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—Apu — Au = f(z,u) in Q,
u=20 on 0f),
where 2 < p < oo and A, denotes the p-Laplace differential operator defined by
Apu = div (|VulP72Vu)  for all u € WyP(Q).

The nonlinearity f : Q x R — R is a measurable function which is C! in the second
variable, that is f(z,-) € C}(R) for a.a. x € . Moreover, we assume that f(z,-) exhibits
an asymmetric behavior as s — Zo00. To be more precise, we suppose that f(z,-) is
(p — 1)-sublinear as s — —oo and resonance is possible with respect to the principal
eigenvalue of the Dirichlet p-Laplacian. On the other hand, f(x,-) is (p — 1)-superlinear
as s — +oo but without satisfying the usual Ambrosetti-Rabinowitz condition (AR-
condition for short). Instead we use a weaker condition which incorporates in our
framework also superlinear nonlinearities with slower growth near +oco which fail to
satisfy the AR-condition.

Our work here was motivated by the recent paper of Recova—Rumbos [38] who study
a semilinear Dirichlet problem driven by the Laplacian that has a right-hand side non-
linearity f € C*! (ﬁ X R) which has an analogous asymmetric behavior as s — +oo.
However, the superlinearity in the positive direction is expressed using the AR-condition
and the overall hypotheses on f are more restrictive. Related results can also be found in
the works of Arcoya—Villegas [6], Cuesta—de Figueiredo—Srikanth [12], de-Figueiredo—Ruf
[16], de Paiva—Presoto [27], Motreanu—Motreanu-Papageorgiou [23,24], Perera [35] and
Recova—Rumbos [37].

We point out that (p,2)-equations arise in many physical applications. We mention
the works of Benci-D’Avenia—Fortunato—Pisani (7] (quantum physics) and Cherfils—
I’'yasov [9] (plasma physics). Recently there have been some existence and multiplicity re-
sults for such equations but all for problems with a symmetric nonlinearity. We mention,
for example, the works of Aizicovici-Papageorgiou—Staicu [2], Cingolani—-Degiovanni [10],
Papageorgiou—R&dulescu [30], Papageorgiou—Smyrlis [31], Papageorgiou-Winkert [32,
33], Sun [39], Sun—Zhang—Su [40].

Our approach uses and combines tools from critical point theory along with Morse
theory in terms of critical groups. The main goal of our paper is to present a multiplicity
theorem which states the existence of at least five nontrivial solutions of (1.1) including
sign information about the solutions obtained. Indeed, we can show that one is negative,
two are positive and one is nodal (i.e. has changing sign). For the fifth solution we do
not have any information about its sign. To the best of our knowledge, our work is the
first establishing the existence of nodal solutions for such asymmetric problems.

2. Preliminaries

Let X be a Banach space and X* its topological dual while (-, -) denotes the duality
brackets to the pair (X*, X). We have the following definition.
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Definition 2.1. The functional ¢ € C'(X,R) fulfills the Cerami condition (the
C-condition for short) if the following holds: every sequence (un)n>1 C X such that
(¢p(un))n>1 is bounded in R and (1 + ||un|/x)¢ (un) — 0 in X* as n — oo, admits a
strongly convergent subsequence.

This is a compactness-type condition on the functional ¢ which is more general than
the usual Palais—Smale condition. It leads to a deformation theorem from which one
can derive the minimax theory of the critical values of ¢. Central in that theory is the
well-known mountain pass theorem due to Ambrosetti-Rabinowitz [4] which we recall
here in a slightly more general form (see, for example, Gasinski—Papageorgiou [18]).

Theorem 2.2. Let ¢ € CYX) be a functional satisfying the C-condition and let
up,ug € X, |lug —upl|x > p >0,

max{p(uy), p(u2)} < inf{o(u) : |lu—w|x = p} =m,

and ¢ = infyer maxo<i<1 p(v(t)) with I' = {y € C([0,1],X) : ¥(0) = u1, (1) = uz}.
Then ¢ > m, with c being a critical value of .

By LP(Q) (or LP (;R")) and W,*(€) we denote the usual Lebesgue and Sobolev
spaces with their norms | - ||, and || - ||. Thanks to the Poincaré inequality we have

Jul| = [|[Vull, for all u € W, ().

The norm of R¥ is denoted by || - ||z~ and (-,-)g~ stands for the inner product in R¥.
For s € R, we set s* = max{s,0} and for u € W, ?(Q) we define u*(-) = u(-)*. It is
well known that

ut e WpP(Q), |ul=ut+uT, u=ut—u".

The Lebesgue measure on RY is denoted by | - |y and for a measurable function A :
Q x R — R (for example, a Carathéodory function), we define the Nemytskij operator
corresponding to the function h by

Np(u)(-) = h(-,u(-)) for all u € Wy ().

Evidently,  — Np(u)(x) is measurable.
In addition to the Sobolev space WO1 P(2) we will also use the ordered Banach space

Cy() ={ueC'(Q): u’m =0}
and its positive cone

Co() 4 ={ueCi(Q):u(z) >0 forall z € Q}.
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This cone has a nonempty interior given by
int (C5(Q)4) = {u € C(Q)y s u(x) >0 foralxe, g—u(x) <0Oforall z e 8Q} ,
n

where n(-) stands for the outward unit normal on 9.
Now, let fp: Q2 x R — R be a Carathéodory function satisfying the subcritical poly-
nomial growth condition

|fo(z,s)| < ao(z) (1+]s|""") for a.a.z € Qand for all s € R,
with ag € L*(Q)1 and 1 < r < p*, where p* is the critical exponent of p given by

)= NN—_’;) if p<N,
+00 if p> N.

Setting Fy(z, s) = [, fo(x,t)dt we define the C*-functional ¢ : WyP(Q) = R by

1 1
polu) = 2 [Vl + 51Vl - [ Fota,u)da.
Q

The next result is a particular case of a more general result developed by Gasinski-
Papageorgiou [19] (see also Winkert [41] for nonsmooth functionals). The result is
actually an outgrowth of the nonlinear regularity theory of Lieberman [22].

Proposition 2.3. If ug € Wy P (Q) is a local C}(Q)-minimizer of o, that is, there exists
po > 0 such that

po(uo) < wo(ug +h)  for all h € Cy(Q) with ||h]lcy ) < po,

then ug € Cy*(Q) for some a € (0,1) and ug is also a local Wy'P (Q)-minimizer of o,
that is, there exists p; > 0 such that

wo(uo) < @oluo +h)  for all h € Wy (Q) with ||h]| < pr.

Given 1 < r < oo, we denote by —A,. : W' () — W17 (Q) with 14+ L =1 the
negative r-Laplacian defined by

(—Ayu,v) = / ||V’U,||H§I_\]2(VU,V'U)RNd.T for all u,v € Wy (Q). (2.1)
o

If r = 2, then A, = A becomes the well-known Laplace operator and we have A €
L (H(Q), H 1)), where £ (Hj (), H~'()) denotes the vector space of all bounded
linear operators from H}(Q) into H~1(Q). For the general case, we have the following
result (see, Motreanu-Motreanu—Papageorgiou [25, p. 40]).
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Proposition 2.4. The map —A, : Wy (Q) — W17 (Q), defined in (2.1), is continuous,
strictly monotone (hence mazimal monotone) and of type (S)+, that is, if u, — u in
Wy (Q) and limsup,, . (—Aptin, u, —u) <0, then u, — u in WyP(Q).

Next we present some basic facts about the spectra of (—Ar7 Wol’r (Q)) forl <r<oo

and of (—A, H§(€2)). So, we consider the following nonlinear eigenvalue problem (linear
if r =2)

—Ayu = Au|""2u in Q,
(2.2)
u=0 on 0N.

We say that a number A\ € R is an eigenvalue of (—AT,WOI’T(Q)) if problem (2.2)

possesses a nontrivial solution @ € WO1 () which is said to be an eigenfunction corre-
sponding to the eigenvalue A. The set of all eigenvalues of (2.2) is denoted by 6(r) and
it is known that 6(r) has a smallest element 5\1(7“) which has the following properties:

>/>

1(r) is positive;

)
5\ (r) is isolated, that is, there exists € > 0 such that (5\1(7"), A (r) + 5) G(r)=0;
o\ r) is simple, that is, if u,v are two eigenfunctions corresponding to A ( ), then
u = kv for some k € R\ {0};
L)
A1 (r) = inf |||vqﬁlT cue Wy (Q),u # O] . (2.3)
U T

The infimum in (2.3) is realized on the one-dimensional eigenspace corresponding to
Ai(r) > 0. From (2.3) it is clear that the elements of this eigenspace do not change
sign. In what follows we denote by 41 (r) the positive L"-normalized eigenfunction (i.e.
|21 ()|l = 1) associated to A;(r). The nonlinear regularity theory (see Lieberman [22])
and the nonlinear maximum principle (see, for example, Gasinski-Papageorgiou [18])
imply @ (r) € int (C§(Q)+). The isolation of A;(r) > 0 and since the set &(r) C (0, +00)
is closed, lead to a straightforward definition of the second eigenvalue 5\2(7“) given by

So(r) = inf [x co(r): A > xl(r)} .
In addition, the Lusternik—Schnirelmann minimax scheme gives a whole strictly in-
creasing sequence (S\k(r)>k>1 C 6(r) such that A\y(r) — +oo as k — +o00. We do not

know if this sequence exhausts the whole spectrum of (—AT, WO1 o (Q)) but in case N =1

(ordinary differential equations) or r = 2 (linear eigenvalue problem) the answer is pos-
itive. We mention that A;(r) > 0 is the only eigenvalue with eigenfunctions of constant
sign. All the other eigenvalues have eigenfunctions being nodal.
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In the linear case r = 2 we have 6(2) = (5\;6(2)) and the corresponding eigenspaces
k>1

E (5%(2)) are linear spaces satisfying

Hi(Q) = DE (Xk(Q)).
E>1
These eigenspaces have the so-called unique continuation property (ucp for short) mean-
ing that if u € E (S\k(Q)) ,k > 1 vanishes on a set of positive Lebesgue measure,
then u(z) = 0 (see de Figueiredo—Gossez [15]). Standard regularity theory implies that
E (Xk(z)) C CH(Q) for all k > 1. For m € N let

m

H,=QE (J\k(Q)) and H,=E (Xk(z)).

k=1 E>m

Using these spaces we can have precise variational characterizations for all eigenvalues.
Therefore, we have

< . Vul|2
A1(2) = inf P"'u"!? cu € HY(Q),u # o] (2.4)
2
and for m > 2
2
Am(2) = max {'HVMUIQQ cu € Hypyu# O]
(2.5)
2
= min {Hﬁjﬁéz tu € Hm,u;«éO] .

