by Remark 3.1 we infer to

B(Ds,) = [3(8%652) +0s(1)

1 5~
o [ @I T ()P dx+0s(1)
(\/5—1) 25 S% R
2
63+25 .
:z+7g_h[3 [1(0x + 2) — 2]| (=) o dx + 05(1) = 2 + 05(1).
R

()7

As a result, we get

2 Sx1,

(57)

< M XN ToP s [ (@)~ B@3I(-2) T d

3-2s

-1\ > s
\/g ) Sas
2

< 2[ Ix — 2| (~A) > Uy |* dx + 25(
Be(z)

[ (@) =2 (-8)3Tsaf dx+ 0s(1)
B(2)

3-2s
5-1\*
< 45( fz ) S* +05(1),
where we have used Lemma 2 of Chabrowski-Yang,” which states that

x(x) = x(2) < 2Jx — 2] + 2&, x € Be(2).

As & > 0 can be arbitrarily small, we infer that lims_,o y(®s_.) = 0, uniformly for |z| < p/2.

Now, we define a set Nz ¢ A by
Ne={ueNe: €c* <Jo(u) <€(c" +h(e)), (Bu),y(u)) €T},

where T is given as (5.1) satisfying (5.2) and the number ¢” is defined as

e (\/5—1)3235 s[12+ (1-V3)(3-29)]

2 6(3 +2s)

3
S,

(5.3)
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According to Lemma 5.1, we can adjust 8; (¢) and &, () such that N, # @ for & > 0 small enough.

Lemma 5.2. There holds lime— sup,, .5 dist(B(u), My) = 0 for any u > 0.

Proof. Letu, € ]\V/’g" be so as to
dist(B(un), M) = sup dist(B(u), M,) + 0,(1),
uexﬂ-n
and &, — 0 as n — oo. It is sufficient to obtain a sequence z, € M, such that

B(un) = 2u + 0a(1). (5.4)

In view of u, € N,, we have

% dx. (5.5)

L (I8 0P+ vl ) dx= e [ g,

un| —/R3

For further diSCuSSiOn, we set
g' : (‘c'zﬂs‘( A)glt”|2 (’C)‘ll‘|2) d.C
' R®

=25
an =&, /3 (/)u,,
R

Multiplying both sides of the second equation of (1.1) (with € replaced by ¢,) by |u,| and integrating by parts, using Young’s inequality, we
infer, for &, > 0 small enough,

27-1

> n 1=

Lot dx= el [ (-8) (=) dx

&7

£ 2 En s 2
<OT [l e 5 [0k

2
s 1
(D)l ek = f bu
27

un|2j_1 dx

< (1wl + V)

From the definition of ¢,, a, and b,,, it follows that
2

1 T
by < 2% + ?ﬁn. (5.6)

Choosing . ‘[ 1 and using (5.5) as well as (5.6), we obtain that a, >3 6 It follows from (5.5) and (5.6) that

1,
]e,,(un) = Isn(un) - Elfn(u")u”

D an+ b
T 3+2s 3"
_s(3- 25) (5.7)

= 27 £
33+ 25) ™ "

>5(15 25—\/_(3 25))
- 6(3 + 2s)

On the other hand, by the estimate (3.13), we have
b= [ (1C-8) uf + V)l ) dx

>[Il dx (58)

3-=2s

_ 25
Zsz(ﬁ 1) s,

2
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Then from (5.7) and (5.8) we obtain

s(15-25—/5(3 - 25))

Je, (1) 2 6(3 +2s)
S o1\ ® s(15-25—/5(3 - 25))
"2 6(3 +2s)
Consequently, we have
e ¢t < Je, (un) - %];(un)un <& (ct +h(en)). (5.9)

25—
Letting wy, := €, us, we have from (5.7) and (5.9) that

1
enc” < Je, (tn) - e (n)

_s(3-2s) _ZSf o,

T 3(3+2s)
_ 3] s(3-2s)
_8[3(3+2s)f bunl
<e,,(c +h(en)),

X1 dy + 3/ |(—A)§un\2+V(x)\un|2) dx

n“dx+3f (=) wa? dx+f fRy(x)wnde]

from which we conclude that

_25[3 V(x)wﬁ dx—-0 asn — oo.
R

Again by u, € N,, we obtain

/3 |(—A)§wn|2 dx+g;25f3 V(x)w; dx = f b, Tdx+ /3 |wn|2: dx,
R R R

that is, {wn }nen is a (PS)-sequence for J,. It derives from Lemmas 3.4 and 4.1 with & = 1 that there exist a number k € N, sequences of points

x}q, L. ,xﬁ € R® and radii r,lp L. ,r’nc such that:

