Discrete and Continuous Dynamical Systems
Vol. 48, 2026, pp. 352-375 &t
doi:10.3934/dcds.2025144 =

i

CRITICAL DOUBLE PHASE PROBLEMS INVOLVING
SANDWICH-TYPE NONLINEARITIES

CsaBA FARkAS®!L2| ALESSIO FISCELLA®® | Ky HoM
AND PATRICK WINKERTX*?

ISapientia Hungarian University of Transylvania,
Department of Mathematics and Computer Science,
Targu Mures, Romania

2Corvinus Centre for Operations Research,
Corvinus Institute for Advanced Studies,
Corvinus University of Budapest, Févam tér 8, 1093, Budapest, Hungary

3Departamento de Matemaética, Universidade Estadual de Campinas,
IMECC, Rua Sérgio Buarque de Holanda 651,
CEP 13083-859, Campinas SP, Brazil

4Department of Mathematics and Statistics,
University of Economics Ho Chi Minh City, 59C,
Nguyen Dinh Chieu Street, Ho Chi Minh City, Vietnam

5Technische Universitit Berlin, Institut fiir Mathematik,
Strafle des 17. Juni 136, 10623 Berlin, Germany

(Communicated by Bernhard Ruf)

ABSTRACT. In this paper, we study problems with critical and sandwich-type
growth represented by

—div (|Vu\p72Vu + a(cc)\Vu|q72Vu) = w(x)|ul*"2u+ 0B (x,u) inQ,
u=20 on 012,

where @ C RY is a bounded domain with Lipschitz boundary 8Q, 1 < p <
s<qg<N, % <1+ %, 0 < a(:) € COL(Q), A, 0 are real parameters, w is a

suitable weight, and B: Q@ x R — R is given by
Bz, t) := bo()[tP" 2t + b(@)[H|7 ~2t,

where r* := Nr/(N —r) for r € {p,q}. Here, the right-hand side combines
the effect of a critical term given by B(,-) with a sandwich-type perturbation
with exponent s € (p,q). Under different values of the parameters A and 6,
we prove the existence and multiplicity of solutions to the problem above. For
this, we mainly exploit different variational methods combined with topologi-
cal tools, like a new concentration-compactness principle, a suitable truncation
argument, and the Krasnoselskii’s genus theory, by considering very mild as-
sumptions on the data a(-), bo(-), and b(-).
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1. Introduction and main results. In the last decade, the double phase operator
has gained interest in many different research areas. This operator is defined by

div <|Vu|p_2Vu + a(x)\Vu|q_2Vu), 1<p<yg, (1.1)

and arises from the study of general reaction-diffusion equations with nonhomo-
geneous diffusion and transport aspects. Applications can be found in biophysics,
plasma physics, and chemical reactions with double phase features, where the func-
tion u corresponds to the concentration term, and the differential operator rep-
resents the diffusion coefficient. The related integral functional to (1.1) has the

form
J(u) = /Q (V;p + a(x)'v;|q> dz, (1.2)

for a bounded domain Q C R¥. It appeared for the first time in the work of Zhikov
[45] and is useful in the context of homogenization and elasticity theory. In this
setting, the coefficient a(-) is associated with the geometry of composites made of
two materials of hardness p and ¢. Functionals of the form (1.2) can be regarded as
particular instances of the seminal contributions by Marcellini [38, 39], which ad-
dress issues concerning nonstandard growth and (p, ¢)-growth conditions. In fact,
the regularity theory in [38] also applies to double phase integrals. In this regard, we
also cite the recent works on u-dependence by Cupini-Marcellini-Mascolo [16] and
Marcellini [37]. For further reading on this topic, we also recommend reading the
paper by Marcellini [36], which presents recent results on problems with nonstan-
dard growth. Subsequent to this, the regularity results obtained by Marcellini for
the special case of the double phase setting have been refined by a series of papers
by Baroni—Colombo—Mingione [4, 5, 6] and Colombo-Mingione [13, 14]. In contrast
to [38], in which a(-) must be Lipschitz for the double phase setting, the papers
by Baroni, Colombo, and Mingione only require Holder continuity of the weight
function a(+). As previously indicated, double phase problems appear in various ap-
plications. We refer to the papers by Bahrouni-Radulescu-Repovs [2] on transonic
flows, Benci-D’Avenia—Fortunato—Pisani [7] on quantum physics, Cherfils—II'yasov
[9] for reaction diffusion systems, and Zhikov [46, 47] on the Lavrentiev gap phe-
nomenon, the thermistor problem, and the duality theory.

In this paper, we examine the existence and multiplicity of solutions to problems
with critical and sandwich-type growth represented by

—div A (z, Vu) = Mo(z)[ul* 2u+ 0B (r,u) inQ, wu=0 ondQ, (1.3)

where Q C RY is a bounded domain with Lipschitz boundary 0Q, A, 6 are real
parameters, w is a suitable weight, while A: Q@ x RY — RV and B: Q@ xR — R are
given by

Az, €) = [E[P72%¢ + al@)|€]77%¢,  B(x,t) := bo(x)|t
where 7* := Nr/(N — r) for r € {p, ¢}. Denoting
Qp ={xeQ: a(z) > 0},

P2 ()|t 2, (1.4)

we assume the following structure conditions on the data of problem (1.3):

1 _
(Hy) 1<p<s<q<N,%<1+N,oga(-)eCOvl(Q)andm;é@.
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(Hy) 0 < bo(-) € L=®(Q) and 0 < b(-) € L>(Q) such that b(z) < Ca(z)T for
a.a.x € 2 and

Hbr%*qu* < C||a%Vqu, for any u € C2°(92), (1.5)

with some C > 0.
(H3) w: © — R is a measurable function such that [{z € Qy: w(x) >0} > 0,

wX{b:o}b(;F € L#(Q), wx{b>0}b_qi* € Lq*qi—(Q) and

/Qw(as)|u|S dz < C, (/Q a(x)|Vul? dx) ’ , (1.6)

for any u € C°(Q2) with some Cy, > 0. Here, xg denotes the characteristic
function of E and x{b>0}b_qi* := 0 on the set {b = 0}.

Remark 1.1. When Q. = (), problem (1.3) under hypotheses (H;)—(Hj) reduces to
a superlinear p-Laplace problem with critical growth, which was studied by Ho—Sim
[29] in the setting of a generalized p(-)-Laplacian. Note that if supp (b) C Q4 as in
the paper by Colasuonno—Perera [11], then (1.5) in condition (Hs) holds true, see
[11, Proposition 4.11]. We also point out that condition (1.6) in (Hs) is satisfied if

q

b(z) > 0 for a.a.z € Q and wb™ 7= € L7== (). Indeed, by Holder’s inequality and

(Hs), we have for u € C°(Q)
.- (/ a(x)|Vu|qu> "
7 \Ja

q* ‘
q*—s

The main feature of problem (1.3) is the combination of the double phase op-
erator with a right-hand side, which consists of a sandwich-type nonlinearity ¢
Aw(x)[t]*~2t with an indefinite weight w(-) and exponent s € (p,q), along with a
critical growth term B(-,-) given in (1.4). Note that the solutions of (1.3) shall
belong to the Musielak-Orlicz Sobolev space W, *(€), which arises from the gen-
eralized N-function H: Q x [0,00) — [0, 00) given by

H(z,t) =t +a(z)t? for (z,t) € Q x [0, 00).