Evidently, (2.4) is a particular case of (2.3) (when r = 2) and the infimum is realized on
E (5\1(2)) In (2.5) both the maximum and the minimum are realized on F (j\m (2))

All the above facts lead to the following useful inequalities (see Papageorgiou—Kyritsi
[29, pp. 356, 365]).

Proposition 2.5. Let ¥ € L>®(Q); be such that 9(z) < A\ (r) for a.a. x € Q and the
inequality is strict on a set of positive measure. Then there exists a number ¢y > 0 such
that

V" — /ﬂ(m)|u|rda: > eollul” for allu € WET(Q).
Q

Proposition 2.6.

(1) Let 9 € L(Q); and 9(x) > A (2) for a.a. x € Q with strict inequality on a set of
positive measure, then there exists a number ¢, > 0 such that

|Vull3 — /19(3:)|u|2dx < —61||u|\§{3(9) for allu € H,y,.
Q
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(2) Let ¥ € L®(Q) 4 and 9(z) < An(2) for a.a. x € Q with strict inequality on a set of
positive measure, then there exists a number ¢ > 0 such that

|Vl - /ﬁ(w)|u|2da: > eollullFiz ) for all u € Hy,
Q

We will also use the weighted version of the linear (i.e. r = 2) eigenvalue problem
stated in (2.2):

—Au=m(z)u  inQ,
(2.6)
u=20 on 0,

where m € L*(Q),m(z) > 0 for a.a. z € Q and the inequality is strict on a set of
positive measure. Then the spectrum of (2.6) consists of a sequence (ﬁk(Q,m)) of

k>1
distinct eigenvalues which satisfy

0<Ai(2,m) < Aa(2,m) < ... < Ap(2,m) = +00 as k — +oo.

These eigenvalues and the corresponding eigenfunctions as well as the eigenspaces have

the same properties as before. In this case the Rayleigh quotient involved in the vari-
[Vull3

Jo m(x)uldx
the ucp of the eigenspaces, we have the following strict monotonicity property for the

ational characterizations of the eigenvalues is given by . Then, exploiting

map m — g (2,m) for all k € N (see Motreanu—Motreanu—Papageorgiou [25, p. 252]).

Proposition 2.7. If m,m’ € L>*(Q)\ {0},m #m’ and 0 < m(z) < m/(z) for a.a. z € Q,
then 0 < Ar(2,m') < Ar(2,m) for all k € N.

Next, let us recall some basic definitions and facts about Morse theory which will need
in the sequel. Let X be a Banach space and let (Y7,Y3) be a topological pair such that

Y> CY; C X. For every integer k > 0 the term Hy(Y7,Y2) stands for the k t:h—relative
singular homology group with integer coefficients. Recall that

Hk(YlaYVQ):Zk(YI’}/QVBk<Y'1’}/2> for all &k € Ng,

where Z;(Y1,Ys) is the group of relative singular k-cycles of Y7 mod Ya (that is,
Zy(Y1,Ys2) = ker Oy with Jx being the boundary homomorphism) and By (Y7,Y3) is the
group of relative singular k-boundaries of Y7 mod Y> (that is, B (Y1, Y2) = im Ox41). We
know that 0;_1 00, = 0 for all k € N, hence By(Y7,Y2) C Zi (Y7, Y2) and so the quotient

Zk(Yl,ngBk(Yhm

makes sense.
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Given ¢ € C1(X) and ¢ € R, we introduce the following sets:

e={ueX:pu) <c} (the sublevel set of ¢ at ¢),
K,={ueX:¢'(u)=0} (the critical set of ¢),

Kg ={ue€ K,:p(u)=c} (the critical set of ¢ at the level c).
For every isolated critical point u € K¢ the critical groups of  at u € K¢ are defined by
Ci(p,u) = Hy(¢°NU,e°NU\ {u}) forall k>0,

where U is a neighborhood of u such that K,Np°NU = {u}. The excision property of sin-
gular homology theory implies that the definition of critical groups above is independent
of the particular choice of the neighborhood U.

Suppose that ¢ € C'(X) satisfies the C-condition and that inf p(K,) > —oc. Let
¢ < inf o(K,). The critical groups of ¢ at infinity are defined by

Ci(p,00) = Hip(X, %) forall k> 0.

This definition is independent of the choice of the level ¢ < inf ¢(K,). This is a con-
sequence of the second deformation theorem (see, for example, Gasifiski-Papageorgiou
[18, p. 628]).

We now assume that K, is finite and introduce the following series in ¢t € R:

M(t,u) = Zrank Cr(p,u)th  for all u € K,

k>0
P(t, 00) = Z rank C (¢, 00)t*.
k>0
The Morse relation says that
> M(t,u) = P(t,00) + (1 +)Q(t) forallt € R, (2.7)

ueK,

with Q(t) = >, 50 Bkt" being a formal series in ¢ € R with nonnegative integer coeffi-
cients. N

Suppose next that X = H is a Hilbert space and let U be a neighborhood of a given
point u € H. We further assume that ¢ € C*(U), K,, is finite and u € K. The Morse
index of u, denoted by p = u(u), is defined to be the supremum of the dimensions of
the vector subspaces of H on which ¢”(u) € L(H) is negative definite. The nullity of u,
denoted by v = v(u), is defined to be the dimension of ker ¢”(u). We say that u € K,
is nondegenerate if ¢"(u) is invertible, that is, v = v(u) = 0. The inverse function
theorem implies that a nondegenerate critical point is always isolated. If the nullity of u
is finite, then ¢ (u) € L(H) is a Fredholm operator of index zero. More details on critical
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groups and related topics can be found in the books of Ambrosetti-Malchiodi [3] and
Motreanu—Motreanu—Papageorgiou [25].

3. Solutions of constant sign

In this section we prove the existence of constant sign solutions for problem (1.1). We
impose the following conditions on the nonlinearity f: 2 x R — R.

(H) f:Q xR — R is a measurable function such that f(z,0) = 0, f(x,-) € C*(R) for
a.a. r € () and
(i) there holds
|fi(z, )| < a(z) (1+]s|""?) for a.a. z € Q and for all s € R;
with @ € L>®(Q) 4 and p < r < p*;

(i) if F(x,s):/f(x,t)dt, then

0
lim F(z,s)
s——400 sP
there exist 7 € ((r — p) max {%, 1} ,p*) and &y > 0 such that
— pF
0<é < hmmf f(@,5)s — pF(z,5)
s——+oo sT

(iii) there exist a function wy € WP(Q) N C(Q) and a constant c¢; > 0 such that
e 0<cy <wy(x)forall z €
o f(z,wy(x)) <0 fora.a. e
o 0<—Ay(wi) — Alwy) in W (@) = (W37(@)
(iv) there exist &,¢o > 0 such that
o —¢ <liminf f(@,5) < lim sup f(, )

SIS Jsfrzs = ISP
o —co < f(x,s)s — pF(x,s) for a.a. z € Q and for all s < 0;
(v) there exists m € N,m > 2 such that
_ o f@s)
(] f (Z 0) 1~>0 T

e An(2) < fi(2,0) < Ans1(2) for aa. z € Q and the two inequalities are
strict on sets (not necessarily the same) of positive measure.

= 400 uniformly for a.a. z € ;

uniformly for a.a. x € §;

< A1(p) uniformly for a.a. z € Q;

uniformly for a.a. x € §;

Remark 3.1. Hypothesis (H)(ii) implies that f(z,-) is (p — 1)-superlinear near +oo for
a.a. x € Q). Note that we do not use the AR-condition which says in its unilateral version
that we can find numbers ¢ > p and M > 0 such that

o 0<qF(x,s) < f(x,s)s fora.a.xze Qand for all s > M; (3.1)

. essﬂinf F(-,M) >0, (3.2)
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see Ambrosetti-Rabinowitz [4] and Mugnai [26]. Integrating (3.1) and using (3.2) gives
the following weaker condition

187 < F(x,s) foraa.xz €, forall s > M with ¢; > 0. (3.3)
From (3.3) it follows the much weaker condition on F'(z,-) which says that

F
lim 7(33’ 5)

Jm ——— = +oo uniformly for a.a.z € Q. (3.4)

Next we employ condition (3.4), which expresses the p-superlinearity of the primitive,
along with the second statement in (H)(ii). These two conditions lead to the (p — 1)-

superlinearity of f(x, that is

.)|R+7

lim f(z,s)

m = 400 uniformly for a.a.z € .
s—+oo SPT

Hypothesis (H)(ii) is weaker than the AR-condition (see (3.1), (3.2)). In fact we may
assume in (3.1) that ¢ > (r — p) max {%, 1}, then, assuming (3.1) and (3.2), gives

fans)s = pF(s) _ Jlo9)s—aPless) | Flos)
> (g - 1)

> (q—p)ey foraa.x e Q, forall s > M.

Thus,

lim inf (828~ PF(@,5)

§—>—+00 s4

=& =(¢—p)cy >0 uniformly for a.a.z € Q.