1) w?,,wnéw in D%*(R%);

@ wi=(wi ' -w™), ~w n DR, j=1,2,...,k
(3) ||wn||z—>Zj=o||ij2; 4

@) Ji(wa) > N(w®) + £ e (w),

as n — oo, where w" is a solution of Eq. (1.1) with e = 1 and wi1< j < k, are the nontrivial solutions of Eq. (3.2). Assume that w® %0,
then by Lemma 3.4, we have

5-1) " s(15-25-/5(3 -2

h®y s = (V3 s(15-25 - V5(3-29)) o3
2 6(3 +2s)

which is a contradiction to conclusion (4) above, as J; o, (w’) > ¢* and J; (w,) — ¢*. Consequently, w” = 0 and we must have k = 1

and w' is a ground state solution of (3.2) with J, ., (w') = ¢*. Hence, there exist 8; > 0 and z; € R such that w' = Us, , and there

exist (14, %) € R+ xR? such that

| (wn) s —w'| = o.

Y€:G1:LL ¥20Z AINF L0
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Thus, there exist a sequence of points {z, }»en ¢ R® and a sequence of {0, }nen © (0, +00) such that ||gs || = |wn — Us, 2, | — 0 with z,

= x} + iz and 6, = r.8,. We assert that

0n >0 and {2z, }nevisbounded. (5.10)

3-2s

In fact, setting ¥, 2, = &,° Uo,z,»as q, — 0 in D**(R?), we have

| [xGIa) unf dx= [ x(I(-8):Tn
| @18 - 1) e ) ]

< [ G [(-8)fwn = (=) T P e

ﬁp/ﬂ;s (1C-2)2wa] + [(=8) 2 Tsy ) | (=8) 2] = |(~2) 2 Usy || dx
Ll (5.11)
<o [ (-8 5wl + 1(-8)! T ) e}
R
s 5~ 2 %
L L1 ] - 1(-8): T ) e}
R
<o lun P+ 1o P { [ I-0) w0, (-8)3 T axf
< Clwn = Us,yz, | = Cllgnl -0
as n — oo. Then, by (5.11), we have
Blun) = ——————=— [ x@I-0) uf dx
€3—25( 5-1) » g2 JR
2
1 f P
e v ye— X -A 2 Wy dx
)T [ X8 il
2
1 s~
e [ KI8T P e+ 0n() 6.2
() Fsi
2
1 / s 2
== [ XDI(=8)2 o,z [ dx+0x(1)
£3—2s(@) » g3 JR
=B(¥o,z,) + 0n(1).
Byu, € N, it can be assumed that
B(¥o,z,) © Bp/Z(O)' (5.13)

If 0, — oo, then for each R > 0, by Proposition 2.2 of Di Nezza-Palatucci-Valdinoci’ and Lemma 4.1 of He-Zhao-Zou,”* we obtain

: 1 N 2 . s~ 2
lim —f -A)2 VY dx = lim -A)2 U, dx
n—oo 83[—23 Br(0) |( ) o,.,z,,| n—oo JBp(0) |( ) U”’Z"|
< hmxf VU, | dx=0
n—oo BR(O
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Combining this fact, the definition of the map y and (5.13), we have

1 s )
P(¥or) =~ [ () = B(¥o,2 ) |(-0) " ¥o, .
83—25(¢§2_1) * 62 R
1 f s 2
>—————— [ (0)(-4)>¥o,z,[" dx - [B(¥o,z,)
53’25(\/5;’1)752% R? A

[\

e pest AN (CVSEL 2 (E EEL RN CY (5.14)
83—2s(\/5;—1) * g2 R*\Bg(0)

- [ P L o)
3-2s(y/5-1) > g2 IR 2
e (45

:§+W0)