S
<c®
-

i — s
bau wb™

/ w(z)|ul® dz < Hwb_qi*
Q

From this definition, we see that the double phase operator given in (1.1) is a
generalization of the p-Laplacian and of the (p, ¢)-Laplacian for p < ¢, by setting
a(-) =0orinfa(-) > 0, respectively. Here, we point out that the critical term B(:, -)
defined by

B(x,t) := bo(x)|t|P” +b(x)[t|]T  for (z,t) e Ax R

is also of double phase type and appears to have the natural critical growth in re-
lation to the operator. However, this term further complicates the study of (1.3).
Indeed, in our variational approach, we have to overcome the lack of compactness of
the embedding Wy " (Q) < LF(Q). In order to do so, we exploit a new concentra-
tion and compactness argument inspired by the work of Ha—Ho [22, Theorem 2.1]
taking care of the Luxemburg norms of the Musielak-Orlicz spaces WO1 H (Q) and
LB(Q). In this direction, we provide a suitable compactness threshold for the en-
ergy functional associated with (1.3), which allows us to handle the sandwich-type
perturbation with exponent s € (p,q) by (H;). This sandwich-type situation for
(1.3) is more interesting and delicate, since it is strictly related to the double phase
growth of the main operator in (1.3). In fact, when a(-) =0 in (1.3) and (1.4), the
sandwich case with s € (p,q) cannot occur.
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Recently, problem (1.3) has been studied by Colasuonno—Perera [11] and Farkas—
Fiscella-Winkert [18] in case §# = 1. In [18, Theorem 1.1], the authors covered the
sublinear situation with s € (1, p), proving the existence of infinitely many solutions
of (1.3) with negative energy. For this, they exploited the Krasnoselskii’s genus
theory combined with a truncation argument, by assuming very mild hypotheses
for the terms in (1.4). On the other hand, in [11, Theorems 2.1 and 2.6], the
authors considered (1.3) in the regime s € [p,¢*), employing a Brézis—Nirenberg-
type approach [8] to establish the existence of a mountain-pass solution. They
first showed that there exists a threshold $* > 0 such that, for any 8 € (0,5*),
every (PS) 5 sequence for the energy functional admits a subsequence that converges
weakly to a nontrivial weak solution of problem (1.3). Subsequently, they proved
that the critical mountain-pass energy level lies below this threshold. For this, they
required very restrictive assumptions on the dimension N, the exponent p, and
the weights a(-) and b(:) of (1.4), see [11, Theorems 2.1 and 2.6]. In particular,
they required that either a(-) = 0 on a suitable ball B,.(z¢), or a(:) = ag > 0 and
b(-) = bso > 0 are constant on B, (zo).

Motivated by the papers of Colasuonno—Perera [11] and Farkas—Fiscella-—Winkert
[18], we want to provide existence and multiplicity results for solutions of (1.3) with
negative energies under the sandwich case s € (p, ¢). In order to state our first main
result, we note that the assumption (H3) implies that

W= {0 e W@ suwp(9) € 2 and [ w@)ot de >0} 20,
Q

where ¢, := max{¢,0}, see Kawohl-Lucia—Prashanth [31, Proposition 4.2]. We
can therefore define

5—

I, a(sc)|V¢qu> = (fQ |V¢pdz>q_p s
q P fQ w(z)¢s da’

)\0 = inf C()<

1.
PpEW L ( 7)

where Cy = Cy(p, ¢, s) is given as

e (5 ()T

Our first result reads as follows.

Theorem 1.2. Let hypotheses (Hy)—(H3) be satisfied. Then, for any given X > Xg
with Ao as in (1.7), there exists 0, = 0,(\) > 0 such that for any 6 € (0,6,),
problem (1.3) has a nontrivial nonnegative solution with negative energy.

Theorem 1.2 generalizes the (p, ¢)-Laplacian situation studied by Ho-Sim [27,
Theorem 1.1] in a nontrivial way. Indeed, in [27, Theorem 1.1], they presented their
problem in the trivial intersection space Wy () N W, 4(Q) = W, 4(Q) with p < q.
In this way, they minimized their energy functional on the ball

B, = {ue w3 (@) |Vull, <r},

disregarding the norm ||Vu||,. In Theorem 1.2, we still apply a minimization argu-
ment, combined with Ekeland’s variational principle, but taking care of the Luxem-
burg type norm of the Musielak-Orlicz Sobolev space VVO1 e (©2). For this, we need
a suitable compactness threshold for the validity of the Palais-Smale condition of
our energy functional.
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Our second result is devoted to the multiplicity of solutions to problem (1.3)
stated in the following theorem.

Theorem 1.3. Let hypotheses (Hy)—(Hs) be satisfied and assume that there exists
a ball B C Q1 such that w(z) > 0 for a.a.x € B. Then, there exists {0;}jen with
0 < 0; < 6,11, such that for any j € N and with § € (0,0;), there exist A, \* >0
with Ay < X* and possibly depending on 0, such that for any X € (A, \*), problem
(1.3) admits at least j pairs of distinct solutions with negative energy.

The proof of Theorem 1.3 relies on a careful combination of variational and topo-
logical tools, such as truncation techniques and Krasnoselskii’s genus theory, similar
to the work by Farkas-Fiscella-Winkert [18, Theorem 1.1] under the sublinear situ-
ation. However, the sandwich perturbation with exponent s € (p, ¢) does not allow
us to provide the existence of infinitely many solutions for (1.3). Indeed, as in [18,
Theorem 1.1], we can construct a monotone and non-decreasing sequence {c; } jen of
critical values by the genus theory. However, we can only guarantee that the values
c1 < cp < ... < ¢j are negative when § < 6; and A > A,, with possibly 6; — 0
and A\, = A.(0;) = oo as j — oo. This is the crucial difference with respect to
the sublinear case in Theorem 1.1 of [18], where the {c;};en are all negative when
A < X\* is sufficiently small.