Therefore, hypothesis (H)(ii) is satisfied.
Consider now a function defined in the positive semiaxis R4 = [0, 4+00) (for the sake
of simplicity we drop the z-dependence) that has the form

ns ifo0<s<1,
fo=9" |
n(sP'n(s) +1) if s > 1,

where n € (j\m, 5\m+1> for some m > 2. Then f € C'(0,00) satisfies hypothesis (H)(ii)
but fails to satisfy the AR-condition.
The third inequality in Hypothesis (H)(iii) means that

0< / Vw23 (Vwy, Vh) gy dz + / (Vwy, Vh)gy dz
Q Q
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for all h € WHP(Q),h > 0. Hypothesis (H)(iii) is satisfied if, for example, there exists
c4+ > 0 such that

flz,cqy) <0 foraa.ze Q.

Combined with hypothesis (H)(v) it dictates a kind of oscillatory behavior near zero.
Hypothesis (H)(iv) implies that f(x,-) is (p — 1)-sublinear near —oo for a.a. z € 2 and
allows the occurrence of resonance with respect to the principal eigenvalue 5\1(]9) > 0.
Finally, hypothesis (H)(v) implies that we stay strictly above the principal eigenvalue
5\1(2) > 0 at zero and only nonuniform nonresonance is possible.

Let ¢ : I/VO1 P(Q) — R be the energy functional of problem (1.1) defined by
1SS DR
p(u) = EHVUHp +5lValz = [ F(z,u)de.
Q

Proposition 3.2. If hypotheses (H) are satisfied, then the functional ¢ fulfills the
C'-condition.

Proof. Let (u)n>1 € Wy (Q) be a sequence such that
lp(un)] < My foralln>1 (3.5)
with some M; > 0 and
(Ut ) ' () 0 in W2 () = (WP (@) (3.6)
By means of (3.6) we obtain

enllhll

AL LR L 3.7
T Jaa] (3.7)

(—Apun, h) + (—Auy, h) —/f(x,un)hdx <
Q

for all b € Wy*(Q) with &, — 07. We claim that (Un)p>1 C WyP(€) is bounded.
Arguing indirectly, suppose that ||u, || — oco. We set y, = H“EH for all n > 1. Then

lynll =1, yn, > 0 for all n > 1 and so we may assume that
Yo =y in WyP(Q) and y, —y in LP(Q), y>0. (3.8)

Choosing h = —u,, € Wol’p(Q) in (3.7) results in

HVu;Hi—FHVU,:H;—/f(x,—u;) (—u,)dr <e, forallneN,
Q
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which gives

Ny (—u, n
Vol + g IVl — [ TE) (< 2 a9
e H o lual lur |
for all n € N. Hypotheses (H)(i),(iv) imply that
|f(z,8)| <co (L+]s|P™") foraa.z €Q, forall s <0 and some c3 > 0.
Therefore,
(M) C LP' () is bounded. (3.10)
(LY (e

Note that u,, () — +oo for a.a. € {y > 0}. Using this fact along with (3.10) as well
as hypothesis (H)(iv) and by passing to a suitable subsequence if necessary, we obtain

Ny (=uy)
ST A (9)) (3.11)
e
with € € L®(Q), £(z) < Ai(p) for a.a. € Q (see Aizicovici-Papageorgiou-Staicu [1,
Proposition 16]). Thus, if we pass in (3.9) to the limit as n — oo by applying (3.8),
(3.11) and recalling p > 2, we have

IVully < [ eGanras. (3.12)
Q

If € # Ai(p), then from (3.12) and Proposition 2.5 it follows that & ||y||” < 0, which
means y = 0. Hence, due to (3.9), y, — 0 in W, (), a contradiction to the fact that
lyn|| = 1 for all n € N.

If € = A\i(p) for a.a. € Q, then (3.12) and (2.3) imply IVylly = A (p) [y[l;, and so,
by means of (3.8), y = cst1(p) for some c3 > 0. If ¢3 = 0, then y = 0 and we reach a
contradiction as above. Hence, c3 > 0 meaning y € int (C& (Q)Jr) Then

u, (x) = +oo for a.a.z € Q. (3.13)

Because of (3.5), we have
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1 1 2
vl + 3 I

1 1 1 _ 1 _2
S IVually + S 1Vualls = = [V [l = 5 1V
—I—/F(x,un)dx—/F(x,un)dx

Q Q
= () = [0z [~ 5 IV s+ [ )
= @ (up —5| un}p—§| Up ||y + T, Up) AT

Q

1
< M, —i—; [/pF (z,up)dx — HVu;Hi - g HVu,_LHz
Q

for all n € N. Now, we set h = —u;,, € W, () in (3.7) to get

<én,

[V IV 3 = [ £ (=) (o) da
Q

hence
- ||Vu;||§ - ||Vu;||§ <en— /f (z,—uy) (—u,)dx foralln€N.
Q

Using (3.15) in (3.14) and recalling p > 2 yields

1 1
I+ 5 9

1
< M+~
p

/pF (z,up) dr — /f (z,—uy,) (—uy) dm]

Q Q

for some My > 0 and for all n € N. Note that

pF (z,u,) = pF (z,u)}) + pF (z,u,) forall n€N.

In addition, hypothesis (H)(iv) implies

pF (z,—u,) — f (=, —u,) (-u,) <co fora.a.z € Qand forallneN.

Returning to (3.16) and using (3.17), (3.18) gives

N

IVl 5 IVt < Mo+ [ F (mf) do
Q

455

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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for some M3 > 0 and for all n € N. Therefore,
%) (uj{) < M3 for all n € N.
From this bound and (3.5) it follows that
® (fu;) < M, for some M, > 0 and for all n € N.

Then, taking (2.3) into account, we derive
A () . - _ 1 2
IT l|un ||§ - /F (z,—u,) dz + 5 |[Vu, ||, < My for all n € N. (3.19)
Q

Moreover, thanks to hypothesis (H)(iv), we have, for a.a. z €  and for all s <0,

d (F(LS)> _ f(x,s)ls|” —pls|P~?sF(x, 5)

ds \ |s[? 5[

|s[P~2s [f(x, 8)s — pF(x, 5)]

|s|2P
_ f(z,8)s — pF(x,s)
|s[Ps
> %

which shows that

F(z,t)  F(z,s) >c_0{i_i} (3.20)
i sl = p LIEP sl
for a.a. x € Q and for all t < s < 0. Furthermore, hypothesis (H)(iv) implies that
lim sup pF(@, ) < Xl(p) uniformly for a.a.z € Q.
S——00 ‘3‘1)
So, if we let in (3.20) t — —oo, then
A F 1
1(P) — (2,5) > B foraax € Q and for all s < 0.
p |s[? p |s?
Hence,
M(p)|s]P — pF(z,s) > —co for a.a.z € Q and for all s < 0. (3.21)

Returning to (3.19) and using (3.21) results in
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% HVu;H; < M5 for some My > 0 and for all n € N,

which implies, due to the representation in (2.4), that

A (2
)‘17() / (u;)2 dr < My for all n € N. (3.22)
)

Taking (3.13) and Fatou’s lemma into account we have
/ (u;)2 dx — +o0 asn — +oo. (3.23)
Q

Comparing (3.22) and (3.23) we reach a contradiction. So, we have proved that

(u_)n21 C W, P(Q) is bounded. (3.24)

n

Next we are going to show that (u;}),~; C Wol’p(Q) is bounded. To this end, we argue

|

R+

u

again by contradiction and suppose that ||u; || — oo as n — oo. We set v,, = for

[[u

3+

all n > 1. Then, |jv,]| = 1,v, > 0 for all n > 1 and we may assume that
vy —=v inWyP(Q) and w, = v in L"(Q), wv>0.

Choosing h = u}t € Wy'P(Q) in (3.7) yields

— ||Vu,f||z - HVUHB —l—/f (z,uf)utdr <e, forallneN. (3.25)
Q

On the other hand, from (3.5) and (3.24), we obtain
||Vuz||i + g HVu,J{H; - /pF (z,u})de < Mg foralln €N (3.26)
Q
and for some Mg > 0. Adding (3.25) and (3.26) gives
(2 1) Ivus +/ [ (@, ud) uf — pF (a,uf)] de < My
Q

for some M7 > 0 and for all n € N. Since p > 2 it results in

/ [f (z,u)) uf + pF (z,u})] dv < M7 foralln € N. (3.27)

Q

Hypotheses (H)(i),(ii) imply the existence of {3 € (0,&p) and ¢4 > 0 such that
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&8 — ¢y < f(x,8)s —pF(x,s) for a.a.x € Q and for all s > 0. (3.28)
Using (3.28) in (3.27) yields
&) HU:HZ < Mg for some Mg > 0 and for all n € N.

Therefore

(u:)n>1 C L7(92) is bounded. (3.29)
Let us first suppose that N # p. Because of hypothesis (H)(ii) it is clear that, without
any loss of generality, we may assume that 7 < r < p*. So, we can find ¢ € (0,1) such
that

11—t ¢

P T

Applying the interpolation inequality (see, for example Gasifiski-Papageorgiou [18,
p. 905]) we have

el < fle 1" fet

¢
p* )
which by (3.29) and the Sobolev embedding theorem results in

||uj{H: < My Hu;‘;HtT with some My > 0 and for all n € N. (3.30)

Choosing h = u}t € WyP(Q) in (3.7) gives

HVU:{Hg—l—HVUIH;—/JI(mu:{) ufdr <e, forallneN.
O

Then, from hypothesis (H)(i) along with (3.30) we have
Vet < es (14 ) < o (14 st ) 1)

for some c5,c6 > 0 and for all n € N. Since the hypothesis on 7 (see (H)(ii)) implies
tr < p, we conclude from (3.31) that

()51 € W, ?(Q) is bounded,

which in combination with (3.24) finally gives

(un)n21 Q Wol’p(Q) is bounded. (332)

Let us now consider the case p = N. Here, p* = 400 and the Sobolev embedding
theorem yields that
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Wg’p(Q) — L(Q) is compact for all 1 < g < p* = +o0.