By [ = [[un = Yoz,

— 0, (5.12) and Holder’s inequality, we have, as n — oo,

[y(1tn) = 7(¥o,,)
L () = B (-8) 3 = () = B2 ) [(-8) ¥ ) dx|

g N ORCIE [CN P CNE
e o LI = B = ) = o)l X (0 W,

e ) B (1) ) e ) < [(-) W
e [ 1800) = B <)oy

: @{f } { [I8)F o =, )P dx}%
con(1) x [, 1(-2)¥0,

< Clinl +ou(D) x [ (=) ¥0,5,

1
==
Ce

2|dx

2 dx

dx

(=8) " +[(-2) ¥, 2,

2 dx

2dx—>0,

3-2s

—2. _ s 3
where ¢} := ¢ S(w3 1) * 8. Thus,

2

y(un) = y(¥o,z,) +on(1),

and so,
y(n) > ’23 + 0a(1). (5.15)

But from u, € N, we have

01(en) < y(un) < 82(en), (5.16)

where 8i(e,) = 0,i=1,2asn — oo, a contradiction to (5.15). Thus, {6, }nev is bounded, and there exists some ¢ > 0 such that g, — 4,
as 1 — oo. Now, if & > 0, then we must have that |z,| — co. Otherwise, Uy, ., would converge strongly in D**(R?) and so it would w.
Therefore, ], has a nontrivial minimizer on A/}, which contradicts to Lemma 3.4. Thus, for each R > 0, by the fact that lim,—, e |2x|
= oo and due to Proposition 2.2 of Di Nezza-Palatucci-Valdinoci’ and Lemma 4.1 of He-Zhao-Zou,’* we have that

lim : I(-A): T, ., [P dx = 0.

n—o0 JBp(0

Therefore, we can obtain the estimation similar to (5.14), a contradiction to (5.16). By a similar argument, we can show the
boundedness of the sequence {z, }nen. So, (5.10) holds true.
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Based on the above analysis, we can assume that z, — z* and 0, — 0. By extracting subsequences of {0, }nen and {&, }nen, still
denoted as {0, }nen and {es}nen, such that 7 = 0,,(1) as n; — oo, we may change {0y, }nen by {en }nen and relabel {es, }nen by

&
{&n}nen. Define ,
i
2

3-2s
Un(x) := &,% Wn(€nX + 2n).

Then v, - Uy in DS‘Z(R3) and we have
lim . V(enx + zn)v,,(x)2 dx = lim 8;25/3 V(x)w,,(x)2 dx =0,
R n—oo R

n—oo

which shows that [,s V(z*)Uj¢(x) dx = 0. Thus, V(z*) = 0 and z* € M, and so, z, € M, for large n. Returning to (5.12), we get

e [ A@I8) o dxton(1)

7/ [x(enx + 2n) = za]|(=0) 3 Trof? dx + 2 + 0 (1).
s 7

Since e, + 2y — z* € M, we have that f(us) = 2, + 04(1) and the sequence {z, }» en is what we desire. Consequently, (5.4) follows and
the proof is complete.

O

Proof of Theorem 1.1. For any fixed u > 0, let & = &, > 0 be small. Therefore, ® : [81,8,] x M — N given by ®(8,z) = ®s_, is well defined
and by Lemma 5.2, we see that /3(]\78) C M. By (5.3), we infer to

B(Ds,) =z+05(1) uniformlyinz e M.
For § € [81, 82 ], we denote B(Ds,) = z + 9(z) for z € M, with |9(z)| < y/2 uniformly for z € M. We introduce the map
H(t,(8,2)) := (8,z+ (1 - 1)I(z)).
It is easy to check that # : [0,1] x [81,82] x M — [81,82] x M, is continuous. Clearly,
H(0,(8,2)) = (8,B(®s)), H(1,(8,2)) = (8,2),

which implies the map
H(6,z) := (8,8(®s2))) : [61,02] x M — [81,62] x My

is homotopic to the inclusion mapping Id : [81,82] x M — [81, 82] x M,,. Thus, applying the Lusternik-Schnirelmann category theory,” we
have

Cat(Ng) > Cat[(gl,(gz]xMF([(sl,(‘)\z] X M) = catMH (M)

By Corollaries 3.5 and 4.2, the functional J, satisfies the (PS).-condition on N ¢. Hence, the Lusternik-Schnirelmann category theory of critical
points shows that J, has at least caty, (M) solutions. o
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