We emphasize that Theorem 1.3 completes the picture of the paper by Farkas—
Fiscella-Winkert [18, Theorem 1.1] and generalizes the multiplicity results obtained
by Baldelli-Brizi-Filippucci [3, Theorem 1] and by Ho—Sim [29, Theorem 1.3]. In-
deed, in [3, Theorem 1], they dealt with a (p,q)-Laplacian situation, i.e., with
inf a(-) > 0, while in [29, Theorem 1.3], they considered a more general operator that
involves two sides: one given by the p(-)-Laplacian and the other one given by an op-
erator set on a suitable ball B. Then, in [29, Theorem 1.3], they covered a sandwich-

type case with s < p~ := minp(z) and s > ¢p, where ¢p is the exponent of the
second side. Thus, they did not cover a truly sandwich case for the p(-)-Laplacian,
i.e.,,with minp(z) =: p~ < s < p* := maxp(z). In Theorem 1.3, even work-

ing with Luxemburg norms, we can cover a complete sandwich perturbation with
s € (p,q) in (1.3). Finally, we mention related papers dealing with critical growth
for double phase problems; see the works by Arora—Fiscella—Mukherjee-Winkert
[1], Farkas—-Winkert [19], Feng-Bai [20], Ho-Kim-Zhang [25], Kumar-Radulescu—
Sreenadh [32], Liu—Papageorgiou [35], Papageorgiou—Vetro—Winkert [40, 41], and
Papageorgiou—Zhang [43], and also the paper by Ho—Perera—Sim [26] on the Brézis-
Nirenberg problem for the (p, ¢)-Laplacian. Note that the methods and techniques
used in these papers are different from the ones applied in our work.

The paper is organized as follows: In Section 2, we introduce the notation used
along the paper and some technical properties of the Musielak-Orlicz spaces. In
Section 3, we prove the compactness property of the energy functional related to
(1.3), while in Sections 4 and 5, we prove Theorems 1.2 and 1.3, respectively.

2. Preliminaries and notation. In this section, we recall the main properties of
Musielak-Orlicz and Musielak-Orlicz Sobolev spaces as well as those of the double
phase operator. Most of the results are taken from the papers by Colasuonno—
Squassina [12], Crespo-Blanco—Gasinski-Harjulehto-Winkert [15], Ho-Winkert [30],
and Liu-Dai [34]; see also the monographs by Chlebicka-Gwiazda—Swierczewska-
Gwiazda—Wréblewska-Kaminska [10], Diening-Harjulehto-Hasto—Ruzicka [17],
Harjulehto-H&st6 [23], and Papageorgiou—Winkert [42].
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First, we want to introduce the underlying generalized N-functions describing
the behavior of the function A: Q@ x RY — RY and B: Q x R — R given in (1.4).
For this purpose, let 1 < a < 3, 0 < ¢(-) € LY(Q) and 0 < d(-) € L*(Q). We define
the N-function ®: Q x [0,00) — [0,00) as

®(x,t) := c(x)t* +d(x)t? for (z,t) € Q x [0,00),

while the associated modular ps to ® is given by

po() = /Q<I>(x, ) da (2.1)

Denoting by M () the set of all measurable functions on 2, the corresponding
Musielak-Orlicz space L®(Q) is defined by

L*(Q) :={uec M(Q): ps(u) < oo},

endowed with the Luxemburg norm
U
ulle = mf{T >0: po (f) < 1} .
T
The following proposition gives the relation between the modular pg(-) and its
norm ||-||¢; see Crespo-Blanco—Gasiniski-Harjulehto-Winkert [15, Proposition 2.13]
for a detailed proof.

Proposition 2.1. Let 1 <a < 8, 0<c(-) € LY(2), 0 < d(-) € LY(Q), A > 0, and
u € L2(Q) while pg(-) is as in (2.1). Then, the following hold:
(i) Ifu#0, then ||lulle = X if and only if ps(%) = 1.
(i) |lulle <1 (resp.> 1, =1) if and only if po(u) < 1 (resp.>1, =1).
(iti) If ulle < 1, then [lull} < po(u) < [[ullg.
(iv) If [|ulle > 1, then [Jull§ < pa(u) < |ulls.
lulle — 0 if and only if ps(u) — 0.

i
(v
(vi) |lulle — oo if and only if ps(u) — oo.

D — — T

Next, we assume that (H;) and (Hsy) are fulfilled, so that we can set
H(z,t) =t + a(z)t? for (z,t) € Q x [0, 00),
B(x,t) := bo(ax)|t|”” +b(z)[t]T  for (z,t) € A x R.
We define the Musielak-Orlicz Sobolev space W% (Q) as
WhH(Q) = {ue L*(Q): |Vu| € L*(Q)}
equipped with the norm
lullyae = llullz + [[Vull3,

where |Vul|lyz = || |Vul||%. Furthermore, we denote by WOH'L(Q) the completion
of C(Q2) in WEH(Q). In view of Colasuonno-Squassina [12, Proposition 2.14],
we know that L*(Q), WhH(Q), and W, () are separable and reflexive Banach
spaces. In addition, the Poincaré inequality, namely

ullz < Cl[Vully  for any u € Wy (Q),

holds true, see Colasuonno—Squassina [12, Proposition 2.18 (iv)] or Crespo-Blanco—
Gasinski-Harjulehto-Winkert [15, Proposition 2.19] under the weaker assumption
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q < p* instead of % <14 % Based on this, we can equip the space Wol’% (©2) with
the equivalent norm

=1V e

We have the following embedding results; see Colasuonno—Squassina [12, Proposi-
tion 2.15].

Proposition 2.2. Let hypothesis (Hy) be satisfied. Then, the following hold:

(i) Wy Q) < WeP(Q) is continuous;
(ii) Wy (Q) = LP" () is continuous.
(i) W *(Q) — L"(Q) is continuous and compact for all 1 < r < p*.

The next proposition can be found in the work by Ho—Winkert [30, Proposition
3.7] and plays a key role to handle the critical Sobolev term in problem (1.3).

Proposition 2.3. Let hypothesis (Hy) be satisfied and
Glx,t) == [t|* + a(z) 5 [t|™  for (z,t) € A xR,
where 1 < k < p* and 1 <m < g*. Then, we have the continuous embedding
WH(Q) — LI(Q). (2.2)

Furthermore, if k < p* and m < q*, then the embedding in (2.2) is compact. In
particular, it holds

WLH(Q) — LM*(Q)  compactly.

Let us define the operator L: Wy *(Q) — (W&H(Q))* by
(L(u),v) := / (IVulP~? + a(z)|Vu|!™?) Vu - Voda (2.3)
Q

for any u, v € W' ™(Q), where (WOIH(Q))* denotes the dual space of W, " (Q)
and (-,-) is the related duality pairing. The following result is taken from Liu-Dai
[34, Proposition 3.1 (ii)].

Proposition 2.4. Let hypothesis (Hy) be satisfied. Then, the mapping L: Wol’H(Q)
— (W(}H(Q))* given in (2.3) is of type (Sy), that is, if up, — u in WolH(Q) and
lim sup(L(uy,) — L(u), uy, — uy <0, then u, — u in Wol’H(Q).

n—oo

The next compactness result is needed for the sandwich perturbation. It can be
proved in a similar way as Lemma 4.1 by Ho-Kim—Sim [24] via Vitali’s convergence
theorem.