So, for the argument above to work, we need to replace p* = +o00 by ¢ > r > 7. Again,
we choose t € (0,1) such that

1 1-—t t
i + =
r T q
to obtain
o 4 =7) (3.33)
q—T

We see that % — r—T7as ¢ — p* = 400, but by hypothesis (H)(ii) we have r—7 < p.
Therefore for ¢ > r large enough, we will have tr < p (see (3.33)) and then the previous
argument works and we reach (3.32).

Because of (3.32) we may assume that

u, =~ u in WyP(Q) and w, —u in L(). (3.34)
Taking h = u, —u € W) () in (3.7), passing to the limit as n — oo and using (3.34)
yields

lim [(—Apun, up — u) + (= Aty un, — u)] =0,

n—oo

which implies due to the monotonicity of the negative Laplacian —A that

lim sup [(—Apup, up — u) + (—Au, u, —u)] < 0.

n—oo

Taking again (3.34) into account, this leads to

lim sup <_Apun7 Unp — U’> < 0.

n—oo

From this in combination with (3.34) and the fact that —A,, fulfills the (S)-property
(see Proposition 2.4), we derive

U, —u  in WyP(Q).
This proves that ¢ satisfies the C-condition. O

Let f_(x,s) denote the negative truncation of the nonlinearity f(z,-), that is
f-(x,s) = f (z,—s~) which is known to be a Carathéodory function. We set F_(z,s) =
Jy f=(x,t)dt and consider the C'-functional ¢_ : WyP(Q) — R defined by

1 1
p-tu) = 3 [Vull + 5 IVull} = [ P-(@u)da.
Q
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Proposition 3.3. If hypotheses (H) are fulfilled, then the functional ¢_ is coercive.

Proof. We argue by contradiction and may assume that ¢_ is not coercive. Then there
exist a sequence (uy),,~; C Wy () and a number Mo > 0 such that

lun|| = o0 and ¢ (uy) < Mye forallm e N. (3.35)

The second assertion in (3.35) reads as

1 1
p [V || + 5 ||Vun||§ - /F_(x,un)dac < Mjo forallneN. (3.36)
)

Let y,, = mer for all n € N. Then ||ly,|| = 1 for all n € N and so we may assume that

flunll
Yo =y in WyP(Q) and y, —y in L'(Q). (3.37)
Using the representation of y,, (3.36) can be rewritten as

F,<.’IJ, —’U,;) M10

1 1 )
LIVl + g IVl - [T < s (339)
P T fan

for all n € N. Hypotheses (H)(i),(iv) imply that
|F(z,s)] <ecr(1+]s|?) foraa.x €, forall s <0 and some ¢z > 0. (3.39)
Then, from (3.37) and (3.39) it follows that

(F(w—un('))

[ |7

) C L'(Q) is uniformly integrable.
n>1

So, by the Dunford—Pettis theorem and by passing to a subsequence if necessary, we may
assume that

Flzu, () v in LY(Q). (3.40)

[ ||
Note that hypothesis (H)(iv) implies that

&, <timint PEE ) g up PEE5)

T

< :\1(17)

uniformly for a.a. z € Q. Then, from (3.35) it follows that

1 P

v = ]—)g (y7)" with —¢& <g(z) < Ai(p) foraa.zeQ, (3.41)
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see Aizicovici-Papageorgiou—Staicu [1, proof of Proposition 14]. So, if we pass to the
limit as n — oo in (3.38) and apply (3.37), (3.40) as well as (3.41), then

Vol < [ 9te) (57" o (3.42)
Q
where p > 2 was taken into account as well. In particular, it holds

IVy~ [, < /g(x) (y™)" da. (3.43)
Q

Recall that g(z) < Ay (p) for a.a. z € Q, see (3.41). If this inequality is strict on a set of
positive measure, then from (3.43) and Proposition 2.5 we obtain

& lly~[|” <o,
which implies
y~ =0. (3.44)
Combining (3.42) and (3.44) we have y* = 0 and so y = 0. Hence, (3.38) implies that
Yo — 0 in WyP(Q),

a contradiction to the fact that ||y,|| = 1 for all n € N.
Next suppose that g(z) = A (p) for a.a. € Q. By means of (3.43) and (2.3) it follows
that

p

1wy [l = %) [l I,

P

which gives
y~ = kty(p) for some k > 0.

If £k = 0, then y~— = 0 and as above we obtain a contradiction. If & > 0, then y~ €
int (C§(Q)+) and so y = —y~ € —int (C§(2)+). We have

up(z) = —u, (z) > —co  for a.a.z € Q. (3.45)
Recall that
M(p)|s]P — pF(z,s) > —cy  for a.a.z € Q and for all s < 0, (3.46)

see (3.21). Returning to (3.36) we have
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1 1 Q
3193 < 20 =1 [ [Mo) () = pF (2, u) ] d
pQ

which results in, due to (2.4) and (3.46), that

~

A1(2)
2

/ (u;)Q dr < Mig+co forallmeN. (3.47)
Q

On the other side, Fatou’s Lemma and (3.45) imply

/(u;)de—>+oo as n — 09,
Q

which contradicts (3.47). Therefore we conclude that ¢ must be coercive. O
Now we can prove the existence of a nontrivial negative solution of problem (1.1).

Proposition 3.4. If hypotheses (H) hold, then problem (1.1) admits a negative solution
uy € —int (C& (Q)Jr) which is a local minimizer of the energy functional .

Proof. From Proposition 3.3 we know that ¢_ is coercive and taking the Sobolev em-
bedding theorem into account, we can show that ¢_ is also sequentially weakly lower
semicontinuous. Therefore, by the Weierstrass theorem, there exists ug € WO1 P(Q) such
that

w_ (up) = inf [go, (u) 1 u € WP (Q)] . (3.48)
Hypothesis (H)(v) implies that we can find § > 0 small enough and 7 > A;(2) such that
F(z,s) > g|3|2 for a.a. 2 € Q and for all |s| < 6. (3.49)

Since @1(2) € int (C§(€2)4), let ¢ € (0,1) be small enough such that
ti1(2)(z) € [0,6] for all x € Q. (3.50)

Then, applying (3.49) and (3.50) we derive
N o » e
- (—ti1(2)) < " IVaa ()], + 5 {)\1(2) - 77] .

Since t € (0,1),2 < p and n > A{(2), by choosing ¢ € (0,1) even smaller if necessary, we
have p_ (—t11(2)) < 0. This gives, due to (3.48), that

¢—(up) <0=¢_(0)

and so ug # 0.
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Relation (3.48) reads as ¢’ (ug) = 0 which means
—Apug — Aug = Ny (up). (3.51)
Taking ug € WO1 "P(Q) as test function in (3.51) yields
Ve |l + [ |I; = 0.
which implies ug =0 and so up < 0,ug # 0. Hence, equation (3.51) becomes
—Apup — Aug = Ny(up),

which means that ug is a solution to our original problem

—Apu— Au = f(z,u) in Q,
u=0 on Jf).

By means of the boundedness results of Ladyzhenskaya—Ural’tseva [21, Theorem 7.1,
p. 286] we have ug € L=(Q).

Now let p = ||uo|| - Taking hypotheses (H)(i), (v) into account we may find fp >0
such that

flz,s)s +&,|s|P >0 for a.a.xz € Qand for all |s| < p. (3.52)
Using (3.52) in (3.51) implies
Ap(—u0)(x) + A(=up) () + &yluo()[P2up(x) <0 for aa.z € Q
respectively,
Ap(—up)(x) + A(—uo) () < &y(—up(x))P~  for a.a.z € Q. (3.53)
Let a(€) = ||€]|5x" € + € for all € € RY. Then
diva(Vu) = Ayu+ Au  for all u € WyP(Q)

and

£®¢

Va(é) = €] <I+ (P —2)=03
€]l

>+I for all £ e RY.

This implies

(Va(€)y, ¥)a~ = lylzy  forall £,y € RY.
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Therefore, we may use the tangency principle of Pucci—Serrin [36, p. 35] and infer that
up(z) < 0 for all € . Then, from (3.53) and the boundary point theorem of Pucci-
Serrin [36, p. 120], we conclude that uy € — int (C§(Q)4).

Note that ¢|_ and so ug is a local C}(€2)-minimizer of . In-

a@. = @,
voking Proposition 2.3 we infer that ug is also a local Wol’p(Q)—minimizer of the energy
functional . O

Proposition 3.5. Let hypotheses (H) be satisfied. Then problem (1.1) admits at least two
positive solutions

3,0 €t (CH@),), @—aeCh@).\ {0},
with @ being a local minimizer of the energy functional .

Proof. Using w, € WHP(Q)NC(Q) from hypothesis (H)(iii), we introduce the following
Carathéodory function

0 if s <0,
g(z,8) = ¢ f(z,s) if0<s<w,(z), (3.54)

f@we (@) ifwe(z) <s.
We set G(z, s) = [ g(x,t)dt and consider the C*-functional 1 : W, LP(Q) — R defined by
1 , 1 )
P(u) = ’ IVull, + 5 IVl = | Gz, u)dz.
Q

It is clear that v is coercive, due to the truncation defined in (3.54), and it is also
sequentially weakly lower semicontinuous. Hence, the Weierstrass theorem implies the
existence of & € Wy (Q) such that

¥ (4) = inf [w(u) Lu€ ngP(Q)} = . (3.55)
As in the proof of Proposition 3.4, using hypothesis (H)(v), we can show that for ¢ €
(0,1) small enough (at least such that ¢i;(2) < wy), we have 9 (¢t41(2)) < 0 implying
P (4) = < 0 =1(0). Hence, 4 # 0.
From (3.55) we have ¢’ (&) = 0 which reads as
—Api— At = Ny (@). (3.56)

Taking —a~ € WyP(Q) as test function in (3.56) gives

P A2
Iva={l + lva~|, = o,
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which implies & > 0,4 # 0. Next, choosing (& —wy )t € W, P(Q) as test function in
(3.56) and using the definition of the truncation defined in (3.54) as well as hypothesis
(H)(iii), we obtain

(=2, (= w)") + (~Ad, (@ - w)")

— [ f@w) - wi)* s
Q

< (=Bpwp, (@ —wy) )+ (~Awy, (@ —wi)").