Proposition 2.5. Let hypothesis (Hs) be satisfied and let {u, }nen C WOIH(Q) be
a sequence with u, — u. Then, it holds

/w(x)|un|sdx—>/w(x)|u|sdx and /|w(x)||un—u|sdx—>0
Q Q Q

as n — Q.
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Next, we want to recall further notations that will be used in the sequel. First,
we mainly work with terms set as

1/m 1/m
el = (/ d<x>u|mdx) 7 el = (/ |u|mdm) ,

]
1/m 1/m
lll o) = ( [E d<x>|u|mdz) D ullomg = ( |u|mdz> ,

E

while |E| indicates the Lebesgue measure of a measurable set £ C RY. Also, for
any r > 0, we denote the sets

B(y,r):={z eRY: |z —y| <7},
By = {ue Wy (Q): |u] <1},
OB, = {ue Wy (Q): |lul| =r}.
Meanwhile, in the next section, we denote by M (9) the space of the Radon measures
on 2.

Considering the notation above, note that under assumption (Hs), we have

= in [Vl >0 and S;:= inf % >0 ifb#0.
peCz(\{0} | [bg,p* peC(D\{0} || P|lb,q

Thus, there exists a constant C, > 1 such that

[ulls < Cellull,  llullbo pr < CellVullp and [luflp,g < CellVtllaq (2.4)

p

for any u € Wy " (Q).
In order to determine (nonnegative) solutions of problem (1.3), we introduce the
energy functionals J, J; : W(}’H(Q) — R given by

J(u) = / A(z,Vu) dz — é/ w(x)|ul® de — 0/ B (z,u) dz,
Q sJa Q
Ji(u) = / A (z,Vu) dz — é/ w(r)us dr — 9/ B (z,uy) da,
Q s Ja Q
where uy := max{u,0} and
A= T1elr + g for (2,6) €0 x BY,
E(x,t) = Z%bO(x)Mp* + qi*b(x)|t|‘f for (z,t) € 2 x R.

It is clear that J, .J, are of class C*(Wy 7 (), R) and a critical point of .J (resp. .J,)
is a solution (resp.nonnegative solution) to problem (1.3).

3. A compactness result. In this section, we prove an important lemma that
provides a compactness result regarding the functionals J and J,.. For this, we recall
that a sequence {up }tnen C VVO1 H(Q) is a Palais-Smale sequence for a functional
Ie C’l(Wol’H(Q),]R) at level ¢ € R ((PS), sequence for short), if

I(up) = ¢ and [I'(u,)—0 in (WOIH(Q))* as nm — 0o. (3.1)

We say that I satisfies the Palais-Smale condition at level ¢ € R ((PS), condition
for short), if any (PS), sequence admits a convergent subsequence in WO1 Q).
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With a new concentration-compactness principle inspired by the work of Ha—
Ho [22, Theorem 2.1], we study (PS). sequences under an important threshold
defined below in (3.2). Such a threshold can be derived by applying a concentra-
tion—compactness principle in the space VVO1 e (©2). However, applying [22, Theorem
2.1] would yield a threshold involving powers of # and A that depend on both p and
q, which would complicate later estimates due to the presence of the intermediate
exponent s € (p, q). For this reason, we establish a new concentration—compactness
principle to obtain the desired threshold in (3.2).

Lemma 3.1. Let hypotheses (Hy)—(Hs) be satisfied and let A, § > 0. Then, any
bounded (PS), sequence of the functionals J and J admits a convergent subsequence

in Wy (Q), provided that

q

c< Crmin {6777, 0775 | — AT - AT~ 7, (3.2)

where Cl = CI(N7p» Q)f 02 = 02(N7paQa S,IU), and CS = CS(N7p7 qaw7b) are
three suitable positive constants. If b = 0, then any bounded (PS), sequence of the
functionals J and Jy admits a convergent subsequence in WOI’H(Q), provided that

¢ < CLO7 7T — Cyris. (3.3)

Proof. We only prove the assertion for J since the situation for J; can be proved
similarly. Also, we only consider the case b # 0, as the case b = 0 is similar and
easier to show.

Fix A > 0, 8 > 0 and let ¢ € R satisfy (3.2) with Cy, Cs, and C5 to be specified
later. Let {un}nen € Wy () be a bounded (PS), sequence of the functional .J.
Taking Proposition 2.3 into account, there exists u € W&’H(Q) such that up to a
subsequence, not relabeled, we have

u, —u in WPHQ), w, —u in L7Q),

up(z) = u(z) for aa.z € Q, (3.4)

as n — oo. Furthermore, by virtue of FonsecafLegni [21, Proposition 1.202], we
can find bounded Radon measures p, v, 11, 7 € M(2) such that

[Vu,|P = p in M(Q), bo(2)|un|?” = v in M(Q),

* - . @)
a(x)|Vup|? =7 in M(Q), b(x)|uy|? =7 in M(Q),

as n — oo. Since WO”{(Q) < W, P(Q) by Proposition 2.2 (i), we can apply the
concentration—compactness principle by Lions [33, Lemma I.1], considering by(-) €
L>(Q) by (Hs). Besides, thanks to (H;) and (Hs), we can argue as in Ha—Ho [22,
Theorem 2.1] so that, taking also Lions [33, Lemma I.1] into account, there exist
five families of distinct points {z;};ez C Q, and of nonnegative numbers {v;};c7,
{pitiez, {Vitiez, {B; }icz, with Z being an at most countable index set, such that
we have

p> VP + 3 pide,, v=bo(@)ul’ + Y vide, ST <P, (3.6)
1€Z €T
for any ¢ € Z and

> a(@)|Vul' + Y b, 7=b@)ul + Y wid,,, ST <@l (3.7)
i€T €L
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for any i € Z, where d,, is the Dirac mass at x;. Then, we proceed with the next
steps.

Step 1. p; + 1, <6 (v; +7;) for any i € T.
To this end, fix i € Z and let ¢ be in C2°(RY) such that

0<¢p<1l, ¢=1 onB (0, ;) and ¢ =0 outside of B(0,1).
For & > 0, set ¢; - (2) := ¢(2=%) for x € RN, Fix such an e and note that
/¢>i,e|vun\p dx+/ bica(z)|Vu,|?dz
Q Q
= 9/9¢i,ebo(x)lun|p* dz + ‘9/9 bib(x)|u,|? dz (3.8)
+ A /Q bicw(z)|u,|® dz — /QA(x, V) - Vi cun da + (J' (up), ¢ ctin).
Let 6 > 0 be arbitrary. By Young’s inequality, we have
/Q |A(x, Vuy,) - Vi cup| do
<0 (Vg + 19unlt) + Cs [ [9oncunP et [ atw)|Ts.)ras )
<80, + Cs (/Q Vi cun|P do +/Qa(w)|v¢i’5un|qu) ,

with C, > 0 given by the boundedness of {u,}neny and Cs = 617P + §179. Thus,
(3.8) rewrites as

/¢i,e|vun|p dw—f—/ bica(z)|Vuy,|? dx
Q Q
<0 [ i@l do+6 [ orbolul” do
Q Q
+ )\/ bicw(x)|uy|® dz + 6C,
Q

+ Cs (/Q Vi cun|P da +/Qa(x)|v¢i7€un|q dx) (T (), i ctn).

Hence, letting n — oo, by considering (3.1) with I = J, (3.4) and (3.5), as well as
Propositions 2.3 and 2.5, we get

L¢i,gdu+ﬁ¢i,gdﬁs9L¢i,5du+eﬂ¢i,gdv
Q Q Q Q
—l—)\/ ¢icw(x)|ul® dz 4+ 0C, (3.9)
Q

+ Cs (/ [V, -ulP dx —|—/ a(x)| Ve cul? dx) .
Q Q

Since by Proposition 2.3 we know that u € LY(Q) with

7

)

G(x,1) = [t} + a(z) Tt
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we can apply Holder’s inequality to obtain

/ [uV; o|P do + / a(x)|[uVe; |t de
Qe Qe (3.10)

< |u||ZL),P*(Q )||v¢z EHLN(B (i,6)) + ”UHqu*(aq*/q@m)”v‘ZSi,E”%N(B(w“E)),

where Q; . = QN B(x;,¢). By a simple change of variable, we get

IV@ielln (Bien = IVOlLy (B, (3.11)
Thus, by sending ¢ — 0 in (3.10) and considering (3.11), it follows that
lim (/ [uV i e|P d +/ a(x)|uv¢i75|qu> =0. (3.12)
e—0 Q Q

On the other hand, by sending ¢ — 0 in (3.9), using (3.6), (3.7), and (3.12), we
obtain

pi +1; <0 (vi +7;) +6Cx.
Since § > 0 was chosen arbitrarily, the proof of Step 1 is completed.
Step 2. v; =7; =0 for any i € 7.

Let us assume by contradiction that there exists ¢ € Z such that v; + 7; > 0.
From (3.6) and (3.7), we have y; +7; > 0 and

yi+ﬁi§5*( P/r gt /q) (3.13)

where S, := max {Sp*p* , Sp"f } Now, we claim that there exists Ci:=0C (N,p,q) >
0 such that

O (v +03) > pi + 1t > C, min {H_ﬁﬂ_ 7 } . (3.14)

For this, we distinguish the following cases:

Case 1: Let pu; > 1.
Then, combining Step 1 and (3.13), we get

07" (i + 1) < v+ < S, (ud 4l 1) < ST
This yields

9(V1+Vz)>/%+:%25 e

Case 2: Let p; <1 and z; > 1.
Then, from Step 1 and (3.13) again, we obtain

0 (i + 1) < v+ 73 <280 1T <28, (i + )" Y
This gives
0 (vi+7:) > i+, > (28,) 7 07

Case 3: Let 1; <land pr; < 1.
Again from Step 1 and (3.13), it follows that

0" (i + 7)< vi+ 7 < S (1P ET) < S ()
This and the fact that u; + 7z; > 0 lead to

— P
O +7;) > pi+ 1, > S, 7 70 7%
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In summary, we arrive at the statement (3.14) by taking
Cy = min{(QS*)_ﬁ ,S*_P**”}.
On the other hand, putting ¢ = (¢ + p*)/2, by (3.1) we have

c=J(u,) — %,<J/(Un)7un> +on(1)

1 1 1 1
> - == ) [[Vunl||d —/\(—~)/wx u,|® dz
(;-3) 1ulty =2 (5 - 3) [ vl

i (; _ pl) [/Q bo(@)|unl?” da + /Q b(@)|un|” dx} +on(1),

as n — oo. Passing to the limit as n — oo in the last estimate and using (3.4)—(3.7)

and Proposition 2.5, we obtain
1 1 ,
te— A =-—= /w(m)\uf’dm
' s q) Ja

1 1
c> (—~) (IVu
q9 (¢

]. ]_ * * _
#0(3=2) (I8 + Dl +5+73).

(3.15)

By (Hs) we have

/ w(x)|ul® de < / lw(z)|ul® dz + Cy </ a(x)|Vul? da:) a
{b=0} {v>0} Q

Thus, using Hélder’s inequality and Young’s inequality gives
1 1
A ( - ~> / w(x)|ul® dz
s 9/ Ja
1 1 1 1
<2 --= fde+CupA | = — = ) ||Vl
<0 (3= 1) [ w@hsnliar+ e (2= 2) vz,

1 1 s
<92(z b a || o Allullg
S < >||wX{b>0} ||L @ ||U||b,q

S a a*—s

1/1 1 q
+5 (5 3) Ivult, + o,
with a suitable Cy := C2(N, p, ¢, s,w) > 0. From (3.14), (3.15) and the last estimate,
we deduce
1 1 s 1 1 *
c>=-21-—=]]w b~ * Mullg oo +0 (= —— ) |lullf.
22 (5= 2 oo # 1 Mull e +6 (3= )l

S q*—s

+ C1 min {Q’ﬁ,efﬁ} — O,

where C7 := (; — 1*> 5’1. That is, we get
¢ > hao (Jullp.q-) + Cy min {e—ﬁ,a—ﬁ} _ CoaT, (3.16)
where
hao(t) := 0dit? — Adot®  for t > 0,
with

1 1 1 1 _ s
dy = (~ - *) and dy:=2 ( - ~> lwxpsoyb o[ o .
q P s q La* =5 (Q)
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Since

1 s
) B Adas N ==\  q"—s (s \7T i S
W hw(t)‘“((w) )‘ () owaron

we derive from (3.16) that

¢ > C; min {e—ﬁ,a—ﬁ} — O AT — O AT T,
with a suitable C3 := C3 (N, p, q, s, w,b) > 0, which contradicts (3.2). This proves
Step 2.
Step 3. u, — u in Wy (Q) as n — oo.

By Step 2, v; =7; =0 for any ¢ € Z and so by (3.6) and (3.7), we obtain

/bo(x)mv)* dz%/bo(x)w* dz and / bz |un|T dx%/ z)|u|? de.
Q Q

From this and (3.4), we conclude that
/ bo ()|t — ulP dz — 0 and / b(x) |ty — ul? dz — 0 (3.17)
Q Q

in view of the Brézis Lieb lemma (see e.g., Ho—Sim [28, Lemma 3.6]). From (3.1),
we have (J'(up, —u) — 0 as n — oo, which yields

/Am Vuy) - V(u n—u)dx—)\/w(x)|un|3_2un(un—u)dx
Q

+ 9/ B(z,un)(uy — u) de.
Q
From this, by Hoélder’s inequality combined with Proposition 2.5 and (3.17), we get

lim | A(z,Vuy,)-V(u, —u)dz =0. (3.18)

n—oo Q

Then, combining (3.4), (3.18), and Proposition 2.4, we deduce that w, — u in
Wy (Q). The proof is complete. O

4. Proof of Theorem 1.2. For the proof of Theorem 1.2, we employ the idea by
Ho—Sim [27]. However, we minimize the functional J; on a suitable ball

B, — {u e W (Q): uf < 7”} ’

working with the Luxemburg norm || - ||.