Thus

<—Apa + Aywy, (@ — w+)+> ¥ <—Aﬁ + Aws, (4 — w+)+> <0,
meaning @ < w4. So, we have proved that

€ [0,wy] = {u € WP(Q): 0 < u(z) < wy (z) for aa.z € Q} . (357)
Then, by means of (3.54) and (3.57), we see that (3.56) becomes

—A,u— At = Ny¢ (4),

meaning that

—Apt— Al = f (z, 1) in €,
u=0 on 0N.

(3.58)

It is clear that 4 € L>(f) (see Ladyzhenskaya—Ural’tseva [21, Theorem 7.1, p. 286]) and
the regularity results of Lieberman [22, Theorem 1.1] imply 4 € C3(Q)4 \ {0}. Now, for
p=|ull., let fp > 0 be as postulated by (3.52). Using this and (3.58) it follows

Api(z) + Ad(z) < E a(x)P~! for a.a.x € Q.

Then as in the proof of Proposition 3.4, first using the tangency principle of Pucci—Serrin
[36, p. 35] we have that G(z) > 0 for all x €  and then the boundary point theorem of
Pucci-Serrin [36, p. 120] implies that

o €int (Cy(Q)4). (3.59)

Moreover, hypothesis (H)(iii) and the tangency principle of Pucci-Serrin [36, p. 35]
lead to

i(r) <wy(z) forallz e Q. (3.60)
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Hence, from (3.59) and (3.60), we conclude that

4 € int [0,w4]. (3.61)
C3(Q)

Note that | 0] = Pliows] which due to (3.61) implies that @ is a local C& (Q2)-minimizer

of . Invoking Proposition 2.3 gives
@ is a local WP (2)-minimizer of ¢.
Next we introduce the Carathéodory function k£ : 2 x R — R defined by

- {f(x,ﬂ(m)) if s < a(x),
= \ .

if o(z) i (3.62)

We set K (z,s) = [ k(z,t)dt and consider the C'-functional ¢ : Wy () — R defined by
. 1 , 1 )
Y(u) = ’ IVully + 5 IVul; = | K(z,u)d.
Q

As it was done for 4, using the definition of the truncation in (3.62), we can show that
K Cla,00) = {u e Wy P(Q) : a(x) < u(z) for aa.x € Q} . (3.63)

Without loss of generality we may assume that

K, N a,ws] = {a}, (3.64)

otherwise, because of (3.63), we already have a second positive solution of (1.1) bounded
below by 4. Furthermore, with straightforward minor changes in the proof of Proposi-
tion 3.2 we can show that

¢ satisfies the C-condition. (3.65)
Claim. 4 is a local minimizer of ’(/AJ

Consider the Carathéodory function k : Q x R — R defined by

- B {k(ac, s) if s < wy(x), (3.66)
k(z,wy(z)) if wy(x) <s.

We define the C'-functional 4 : Wy * () — R by

_ 1 1 _
3) = 5 [Vl + 5 IVl - [ Kwu)da,
Q
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where K (z,s) = fos k(z,t)dt. As before we can check that
K Cla,wy]. (3.67)

Taking (3.66) into account it is clear that 1 is coercive and the Sobolev embedding
theorem implies that it is sequentially weakly lower semicontinuous as well. Therefore,
we find @9 € W, P(2) such that

W (@) = inf [&(u) ‘u€ W&@(Q)} .
Thanks to (3.67) we have @y € [, wy]. Owing to (3.66) it holds 1/3”[@ wy] = q[/}[ﬁ wi]'
Thus, 4 € K, and so, regarding (3.64), 69 = 4. But from (3.66) it is clear that

~

w [0,w4] = w’[0,1u+]‘

Because of (3.61) this implies that @ € int (C§(€2)4) is a local C}(Q)-minimizer
of 1. As before, applying Proposition 2.3 we infer that @ € int (C’& (§)+) is a local
WP (9)-minimizer of . This proves the Claim.

Now we assume that K 518 finite, otherwise we would have found a whole sequence of
distinct positive solutions of (1.1) bounded below by @ and so we would be done. Because
of the Claim, we can find p € (0,1) small enough such that

b (@) < inf [d(w) : lu— ] = p] =m,, (3.68)

see Aizicovici-Papageorgiou—Staicu [1, proof of Proposition 29]. Moreover, hypothesis
(H)(ii) implies that for every u € int (C§(Q);) there holds

A~

P(tu) = —oco  as t — +oo. (3.69)

Then (3.65), (3.68) and (3.69) permit the usage of the mountain pass theorem stated as
Theorem 2.2. Hence, we find @ € Wy*(€) such that

i€ Ky and m, < (@). (3.70)

From (3.68) and (3.70) we see that @ # 4. In addition, thanks to (3.62), (3.63) and (3.70)
we conclude that @ is a positive solution of (1.1), & — @ € C3(Q)4 \ {0} and as before
the nonlinear regularity theory of Lieberman [22] gives that @ € int (C§(€)4). O

4. Nodal solutions — multiplicity theorem
In this section we are going to prove the existence of nodal (sign-changing) solutions

for problem (1.1) and then we state the complete multiplicity theorem for problem (1.1).
To do this, we first show the existence of extremal constant sign solutions, that is, the
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smallest positive solution u, € int (C’é (§)+) and the greatest negative solution v, €
—int (C§(€2)4) for problem (1.1). Then concentrating on the order interval

[Vs, i) = {u € Wol’p(Q) s (2) <ul(x) <uyi(x) foraa.x € Q} ,

and applying variational tools combined with Morse theory, we can show the existence
of a nontrivial solution yy € intcé @) [vs, us]. Evidently, yo must be nodal. Finally we use
Morse theory to generate a fifth nontrivial solution.

Now, let S; (resp. S—) be the set of positive (resp. negative) solutions for prob-
lem (1.1). From the results of Section 3 we know that

D C Sy Cint (CH(Q)4) and 0 C S C—int (Cy(Q)4) -

Moreover, as in Filippakis—Kristaly—Papageorgiou [17], exploiting the monotonicity of
the map v = —Apu — Au, we have that S, is downward directed, that is, if ui,us € Sy,
then there exists u € S such that © < u; and u < us. Analogously, it is known that S_
is upward directed, that is, if v1,v9 € S_, then there exists v € S_ such that v; < v and
vy < 0.

First, we will prove the existence of lower (resp. upper) bounds for S; (resp. S_). To
this end, note that for a given € > 0 we can find cg = cg(¢) > 0 such that

f(z,8)s > (fi(x,0) —€)s* — cg|s|” for a.a.z € Q and for all s € R. (4.1)

This unilateral growth estimate on the nonlinearity leads to the consideration of the
following auxiliary Dirichlet problem

—Apu— Au = (f1(-,0) — &) u — cg|u""*u in ©,
(4.2)
u=20 on 0f.

Proposition 4.1. For every € > 0 small enough problem (4.2) has a unique positive so-
lution T € int (C§(Q)+) and since (4.2) is odd, v = —u € —int (C§(Q)4) is the unique
negative solution.

Proof. Let o, : W, ?(Q) — R be the C'-functional defined by

o (u) = 1 [Vul? + L [ [t - L (f2(-,0) — ) (")’ da
P 2 r 2
Q

Obviously o4 is coercive since 7 > p > 2 and sequentially weakly lower semicontinuous.
Therefore we can find @ € W,"*(€2) such that

oy () = inf [0+ (u) :u € WP (Q)] . (4.3)
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Using ||21(2)|l, = 1 and hypothesis (H)(v) we have for ¢ > 0

T
~

o (tn(2) < IV @IE + 5 (M@ = An@) +¢) + el (@

Recalling m > 2, let € € (0, Am(2) — 5\1(2)) Then, since 2 < p < r, choosing ¢t € (0,1)

small enough, (4.4) implies
g4 (tﬂl(2)) < O,

which shows, due to (4.3), that o (w) < 0 = 04(0). Hence, w # 0.
Since @ is a critical point of oy there holds ¢/, (@) = 0 meaning that

—AT— AT = (f1(-,0) —e)ut — s (@h) . (4.5)
Acting on (4.5) with —m~ € W, ?(Q) yields
—__|P __ 2
Iva=|f, +[Iva~|l; =o.
which gives w > 0, # 0. Therefore, (4.5) becomes

—Au—Au=(fI(,0)—e)u—cg (@) inQ,
u=0 on If).

As before, applying the regularity results of Lieberman [22, Theorem 1.1] implies that
€ CH(Q), \ {0} is a positive solution of (4.2).
Moreover, we have

Ayu(z) + Au(z) < cs |[u|l Pua(z)?~"  for a.a.x € Q.

Then, due to Pucci-Serrin [36, pp. 35 or 111 and 120], we obtain 7 € int (C§(Q)4.).
Next, we will show the uniqueness of this positive solution. For this purpose, let
Go : Ry =1[0,00) — Ry be defined by

1 1
Go(t) = —tF + ~t2.
o(t) » T3
Then, Gy € C? (R, ,R) is strictly increasing and strictly convex. Additionally, ¢ —
Go (t%) is convex as well. We set G(€) = Go (||€|gn) for all £ € RY and consider the

integral functional I, : L'(2) =+ R = RU {+o0} defined by

/G(Vu%)dx if u>0,u? EWOLP(Q)y
I(u) =43

400 otherwise.
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Let uy,us € dom I = {u € L'(Q) : I (u) < +o0} being the effective domain of 1. We

1 1
set wy; = uf,wy = ud and by definition, we have wy,wy € Wol’p(Q). We define

[N

w = (tul + (1 — t)UQ)

with ¢ € [0, 1]. Using Lemma 1 of Diaz—Sad [13] (see also Benguria—Brézis—Lieb [8]), we
obtain

1
2

|Vw(@)||ry < (t Vs (2) 2 + (1= 1) \|Vw2(x)||2> for a.a.z € Q.