Before we prove Theorem 1.2, we first need the following lemma.
Lemma 4.1. Let hypotheses (Hi)—(Hs) be satisfied and let X > Ao with Ao as
defined in (1.7). Then, there ezists 0, = 0,()\) > 0 such that for any 6 € (0,5*),
there exist v, B > 0 such that

f > inf .
P Ji(u) 2 B>0> ungrJJr(U)

Proof. Fix A > A\g. Thus, there exists ¢ € W, such that

(fﬂlwwy ’ (fglvwl”dx>q P
q p Jow(@)ys da

<A (4.1)
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Now, for ¢t > 0, we have
J(t) = tPga(t) — 0€(1),
where
ga(t) = a1 — apAt” P + agt??
with

1 1 1
oy = ];”V’(/)Hg >0, o= ;/ w(z)yidr >0 and az:= 6||v¢||g,q > 0,
Q

£(t) = ]% ( /Q bo ()8 dm) P +qi* ( /Q b(x)p?L dx) 9"

Due to (4.1) and considering (1.8), we have

1
. - S—0Dp 1 a=s
min g, () = g ((qpa2a3 >\> >

and

we conclude that gx(to) < 0, and so

J+(t0’(/J) = [to]pg)\(to) — 95(1&0) < 0. (42)
We take r = r(A) > 0 as
ri= max{1+t0||¢||’ <2qiw)\>qs}’ (4.3)

where C,, is given in (H3). Then, for ||u| = r > 1, by (Hs), and Propositions 2.1
and (2.4), it follows that

1 1 CoXic o 0 A
Te(u) = ISl + [Vl — =2Vl e { )

. (4.4)
1 1 Codi o 0CT
> ];IIVUIlﬁ + QIIVHIIZ,q - IVulle, - fJul®

*

We claim that there exist 0, = 0, (A\) > 0 such that, for any 6 € (0, 5*), we have

Ji(u) > B, for any u € 9B, (4.5)
with a suitable 8 = S(A,0) > 0. For this, we distinguish the following two cases:
1
1 2C A . 2qCu A\ g —
Case 1: Let [ Vullf,, € 2 Vul}, ie. [Vulug < <q$w>q 5

From (4.3), we have

CiwA . Cu (200 A\ T 1 1
CRyvaly, < St (M) < e -

S S
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Using these estimates, we derive from Proposition 2.1 and (4.4) that

*

1 1 6Ce .
Ji(u) > =[[ull” = = [lull” — —[ul|?
q 2q D

_ ca ra ( p* _o-a" _€>.
p* 2qC?e

1 2C A
Case 2: Let aHVqu > ||V

s
a,q — s a,q°

In this case, we easily derive from Proposition 2.1 and (4.4) that

1 1 o/ -
J(u) = =|Vullp + —[IVulld ; = ——[ul?
» P 9g a.q P
1 6Cce «
2 oollull? = —=lul?
p
= Cg Tq < p* o TP7Q* —_ 9) .
p* \2qC¢
In any case, by taking
~ p* C re -

the statement (4.5) holds true for any 6 € (0, 5*)
Finally, note that tg1p € B, by (4.3). Hence, (4.2) yields

inf J(u) < J4(tod) <0
This and (4.5) complete the proof. O

Proof of Theorem 1.2. Note that for 6 € (0,1), the right-hand side of (3.2) can be

rewritten as

Grg = C10 T o1 — CyAT =07 75 — CyA7s.
For the case b = 0, we take €y g := Clﬁ_P*p*P - 02)\%, which is the right-hand
side of (3.3). For a fixed A > 0, since s < ¢, there exists 6, = 6,(\) > 0 sufficiently
small such that €y 9 > 0 for any 6 € (0,5*). Thus, let us fix A > Ao, with g as
defined in (1.7). Next, let us fix € (0, 6,) with 6, := min {5*, 5*, 1}, where 0, is as

in Lemma 4.1. Thanks to Lemma 4.1, we can apply Ekeland’s variational principle
to J4, which provides a minimizing sequence {u, }nen C B, such that

J+(Un) — My and J_/|_(un) — 07
where

my = ulenlgr I+ (w).

Furthermore, since m, < 0 < ¢y ¢ due to Lemma 4.1, we can apply Lemma 3.1
for the sequence {u, }nen, so that there exists u € Wy *(Q) such that u, — u in
Wy (Q). Hence

Ji(u)=0 and Ji(u)=m, <O0. (4.6)
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Thus, we have
0= (J\(u),u_) = / A(z,Vu_) dz =0,
Q

where u_ := max{—u,0}. It follows that u_ = 0 a.e.in © and so u > 0 a.e.in Q.
From this and (4.6), we obtain

J'(u)=0 and J(u)=m, <O.

Therefore, u is a nontrivial nonnegative solution to problem (1.3). This proves the
assertion of the theorem. O

5. Proof of Theorem 1.3. The proof of Theorem 1.3 is inspired by Ho—Sim [29,
Theorem 1.3]. However, unlike the case of the (p, ¢)-Laplacian, ||V - ||4,4 is no longer
an equivalent norm on W, (), and this makes the situation for the double phase
operator much more complicated. Furthermore, we require the existence of a ball
B C Q4 as set in Theorem 1.3, in order to get the technical result of Lemma 5.1.
Let # > 0 and A > 0. We easily observe that the functional J is not bounded
from below in WO1 () because of the presence of the critical Sobolev term. For
this, we mainly work with a truncated functional. Let 1 < t; < t5 and choose a
cut-off function ¢ € C°(R) being non-increasing with 0 < ¢(-) < 1 such that

G(t)=1 for [t| <t; and (t) =0 for|t| > to. (5.1)

Now we can define the truncated functional J,: Wy *(Q) — R as

A ~
To(w) = [ Alw,Vuydz 2 / w(@)[ul® dz + o(Jul) o/ Blou)de.  (5.2)
Q Q Q

Obviously, Jg € C 1(WO1 (), R) by the definition of ¢ and by Colasuonno-Squassina
[12, Proposition 3.2].

In order to prove the existence of multiple solutions for (1.3), we need the Kras-
noselskii’s genus theory. For this, we first recall the definition of the genus and
denote

Y= {A C Wy Q) \ {0}: A is closed and symmetric} .

The genus y(A) of A € ¥ is defined as the smallest positive integer d such that
there exists an odd continuous map from A to R?\ {0}. If such d does not exist,
then we set v(A) = co. Also, we define v(f)) = 0. We refer to Rabinowitz [44] for
more details on this topic.

We get a suitable property for sublevels of functional J.

Lemma 5.1. Let hypotheses (H)—(Hs) be satisfied. Then, for any j € N, there
exists d; > 0 such that for any A > d; and any 6 > 0, there exists €; > 0 such that
Jo T € X and

V(o) 2 J,
with J, =% = {u € W™ (Q): Js(u) < —¢;}.
Proof. Fix 0 > 0 and let B C 24 be as in Theorem 1.3. For any j € N, we define

X] = Span{sphL)OQa" '7L)Oj},
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where ¢; is an eigenfunction corresponding to the j-th eigenvalue of the following
problem

—Au=pu inB, u=0 indB,

which can be extended to Q by putting ¢,(x) = 0 for z € Q\ B. Since all norms on
X, are mutually equivalent, noticing that supp (v) C B for u € X; and w(z) > 0
for a.a.x € B, we can find §; > 1 such that

67 ' max {[|Vul Lo (m), I Vull Laa,5) } < llull < 8]lul

L (w,B)> (53)
for any v € X;. Without any loss of generality, we can choose {d;};en such that

0; < 0j41 for any j € N. We have

1 1 A
Tolu) < VUl + <1Vl ) = Sl

Te(w,p)s for any u € X;.

From this and (5.3), for any 7 > 0, we infer that

— 3(5;17)8 = 7P hy(7), (5.4)

1 1
Jo(u) < =(6;7)" + —(6;7)1
p q
for any u € 0B; N X, where
ha(T) i= 8P + By =y AP
with
o = q715?, Bj = piléf, ;o= 5715]-_5.
Let us set 77 =T7(\) > 0 as

T {(s —p)v A} = '

T L (a—p)ay
Then, for
(A= (a=p\ T o
dj = (q—s) <s—p> al P BITr T = Cyd; (5.5)
with Cy = Cy4(p, q, $), it holds that
q — S S — p ;:1; _ sip CI:I) q—p
hA(T}) = Bj — ( > a; TyI7  Aa=s <0, forany A >d;. (5.6
( J) J g—p\qg—p J J J ( )

Thus, for any A > d;, we get
Jo(u) < (T7)Pha(T}) =: —e; <0, for any u € Brr N X;
in view of (5.4) and (5.6). Hence, 0Bry N X; C Jy . Clearly, 9By NX; € ¥ and

Jp 7 € . Therefore, by standard properties of the genus as in Rabinowitz [44,
Proposition 7.7], we obtain

(™) = v(0Bry N X;) = j.
The proof is complete. O
Now, we are going to construct an appropriate minimax sequence of negative

critical values for the truncated functional Jg. For any j € N, define the minimax
values ¢; = ¢;j(\, 0) as

¢; = inf sup Jy(u), where X;:={AecX: y(A4) > j}. (5.7)
A€X; ueA
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This definition is well defined since 9(X; N B;) € ¥; for any 7 > 0. Clearly, for any
j € N, it holds that ¢;j41 < ¢;.
We have the following properties for {c;},en.

Lemma 5.2. Let hypotheses (H,)-(Hs) be satisfied and let 0 > 0, X > d; with d,
as given in (5.5), and let {c;};en be defined as in (5.7). Then, for any j € N, we
have that

—o0 < ¢j <0.

Proof. Fix ¢ > 0 and A > d;. By Lemma 5.1, there exists €; > 0 such that
Jp % € ¥, and so

¢; = inf sup Jp(u) < sup Jy(u) < —g; <0.
AEZJ' ucA UEJ¢75-7.

On the other hand, by (5.2) with ¢ € C*(R) satisfying (5.1) and the fact that
s < g, we easily see that Jy is bounded from below, which yields

Cj > —0Q.
This completes the proof. O
In order to get solutions of (1.3), we need to go back to the main functional J.
Thus, we properly choose t; and to in (5.1). For this, using (Hj3) and (2.4), we have
1 1 ~ s *
J(u) = ;HVqu + QIIVUHZ,q — My [[Vul[g g — Okzlu]® (5.8)

for any u € W(}H(Q) with ||u| > 1, where ki := C,,/s and ky := ca /p*.
Fix m € (1,p) and let 6 € (0,1) be such that

s=dm+(1—-¥8)q ie, d= (5.9)

By Young’s inequality, we have
Mot [ Va5 o = (2q(1 = 8))° M| Vaulll, 2(2q(1 = 8)' Mo [ V|37
1 . s~ . (5.10)
< Q*qIIVUIIa,q +0(2¢(1 = 8)) 5 (M) * [ Vullgy-
Combining Proposition 2.1, (5.8), and (5.10), we get

1 .
J(u) > ZHUH” — )\%k1||u||m — Okz||u||?  for any u € WOIH(Q) with |ul| > 1,

where
key == 6(2¢(1 — 6)) 7 (k1)3, (5.11)
that is,
J(u) > fao(llu|l) for any uw e W&H(Q) with |lu|l > 1, (5.12)
where

1 «
Fralt) = gt7 = A3 kyt™ — Okat?”, > 0.
q
Now, we will check the location of critical points of fy ¢. For this, we set

Fro(t) = kit™ fra(t), with frg(t) := =A% + agt? ™™ — bot? ~™,

where
ao == (2qk1) "' >0, bo = kohy' > 0. (5.13)
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Clearly, f o(t) > 0 for t € (0,T%) and f} 4(t) < 0 for t € (T%,00), where T, =
T.(0) > 0 is set as

1

T [ao@—m)] o0,
0bo(q* —m)

Thus, if f,\,g(T*) > 0, then there exist T7, T5 > 0 such that

<0, te (O,Tl)U(TQ,OO),

T, <T.<T, and frglt
! ? f”(){>o, te (T, Ty).