Hence

|

Go (90} ) < Go ( (117w @l + (1= ) [Fuaa)lv)” )

<tGo ([[Vwi (@)[lgn) + (1 = 1) Go ([Vwa(@)[|gw) »

since G| is increasing and ¢ — Gg (t%> is convex. As G(£) = G (||¢||gn) for all £ € RV,
it follows that

G(Vw(z)) <tG (Vwi(x)) + (1 —t)G (Vws(z)) for a.a.z € Q.

Therefore, I, is convex. Furthermore, using Fatou’s Lemma, we see that I, is lower
semicontinuous.

If u € WP () is a positive solution of problem (4.2), then from the first part of the
proof we know that u € int (C§(€2)4), hence u? € dom I. Then, for every h € C§(Q)
and for [t| > 0 small enough, we have u? + th € dom I

Using this fact and the chain rule we see that the Gateaux derivative of I at u? in
the direction h exists and is equal to

)= [

Q

—Apu — Auh
U

dz.

Suppose now that v € Wol’p(Q) is another positive solution of (4.2). As before, we obtain
v €int (C§(Q)4),v? € dom I} and

1 [ —Ap—A _
I (v%) (h) = 5 / #hdw for all h € CL(Q).
Q

The convexity of I implies that I’ is monotone. Thus
2 2\ 2 2
0 < (I (v*) = I} (v*),u* -0 >L1(Q)

:1/<Apu—Au_ APU—AU) (u? = 0?) da

2 U v
Q
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Since s — s" 7! is strictly increasing on R, we have u = v. This proves the uniqueness
of the positive solution @ € int (C§(€2)4).

Since (4.2) is odd, ¥ = —u € —int (C§(€2)4) is the unique negative solution of prob-
lem (4.2). O

Now we can use the solutions of Proposition 4.1 to create bounds for the elements of
Sy and S_.

Proposition 4.2. If hypotheses (H) hold, then @ < u for all w € Sy and v < T for all
v € S_ with u,v being the nontrivial unique constant sign solutions of problem (4.2)
obtained in Proposition /.1.

Proof. We will do the proof only the elements of S;, the proof for the elements of S_
works similar.

Let € > 0 be small enough as postulated by Proposition 4.1 and let v € S;. We
introduce the Carathéodory function e : 2 x R — R defined by

0 if s <0,
e(r,s) = § (fi(2,0) —€) s —css" ! if 0 < s <wu(z), (4.6)
(fi(x,0) — ) u(z) — cgu(z)"™1 if u(z) < s.

We set E(z,s) = [ e(z,t)dt and consider the C'-functional x : WyP(Q) — R defined
by

1 1
X(w) = S IVul} + 5 IVul = [ B ude.

Due to the truncation defined in (4.6), it is clear that x is coercive and as before it is
also sequentially weakly lower semicontinuous. Hence, we find ug € VVO1 "P(Q) such that

X (@p) = inf [X(u) cue WP(Q)].

Since u € S¢ C int (C& (§)+), using Lemma 3.3 of Filippakis—Kristdly—Papageorgiou
[17], we can find t € (0,1) small enough such that ¢ (p) < u. Moreover, since 2 < p < r
by taking ¢t € (0,1) even smaller if necessary, we have x (t41(2)) < 0 and so x (ug) <
0 = x(0). Hence, Ty # 0.

Since Ty is the global minimizer of y, there holds x’ (@) = 0 which reads as

—-A UO — AUO (UO) (47)
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First, we choose —t; € Wy (Q) as test function in (4.7). This gives
[vag [+ 11V |, = 0

and so Ty > 0,7y # 0. Next, we act with (7 —u)™ € W,?(Q) on (4.7). This leads to,
based on (4.1), (4.6) and u € Sy,

<—A,,a0, (wo — u)+> + <—Aﬂ0, (o — u)+>

- / e (@, o) (T — u)* da

Q

/ ((fi(x,0) — &) u— cgu"") (W — w) " dx

f(z,u) (@ —u)t de

Il IN
B~ ©

—Apu, (o — u)+> + <—Au, (o — u)+> ,

from which we infer that

<—Apﬂ0 + Apu, (o — u)+> + HV (o — u)*Hz <0.

Therefore, g < u. So, we have proved that
ug € [0,u] = {y e W, P():0<y(zx) <u(x) for aa.x e Q} . (4.8)
Taking (4.6) and (4.8) into account we see that equation (4.7) becomes
—Ayty — At = (f1(+,0) — ) Up — csy
which implies, due to Proposition 4.1, that g = u € int (C’é (§)+) Hence, ©w < u.
Since u € &4 is arbitrary, we have the conclusion of the proposition for the set S .

Similarly, we show that v <v forallv e S. O

These bounds lead to the existence of extremal constant sign solutions for problem
(1.1) stated in the next proposition.

Proposition 4.3. Let hypotheses (H) be satisfied. Then problem (1.1) has a smallest pos-
itive solution u, € int (C§(Q)4) and a greatest negative solution v, € —int (C§(Q)4).

Proof. By applying Lemma 3.10 on p. 178 of Hu-Papageorgiou [20] there exists a de-
creasing sequence (un),>; C 84 such that
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inf S; = inf u,.
n>1
Since u,, € S; for every n € N, we have
—Apuy — Auy = Ny (un) (4.9)

Thanks to hypothesis (H)(i) we easily check that (u,),>; € WyP(€) is bounded. So, we
may assume that

Up — u,  in WP(Q) and w, —u. in LP(). (4.10)
Owing to Proposition 4.2 we know that w < u,, for all n € N. Hence,
u < uy # 0.

Acting on (4.9) with u, —u. € W, ?(Q), passing to the limit as n — oo and using (4.10)
yields

lm [(—Apun, Uy — Us) + (—AUp, up — us)] =0,

n—oo

which in view of the monotonicity of —A results in

lim sup [(—Aptn, Uy, — Us) + (=AU, Uy, — uy)] < 0.

n—00

Thanks to the convergence properties in (4.10) the second term above goes to zero and
so we derive

lim sup (—Apup, wy, — us) <0,
n—oo

which implies, due to Proposition 2.4 along with (4.10) that
Up — Uy 0 WP (). (4.11)
So, if we pass in (4.9) to the limit as n — oo and use (4.11), then
—Apuy — Auy = Ny (uy) .

Hence, u, € S and u, = inf S,.
Similarly we generate v, € —int (C&(ﬁ)g being the greatest negative solution
of (1.1). O

Following the approach outlined in the beginning of this section, we focus now on the
order interval [v,, u.] looking for a nontrivial solution of (1.1) different from u, and v,.
Such a solution necessarily must be nodal. In order to show the existence of such a
solution, we will combine variational tools with Morse theory in terms of critical groups.
We start by computing the critical groups of ¢ at the origin.
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Proposition 4.4. If hypotheses (H) hold, then Cy (¢,0) = 0y4,,Z for all k € Ny with
dp = dimH,, > 2 and Hy = @, E (J\i(2)).

Proof. Regarding hypothesis (H)(i) we have that m(z) := fi(x,0) € L°°(Q). Let us
consider the C2-functional v : H}(Q) — R defined by

1 1
vlu) = 5 IVulff - 5 [ mle)lda.
Q

We claim that K, = {0}. Indeed, if u € K, then

—Au=m(z)u  inQ,
(4.12)
u=20 on Of).

Hypothesis (H)(v) and Proposition 2.7 yield

S (2,1) < A (2,Xm(2)) =1, 1= (Q,Xmﬂ(z)) <Amsr(2,m).  (4.13)

Hence, (4.12) and (4.13) imply that K, = {0}. Moreover, since

(" (0)v,h) = /(Vv, Vh)gn dx — /m(aj)vhd:p for all v, h € Hy(9),
Q Q

from the argument above and using Proposition 2.6, we infer that © = 0 is a nonde-
generate critical point of 1) with Morse index d,,, = dimH,,, Hy, = @, E (5\1(2)>
It follows that

Ch (1/), 0) = 6k,dmZ for all k£ € Ny. (414)

Let g = z/)‘wol,p(m. Since Wol’p(Q) is dense in Hg (), from Palais [28], we have
Ck (10,0) = Ci (¢,0) for all k € Ny,
which gives, due to (4.14),
Cy (10,0) = 0k q,,Z for all k € Ny. (4.15)
We consider the homotopy & : [0,1] x W, ?(Q) — R defined by
h(t, u) = to(u) + (1 =)o (u).

Suppose that we can find (¢,,),5; € [0,1] and (uy),>; € WyP() such that
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ty =t €[0,1], wu, =0 in WyP(Q) and b’ (t,,u,) =0 for all n € Ny.

The last assertion in (4.16) reads as
tn (—Apuy) — Auy, =, Ny (up) + (1 — t,) mu,, for all m € N.
We set y, = ” o for all n € N. Then ||y,|| =1 for all n € N and (4.17) yields

Ny (un)

—2
n

+ (1 —t,) myn
for all n € N. We have that

(=Apyn),s) W™ Q) = (WOIP(Q))* is bounded.
Passing to a subsequence if necessary we may assume that

Yo =y in WyP(Q) and y, —y in L3(N).

Hypotheses (H)(i), (v) imply that

|f(z,8)] <o (|s|+|s|""") foraa.xzeQ, foralseR
and for some cg > 0. This gives

J (&, n(2))
LA I <o (1 . : or s e O
‘ [|wn | - 09< + [l >|y (z)| fora.a.x e

and for all n € N. Due to (4.20) we conclude that

(Nf (u")) C L*(Q) is bounded.
>1

[[un]| -

475

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

This fact, hypothesis (H)(v) and by passing to a subsequence if necessary, imply that

N
ﬁc (u|r) —~my in L*(Q)
Up,

(4.22)

see, for example Aizicovici-Papageorgiou—Staicu [1]. We return to (4.18), pass to the
limit as n — oo and use (4.16), (4.19), (4.20) and (4.22) to obtain —Ay = my meaning

that

—Ay =m(x)y in Q,
y=20 on 0f.

As before, using hypothesis (H)(v) and Proposition 2.7, we infer that
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y=0. (4.23)

On the other hand from (4.18), (4.21) and Theorem 7.1 of Ladyzhenskaya—Ural’tseva [21]
(with m = 2), we know that there exists Mj2 > 0 such that

yn € L(Q) and |lyn| < My forallm e N.

But then Theorem 1 of Lieberman [22] (with m = 2) implies that there exist 8 € (0,1)
and M3 > 0 such that

Yn € C3P(€) and ||y"||03‘5(§) < M;3 forallneN.
Exploiting the compact embedding of Cé’ﬁ () into C}(Q) and using (4.20), we have
yn =y in Co(Q),
which gives
Yo =y in WyP(Q).

Therefore ||y|| = 1 which contradicts (4.23). This means that (4.16) can not happen and
then using the homotopy invariance property of critical groups, we get

Ck (h(0,-),0) = C (h(1,-),0) for all k € Ny,
which implies
Ck (¥9,0) = Ci (p,0)  for all k € Ny.
Finally, due to (4.15), it follows
Ci (p,0) = 0k,a,,Z forallkeNy. O

Remark 4.5. An alternative proof of this result can be based on the following argument.
Let ¢ : Wy () = R be the C2-functional defined by

. 1 , 1 , 1 )
o) = - IVl + 5 1Vl = 5 [ miayid.
Q
Note that
- 1
Yo(u) —o(u)| = ) [Val[? for all u € WyP(Q).

Moreover, there holds, for all u, h € WO1 P(Q),
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|(9h) =), h)| = 1(=2pu, )] < [ Vully™" A

From these estimates and Theorem 5.1 of Corvellec-Hantoute [11] (continuity of the
critical groups in the C''-norm), we derive

Cr (1/307 0) = C% (¢0,0) for all k € Ny,
which in view of (4.15) gives
Ck (1&0, 0) = 5k,dmZ for all k € Np.

Note that hypothesis (H)(v) implies that for a given € > 0 we can find § = 6(g) > 0 such
that

<e

|f(z,s) —m(z)s] <e and ‘F(QZ,S) — %m(az)s2

for a.a. x € Q and for all |s| < 0. Then, we have

~

o) = o) < [ |Fla) = gma)ed| as
Q

and

Hence,
(ol ) = (e )

which implies C}, (1/;0, O) = Ci (p,0) for all k € Ny, see Palais [28]. Therefore, we con-
clude that

Ch ((p,O) = 5k,dmZ for all £ € Ny.

In what follows u, € int (C§(€)4) and v, € —int (C}(€2)4) are the two extremal
constant sign solutions of problem (1.1) obtained in Proposition 4.3.

Proposition 4.6. Let hypotheses (H) be satisfied. Then problem (1.1) admits a nodal so-
lution yg € intcé @ [Vs, Us].
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Proof. First, we introduce the following truncation of the nonlinearity f: Q2 x R — R

f(zyve(zx)) if s < wvel(a),
fe(w,8) = ¢ f(z,5) if ve(z) < 5 < uslx), (4.24)
fxyue(z)) if ue(z) < s,

which is clearly a Carathéodory function. We set F,(xz,s) = [ f«(x,t)dt and consider
the C'-functional 1, : W, ?(Q) — R defined by

1 1
) = IVl + 5 19l = [ Futa,u)da.
Q

Furthermore, we define the Carathéodory functions
5 (@,s) = fu(z,s7) and  f7(2,5) = fu (v,—57).

We set FE(z,s) = [ fE(x,t)dt and consider the C'-functionals i : WP (Q) — R
defined by

1 1
vEw) = IVl + 5 19l ~ [ P u)de.
Q

Reasoning as in the proof of Proposition 3.5 we can show that

Kw* - [U*au*]a ij - [O,U*], K

i C [vs, 0],

where
[0,us] = {u €Wy P(): 0 < u(r) < u.(z) for aa.x € Q},
[v4,0] = {u € WP (Q) : vu(x) < u(x) <O for aa.x e Q}
The extremality of u, € int (C§(Q)4) and v, € —int (C§(Q)4) implies that
Ky, Clowud, Kyo={0u}, K, =1{0uv.}. (4.25)

Next we show that w, and v, are local minimizers of .. From (4.24) it is clear that
1] is coercive and because of the Sobolev embedding theorem it is sequentially weakly
lower semicontinuous as well. Thus, there exists 4. € WO1 P(Q) such that

ot (@) = inf [W(u) Lue Wol’p(Q)} . (4.26)

Since m > 2, u, € int (C§(2)4+) and 2 < p we can choose ¢ € (0,1) small enough such
that
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ta1(2) <w. and o (t01(2)) <0,

see hypotheses (H)(v) and use Lemma 3.3 of Filippakis—Kristdly—Papageorgiou [17].
Then, from (4.26) it follows that 1 (i.) < 0 = 97 (0) meaning that

i, # 0.

Because of (4.25) and since 4, is a nontrivial critical point of ¢} we know that
#. = u,. Note that 1/1*|Cé @, = wﬂc&(ﬁp and u, € int (C& (5)4_) Hence, u, is a local
CZ(92)-minimizer of 1, and by means of Proposition 2.3 it is also a WO1 P(Q)-minimizer
of 1. Similarly we can show this for v, working with the functional ¢ .

Without any loss of generality we may assume that ¥, (vi) < 9. (us), the analysis
is similar if the opposite inequality holds. Moreover we may assume that K, is finite,
otherwise (4.25) implies the existence of a whole sequence of distinct nodal solutions.

Recall that v, € int (C§(€2)+) is a local minimizer of 1. Hence, we can find p € (0,1)

small enough such that ||v. — u.|| > p and
P (02) < tha () <inf [P (w) = [Ju — ]| = p] = my, (4.27)

see Aizicovici-Papageorgiou—Staicu [1, proof of Proposition 29]. We know that 1), is coer-
cive and so it satisfies the C-condition, see Papageorgiou—Winkert [32, Proposition 3.2].
This fact and (4.27) permit the usage of the mountain pass theorem stated as Theo-
rem 2.2. Therefore, we find yo € W, *(2) such that

yo € Ky, and m, < by (yo) . (4.28)
From (4.25), (4.27) (4.28) and the nonlinear regularity theory of Lieberman [22] it follows
Yo € [, u] N CH(Q), o & {va,uslt. (4.29)

Since yq is a critical point of mountain pass type for the functional . there holds
C1 (¥, y0) # 0, (4.30)

see Motreanu—Motreanu—Papageorgiou [25, p. 176].
We need to show that yg is nontrivial in order to conclude that it is nodal. To this
end, we compute the critical groups of ¥, at v = 0 in order to compare them with (4.30).

Claim. Cy (¢+,0) = ka4, Z for all k € Ny with d, = dimH,, and H,, =
o, B (M)

Consider the homotopy A : [0,1] x W, **(€2) — R defined by

~

h(t,u) = tp(u) + (1 — t)hs(u).



480 N.S. Papageorgiou, P. Winkert / Bull. Sci. math. 141 (2017) 443—488

Suppose that we can find (¢,),,>; € [0,1] and (un),>; € WP (€) such that
tn > t€[0,1], |lunll =0 and R, (tn,un) =0 forallneN. (4.31)
The last assertion in (4.31) reads as
—Apty — Aup =t, Ny (un) + (1 —tn) Ny, (u,) forallneN
meaning that

—Apupy, — Aup, = to f (,un) + (1 = ty) fa (2, up) in ,
Up =0 on 0f).

Theorem 7.1 of Ladyzhenskaya—Ural’tseva [21] implies that we can find M4 > 0 such
that

up € L°(Q) and  |upll,, < My forallneN. (4.32)

Then, (4.32) and Theorem 1 of Lieberman [22] imply the existence of @ € (0,1) and
M5 > 0 such that

u, € Cy*(€) and [unllgpo@) < Mis forall n € N. (4.33)

From (4.31), (4.33) and because Cy*(Q) is compactly embedded into CZ(Q) we obtain
up, — 0 in C5(Q) as n — oo.

Thus, we find a number ng such that u, € [v.,u.] for all n > ng. Then, due to (4.25),
(Un)y>n, © Ky, . But this contradicts our hypothesis that K, is finite. Therefore, (4.31)
can not occur and then exploiting the homotopy invariance of critical groups it holds

Cy (gO, O) = C% (Zb*, 0) for all k € Ng,
which, by virtue of Proposition 4.4, gives

Ch (1[}*, 0) = 6k,dmZ for all £k € Ny.

This proves the claim.

Combining the Claim with (4.30) we see that yo # 0. Then, (4.29) implies that
Yo € C3(Q) is a nodal solution of (1.1).

Now, let p = max {||v.]| o ,||u«||..}. The differentiability of f(x,-) and hypotheses
(H)(i),(iv) imply the existence of £, > 0 such that

5 — f(x,s) +&,|s|P~2s is nondecreasing on [—p, p| for a.a.z € Q.
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From this and yo < u, it follows

—Apyo — Ayo + &, lyol” 2 yo = f (x,90) + E,lv0lP " 2yo
< f(2,u.) + Eub ™! (4.34)

= —Apu, — Auy + épui’_l
Applying the tangency principle of Pucci—Serrin [36, p. 35] yields
yo(z) < uy(z) for all z € Q.
Then, for every compact set K C 2, we can find € = ¢(K) > 0 such that
I (%) + ép lolP 2 yo + ¢ < f (x,u.) + é,,uffl for a.a.x € K.