For this, we observe that

pom
~ 1 demomee (p—m \T 7 ¢* —p mep
ro(Te) = =A% +ag” " by " (q*_m> q*_meq - >0
if we assume A < X, with A = A(6) given as
~ 5(m—p)
Ni=c)0 T (5.14)

where

p—m
q*—m m—p *_ *
T p o= p—m N+~ g —p
f— q p q P
co = ay " b ( ” " > 0.
qg  —m qg —m

Furthermore, from j:v)\)g(Tl) = 0, we easily get
T, > (aaé)\)‘””lT’” (5.15)
and we observe that 77 > 1 if A > aJ. For this, we need
X > a),
which holds true whenever 6 € (0, 6y) with

a*—p

0o := (coag ") 7= . (5.16)

Thus, from the analysis above, if we consider 6 € (0,6p) and A € (a%,X), then
f)\’g(Tl) = f)\ﬁ(Tg) =0, with 1 <Ty < T, <75, and

Fral® {< 0, te(0,Ty)U (T, o00),

5.17
>0, te(T,T). (5.17)

Let 6 € (0,6p) and let A € (ag, X) Then, from now on, we take t; = T3 and t3 = T»
in (5.1), so that by (5.2), we have

Jp(u) > J(u), for any u € W, (%), (5.18)
Jy(u) = J(u), for any u € W™ (Q) with |Ju| < T1, (5.19)

and
Jp(u) = /QA(Q:,VU) dz — g/ﬂw(x)\uf dz (5.20)

for any u € Wy " (Q) with ||u] > T.
This ensures that we can always return to J when Jy reaches negative values, as
shown in the next lemma.
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Lemma 5.3. Let hypotheses (Hy)—(Hs) be satisfied, let 6 € (0,0p) and X\ € (ag,X),
with 8, ag, A and 6y as defined in (5.9), (5.13), (5.14), and (5.16), respectively.
Then, Jg(u) < 0 implies that ||ul| < Ti, and so Jy(u) = J(u) and J4'(v) = J'(u).

Proof. Fix 0 € (0,6p), A € (ag,X) and let Jy(u) < 0. Thus, J(u) < 0 due to (5.18).

Suppose by contradiction that ||u|| > T3 > 1. Then, it follows from (5.12) that
fre(ull) < 0. By (5.17), we have |ju| > T» > 1. Hence, we conclude from (5.20)
that

Jp(u) = /QA(x,Vu) dz — g/ﬂw(x)|u|s dz < 0.

From this, using (H3), Proposition 2.1, and (5.10), we obtain

1

agllull” = kA lul™ <o,
with kp as given in (5.11). This, along with (5.13), yields

1 .
Ty < |luf < (2qklx%)p"” = (ag° )

which contradicts (5.15). Thus, |jul| < T} and so Js(u) = J(u) and Jy'(u) = J'(u)
due to (5.19). This shows the assertion. O

Considering Lemmas 5.3 and 3.1, the validity of the compactness condition of J
for negative levels can be established if the positivity of the right-hand side of (3.2)
(or (3.3) if b = 0) is guaranteed. To this end, we observe that for § € (0,1), we can
rewrite the right-hand side of (3.2) as

q

__a_ s
Crp =010 74 —CaAa—=0" = — Cyla—=

q 1 a* a*(g—s) 1 __a _q_
=0 T-q [201 — 03)\‘1*—-*0(61*‘1)(‘1*5)} + §C19 “—a — Oy a—s.
Observe that ¢y > 0 provided that

A< Cs0 a0 = X (5.21)
with

1 e 1 =
Cs := min (20103—1) , (201();1>

For the case b = 0, we just take ¢y g := Cﬂfﬁ _CQA# and C5 := (Cngl) “,
Thus, we set

A* := min {X,X} . (5.22)

Lemma 5.4. Let hypotheses (Hi)—(Hs) be satisfied, and let € (0,min{6y,1})
satisfy ad < \*, where ag, 0y, and A are given in (5.13), (5.16), and (5.22), respec-
tively. Then, for any A € (ag,)\*), the functional Jy satisfies the (PS), condition
for any ¢ < 0.

Proof. Fix 0 € (0,min{6, 1}) such that aj < A*. Let A € (a3, \*), and let {u, tnen
be a (PS), sequence for the functional J; with ¢ < 0, that is, (3.1) with I = J,
holds. Then, there exists ng € N large enough such that Jg(u,) < 0 for any n > ny.
Consequently, by Lemma 5.3, we get |lu,| < T1, and so Jy(un) = J(un) and
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Jy'(un) = J'(un) for n > ng. This fact implies that {uy},en is a bounded (PS),
sequence for the functional J. By the choice of \* as given in (5.22), the sequence
{tn }nen admits a convergent subsequence in W, () in view of Lemma 3.1. The
proof is complete. O

Summarizing, we observe that, once j € N is fixed, the functional .Jy verifies
Lemmas 5.2-5.4 if 6 € (0,min{1,6y}) satisfying max {a),d;} < A* and if A €
(max {ag, dj} ,)\*). Hence, we need to guarantee that

max {ag,dj} < A", when 6§ <min{1,6p}. (5.23)
In this direction, from the sequence {d;};jen given in (5.3), we define {\;},en as
Aj = 065.72-8, for any j € N, (5.24)
where Cg := a +Cy with ag and Cj as given in (5.13) and (5.5), respectively. Since
1 <9 < dj4q for any j € N, we have
max {ag,dj} < Aj < Ajt1, forany jeN. (5.25)
Note that with X given by (5.14), we have

5(m 2s5(¢* —p)

™ —p) 5\ Ty s F—s
T = 0= (¢ Cs) 5, .

)\j:X:cgﬂ

We also observe that considering A given in (5.21), it follows that

a—q* _2s(a"—q)

N=A=Cs0"i1 = 0= (C5'Ce) "5,

Thus, let us set

—q*
—s

0, := min {17 o, (c70Ce) ™™ (C1Cq) 77 } 5" (5.26)

with k = max{%ss((gii;f;), %}. We derive from (5.14) and (5.21) that §; > 0

is independent of X and for any 6 € (0,0;), we have

6 <min{l,6p} and X; < A",
with A\* as given in (5.22). Hence, considering also (5.25), we have the validity of
(5.23) whenever 6 € (0,6;). Now, we are in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Let j € N be fixed and let us set A; and 6; as in (5.24) and
(5.26), respectively. Let § € (0,6,), so that A\; < A*, with A\* given in (5.22). Then,
let X € (A\;,\*) and let us consider the minimax sequence {c;};en given in (5.7).
By Lemma 5.2, we know that

—0<¢ <0, forany i=1,...,].

Thus, Lemma 5.4 yields that J, satisfies the (PS), condition, for any i =1,...,j
and so, ¢; are critical values for J (see Rabinowitz [44] for the details). Setting

K. = {u € W)\ {0}: Jy(u) = ¢ and J)(u) = o} ,

we infer that K., are compact, for any ¢ =1,...,j.
Now, we distinguish two situations. Either {¢;: i = 1,...,j} are j distinct
critical values of Jy or ¢, = ¢py1 = ... = ¢; = ¢ for some n € {1,...,j — 1}.

In the second situation, since K. is compact, by a deformation lemma, standard
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properties of the genus (see again Rabinowitz [44, Proposition 7.7]), and arguing as
in Farkas—Fiscella—Winkert [18, Lemma 3.6], we get

Y(K)>j—n+1>2.

Thus, K, has infinitely many points, see Rabinowitz [44, Remark 7.3], which are
infinitely many critical values for Jg. Consequently, Jy admits at least j negative
critical values, which represent at least j negative critical values for J thanks to
Lemma 5.3. 0
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