So, from (4.34) and the strong comparison principle (see Arcoya—Ruiz [5] and Papageor-
giou—Winkert [34]), we have

uy —yo € int (C3(Q)4) . (4.35)
In the same way we can show that

Yo — vs € int (CH(Q)4) . (4.36)
From (4.35) and (4.36) we conclude that

Yo € int [vi,us]. O
o)

Proposition 4.7. If hypotheses (H) hold, then Cy (v,y0) = 0g1Z for all k € Np.

Proof. As in the proof of Proposition 4.6, using the homotopy invariance of critical
groups, the nonlinear regularity results of Ladyzhenskaya—Ural’tseva [21] and Lieberman
22] as well as the fact that yo € intcy () [vs, u.] (see Proposition 4.6), we establish that

Cr (¢:90) = Ck (¥x,y0)  for all k € Ny, (4.37)
whereby we recall that by hypothesis K, is finite. From (4.30) and (4.37) it follows that

Cl (%yo) # 0.

But ¢ € C? (WO1 P (Q)) So, from Papageorgiou—Smyrlis [31] (see also Papageorgiou—
R&dulescu [30]), we conclude that

Cr (p,90) =0k1Z forall ke Nyg. O



482 N.S. Papageorgiou, P. Winkert / Bull. Sci. math. 141 (2017) 443—488

Proposition 4.8. If hypotheses (H) hold and K, is finite, then Cj (¢,00) = 0 for all
k € Ng.

Proof. Let 0B} = {u e WIP(Q) : ||Jul| = 1,ut # 0} and consider the deformation h :
[0,1] x OB — 0B defined by

(1 —t)u+ tay(p)

h(t,u) = - .
) = T ur tan ()]
Note that
h(0, ')’aB‘F =id |aB+ and h(l,u) = ||21§§§|| € 0B forall u € OB .
1 1 1

This shows that 9B; is contractible.
From hypothesis (H)(ii) we see that for any given n > 0 we can find Mg = Mi6(n) > 0
such that

F(x,s) > Qsp for a.a.z € Q and for all s > M;ig. (4.38)
p

Hypothesis (H)(iv) implies that we can find ¢;9 > 0 and My > 0 such that

G

) s|P < F(z,s) fora.a.z € Q and for all s < —Mg. (4.39)

Finally, hypothesis (H)(i) implies the existence of ¢11 > 0 such that
|F(x,8)| <cpp foraa.x € Qand for all s € [Mw, Mlﬁ} . (4.40)
Now let v € BBf, t > 1 and define
Qp :={zx e Q:tu(z) > Mg}, Q := {x €0 :tu(x) < —Mw} ,
05 = {a: €Q: Mg < tu(x) < Mlg}.

Using (4.38), (4.39), (4.40) and the fact that ||u| = 1 yields

P p ot 9
pltw) = = [Full + 5 IVul ~ [ P tu)ds
Q

tP t?
= [Vul? 4 ) [Vull; - /F(x,tu)dx — /F(x,tu)dm
o 0-

- /F(x,tu)dac (4.41)

o7
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tP p P 2 P v tP »
< —|Vully + 5 IVully = —n [ wPdz + —cio [ |ufPdz + c11|Qfn
D 2 D D
Q+ 97
tP » t? 2
< E ci2 —n [ WPdx +§||VuH2+c11|Q|N

Q4

for some c¢15 > 0. Since u € 8Bfr we know that vt # 0. Hence, we can find numbers
to > 0 and &y > 0 such that

/updx > & forallt>ty. (4.42)

Q4
Using (4.42) in (4.41) results in
tP 2 9
o(tu) < > [c12 — néo] + ) [Vull3 + c11|Q|n  for all t > t. (4.43)

Recall that n > 0 is arbitrary, so we can choose 1 > 0 large enough such that néy > c12.
Then, from (4.43) and since 2 < p we have

p(tu) = —oc0  as t — +oo. (4.44)

Hypotheses (H)(i),(ii), (iv) imply the existence of ¢13 > 0 such that

—c13+ | pF(z,u)dz < [ f(z,u)udx. (4.45)
[rrienes]

Q

Then, using the chain rule, (4.45) and recall p > 2, we obtain

(i) = (' (1) 0

1
=3 ||Vu||5 + ||Vu||§ - /f(%tu)tudx
Q

< 7 Ipeltu) + cxg].

Using (4.44) we see that for ¢ > 1 large enough we have

d
—(t .
dts@( u) <0
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Let ¥ < min {%,infgf go}. By the implicit function theorem we see that there exists
an unique k € C (BBIF) ,k > 1 such that

>4 ifte0,k(u)),
o(tu) = ¢ =19 ift = k(u), (4.46)
<9 ift>k(u).

Due to the choice of ¢ and (4.46) we have
¢’ C{tu:uedBf t>k(u)}.

Let Dy = {tu cu € 0Bt > 1}. Then ¢” C D,. We consider the deformation hq :
[0,1] x Dy — D defined by

(1—s)tu+ sk(w)u ifte[l,k(u)],
ho(s,tu) =

tu if ¢ > k(u).
Then

ho(1,Dy) C ¥ and hy(s, ~)|W9 =id }(pﬂ for all s € [0,1].

[

Therefore, ¢V is a strong deformation retract of D,. Using the radial retraction and

Theorem 6.5 of Dugundji [14], we see that D, and B; are homotopy equivalent.

So, we have

H, (Wol’p(ﬂ), 9019) =, (Wol’p(Q), D+) = H, (W[}J’(m aBj) for all k € No,
see Motreanu—Motreanu—Papageorgiou [25, p. 143]. Recall that (’9Bfr is contractible, thus

Hy, (WOLP(Q), OBf) =0 forall k€N,
see Motreanu—Motreanu—Papageorgiou [25, p. 147], which gives
H, (ngp(sz), goﬂ) =0 forall k € No.

Taking ¥ < 0 even more negative if necessary, we conclude that

Cr(p,00)=0 forallkeNy. O

Now we are ready to state and prove the complete multiplicity theorem for prob-
lem (1.1).
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Theorem 4.9. Let hypotheses (H) be satisfied. Then problem (1.1) has at least five non-
trivial solutions, namely

e uy€—int (C5(N)4), @,a€int(CH(Q)4) with@—a € int (Cy(Q)4),
e yp € int [ug,d] nodal,

C5(Q)
e J€CHD).

Proof. From Proposition 3.4 we have a negative solution uy € — int (C§(€2)4) being a
local minimizer of the energy functional ¢. Hence

Cr (p,u0) = 0k,0Z for all k € Ny. (4.47)

Proposition 3.5 provides two positive solutions @,% € int(C}(Q)4) with @ €
int (C§(Q)+) being a local minimizer of ¢. Therefore

Ck (p,0) = 5&02 for all £ € Ng. (4.48)

In addition, Proposition 3.5 gives & < 4. Let p = ||@| . From the proof of Proposition 4.6
we know that we can find £, > 0 such that s — f(z,s) + §psp_1 is nondecreasing on
[0, p]. Using this it results in

—Ayii— At 4,077 = f (z,a) + €00 !
< f(z,a) + E,aPt (4.49)

=—-Apt— At + épﬂp_l for a.a.x € Q.

As before, see the proof of Proposition 4.6, the tangency principle of Pucci—Serrin [36,
p. 35] implies that

(z) < u(x) forall z €,
which yields
f(z,0) +épﬁp_1 < f(x,a) +épﬁp_1 for a.a.xz € Q.

Then, from (4.49) and the strong comparison principle (see Arcoya—Ruiz [5] and
Papageorgiou—Winkert [34]) we obtain

@— 10 €int (Cy(Q)4) . (4.50)

We assume that K, is finite, otherwise we already have infinitely many solutions. Let
1; e Ct (Wol’p(Q),R) be as in the proof of Proposition 3.5. Consider the homotopy
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~ ~

h(t,u) = te(u) + (1 = )i

and reasoning as in the proof of Proposition 4.6, via the homotopy invariance of critical
groups and (4.50), we establish that

Ci (p,) = Cy (,) for all k € No. (4.51)

From the proof of Proposition 3.5 we know that 4 € int (C’O1 (5)4_) is a critical point of
1) of mountain pass type. Thus,

which gives, due to (4.51), that
Ci(p, @) # 0.
Then, from Papageorgiou—Smyrlis [31], we have
Ci (p,0) = 0p1Z for all k € Ny. (4.52)
In Proposition 4.6 we have shown that

Yo € in

A [u07 ﬁ]
oy

t
@
is a nodal solution of (1.1) and Proposition 4.7 says that

Cr (¢, 90) = 0k1Z  for all k € Ny. (4.53)
Finally, from Propositions 4.4 and 4.8, we have

Ck (¢,0) = 0k.q,,Z for all k € Ny, (4.54)

Ck (p,00) =0 for all k € Ny. (4.55)

Let us now suppose that K, = {0, uo, 4, @, yo}. Then, by applying (4.47), (4.48), (4.52),
(4.53), (4.54), (4.55) and the Morse relation stated in (2.7) with ¢t = —1, it follows

2(-1)° +2(—=1)" + (-1)% =0,

which implies (—1)4» = 0, a contradiction. Hence, there exists § € K, with § ¢
{0,ug, @, i, yo }. As before, the nonlinear regularity theory shows that § € C3(Q). O

Remark 4.10. We mention that Recova—Rumbos [38] proved the existence of only three
solutions, under similar conditions but with considerably more restrictive hypotheses on
the nonlinearity, for semilinear Dirichlet problems driven by the Laplacian, see Theo-
rem 1.2 in [38].
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